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Preface

The Bergman kernel and metric have been a seminal part of geometric analysis
and partial differential equations since their invention by Stefan Bergman in 1922.
Applications to holomorphic mappings, to function theory, to partial differential
equations, and to differential geometry have kept the techniques plugged into the
mainstream of mathematics for 90 years.

The Bergman kernel is based on a very simple idea: that the square-integrable
holomorphic functions on a bounded domain in that complex space form a Hilbert
space. Moreover, a simple formal argument shows that Hilbert space possesses a
so-called reproducing kernel. This is an integration kernel which reproduces each
element of the space. The kernel has wonderful invariance properties, leading to
the Bergman metric. The Bergman kernel and metric have developed into powerful
tools for function theory, analysis, differential geometry, and partial differential
equations. The purpose of this book is to exposit this theory (particularly in the
context of several complex variables), examine its key features, and bring the reader
up to speed with some of the latest developments.

Bergman wrote several books about his kernel and contributed mightily to its
development. The idea caught on widely, and the kernel became a standard device
in the field. The Bergman metric was the first-ever Kéhler metric, and that in
turn spawned the vital subject of complex differential geometry. Ahlfors (in one
variable), Chern (in several variables), Greene—Wu, and many others played a
decisive role in this development.

Bergman’s ideas received a major boost in the 1970s when Charles Fefferman
did his Fields Medal-winning work on the boundary behavior of biholomorphic
mappings. The key device in his analysis was the Bergman kernel and metric.
Since then, a myriad of workers, from Bell and Ligocka to Webster to Greene—
Krantz, Krantz—Li, Kim—Krantz, Isaev—Krantz, and many others, have developed
and extended Bergman’s theory. It is now part of the lingua franca of complex
analysis, and the technique of reproducing kernels which it has spawned is part
of every analyst’s toolkit.

Fefferman’s work inspired many others to examine the utility of the Bergman
theory in the study of biholomorphic mappings. Bell’s condition R, formulated
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viii Preface

in terms of regularity properties of the Bergman projection, has proved to be
an influential and powerful weapon in the subject. In turn, condition R can
be formulated in terms of the regularity theory of subelliptic partial differential
equations, and this connection has had a key influence on the directions of research.

The Bergman metric was the first “universal” (in the sense that it can be
constructed on virtually any domain) example of a metric that is invariant under
biholomorphic mappings. [The Poincaré metric was of course the primordial
example on the disc.] Today there are the Kobayashi—-Royden metric, the Sibony
metric, the Carathéodory metric, and many others. This is a useful tool in geometric
analysis and function theory.

The connections of the Bergman kernel with partial differential equations,
especially the extremal properties of the kernel and metric, are profound. Bergman
himself explored applications of his theory to elliptic partial differential equations.
Today we see the Bergman kernel as inextricably linked with the d-Neumann
problem. This link played a vital role in Fefferman’s work and later proved
crucial to Greene—Krantz and many of the other workers in the subject. Certainly
Donald Spencer and J. J. Kohn were the pioneers of this symbiosis. Today the
interaction is prospering. Another development is that the Bergman theory enjoys
connections with the Monge—Ampere equation. That nonlinear partial differential
equation contains important information about biholomorphic mappings and about
the construction of geometries.

Connections with harmonic analysis are another exciting, and relatively new,
aspect of the Bergman paradigm. Coifman—Rochberg—Weiss used the Bergman
kernel in their proof of the H YYBMO duality theorem on the ball, and Krantz—
Li exploited it further in their study on strictly pseudoconvex domains. Many of
the natural artifacts of harmonic analysis—including approach regions for Fatou
theorems—are most propitiously formulated in terms of Bergman geometry or the
boundary asymptotics of the kernel. The Bergman kernel is now a standard artifact
of the harmonic analysis of several complex variables.

This text will in fact be a thoroughgoing treatment of all the basic analytic and
geometric aspects of Bergman’s theory. This will include

* Definitions of the Bergman kernel

* Definition and basic properties of the Bergman metric
e Calculation of the Bergman kernel and metric
* Invariance properties of the kernel and metric

* Boundary asymptotics of the kernel and metric
* Asymptotic expansions for the Bergman kernel
* Applications to function theory

* Applications to geometry

* Applications to partial differential equations

* Interpretations in terms of functional analysis

e The geometry of the Bergman metric

* Curvature of the Bergman metric

* The Bergman kernel and metric on manifolds
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There are a few recent treatises on the Bergman kernel, notably those by
Hedenmalm—Korenblum—Zhu and Duren—Schuster. But these books concentrate
on the one-variable theory; they are also oriented towards the functional analysis
aspects of the Bergman kernel. Our focus instead is the geometry of several complex
variables and the contexts of real analysis, complex analysis, harmonic analysis,
and differential geometry. This puts Bergman’s ideas into a much broader arena
and provides many more opportunities for applications and illustrations. We will
certainly touch on the functional analysis properties of the Bergman projection, but
these will not be our main focus. We shall also cover selected topics of the one
complex variable theory. There is little overlap between this book and the two books
cited above.

We would also be remiss not to mention the book of Ma and Marinescu on the
Kihler geometry aspects of the Bergman theory. Certainly the Bergman metric was
the very first Kdhler metric, and this in turn has spawned the active and fruitful area
of multivariable complex differential geometry. Various parts of the present book
touch on this Kihler theory.

Lurking in the background behind Fefferman’s biholomorphic mapping theorem
were Bergman representative coordinates—yet another outgrowth of the Bergman
kernel and metric. This is a much-underappreciated aspect of the theory and one
that we shall treat in detail in the text. In fact there are many aspects of the Bergman
theory that tend only to be known to experts and are not readily accessible in the
literature. We intend to treat many of those. Several of the topics in this text appear
here for the first time in book form.

We intend this to be a book for students as well as seasoned researchers. All
needed background will be provided. The reader is only assumed to have had a
solid course in complex variables and some basic background in real and functional
analysis. A little exposure to geometry will be helpful, but is not a requirement.
There are many illustrative examples and some useful figures. The book abounds
with useful and instructive calculations, many of which cannot be found elsewhere.
Every chapter ends with a selection of exercises, which should serve to help the
reader get more directly involved in the subject matter. It will cause him/her to
consult the literature, to calculate, and to learn by doing.

The book will help the novice reader to see how analysis is used in practice and
how it can be evolved into a seminal tool for research. It is important for the student
to see fundamental mathematics used in vitro in order to understand how research
develops and grows.

It is a pleasure to thank E. M. Stein for introducing me to the Bergman kernel
and Robert E. Greene for teaching me the geometric aspects. I have had many
collaborators in my study of the kernel, and I offer them all my gratitude. I thank
my editor, Elizabeth Loew, for her constant enthusiasm and support. And I thank the
several referees for this book, who contributed a wealth of ideas and information.

St. Louis, MO, USA Steven G. Krantz
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Chapter 1
Introductory Ideas

In the early days of functional analysis—the early twentieth century—people did not
yet know what a Banach space was nor a Hilbert space. They frequently studied a
particular complete, infinite-dimensional space from a more abstract point of view.
The most common space to be studied in this regard was of course L2. It was when
Stefan Bergman took a course from Erhard Schmidt on L? of the unit interval I that
he conceived of the idea of the Bergman space of square-integrable holomorphic
functions on the unit disc D. And the rest is history.

It is important for the Bergman theory that his space of holomorphic functions
has an inner product structure and that it is complete. The first of these properties
follows from the fact that it is a subspace of L?: the second follows from a
fundamental inequality that we shall consider in the next section.

1.1 The Bergman Kernel

It is difficult to create an explicit integral formula, with holomorphic reproducing
kernel, for holomorphic functions on an arbitrary domain in C".! Classical studies
which perform such constructions tend to concentrate on domains having a great
deal of symmetry (see, for instance, [HUA]). We now examine one of several
non-constructive approaches to this problem. This circle of ideas, due to Bergman
[BER1] and to Szeg6 [SZE] (some of the ideas presented here were anticipated by
the thesis of Bochner [BOCI1]), will later be seen to have profound applications to
the boundary regularity of holomorphic mappings.

Bungart [BUN] and Gleason [GLE] have shown that any bounded domain in C”
will have a reproducing kernel for holomorphic functions such that the kernel itself
is holomorphic in the free variable. In other words, the formula has the form

"Here a domain is a connected, open set.

S.G. Krantz, Geometric Analysis of the Bergman Kernel and Metric, 1
Graduate Texts in Mathematics 268, DOI 10.1007/978-1-4614-7924-6_1,
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2 1 Introductory Ideas

1) = /Q FOKELAV(E),

and K is holomorphic in the z variable. Of course Bungart’s and Gleason’s proofs
are highly nonconstructive, and one can say almost nothing about the actual form
of the kernel K. The venerable Bochner—Martinelli kernel is easily constructed on
any bounded domain with reasonable boundary (just as an application of Stokes’s
theorem) and the kernel is explicit—just like the Cauchy kernel in one complex
variable. Also the kernel is the same for every domain. But the Bochner—Martinelli
kernel is definitely not holomorphic in the free variable. On the other hand, Henkin
[HEN], Kerzman [KER1], E. Ramirez [RAMI], and Grauert-Lieb [GRL] have given
very explicit constructions of reproducing kernels on strictly pseudoconvex domains
(see the definition below). And their kernels are holomorphic in the z variable. This
matter is treated in [KRA1, Chap. 10].

In fact this last described result was considered to be quite a dramatic advance.
For Henkin, Kerzman, Ramirez, and Grauert-Lieb provided us with a fairly explicit
kernel, with an explicit and measurable singularity, that can not only reproduce
but also create holomorphic functions. Such a kernel is very much like the Cauchy
kernel in one complex variable. Thus at least on strictly pseudoconvex domains, we
can perform many of the activities to which we are accustomed from the function
theory of one complex variable. We can get formulas for derivatives of holomorphic
functions, we can analyze power series, we can consider an analogue of the Cauchy
transform, and (perhaps most importantly) we can write down solution operators for
the d problem. People were optimistic that these new integral formulas would give
a shot in the arm to the theory of function algebras—that they would now be able to
study H*°(€2) and A(2) on a variety of domains in C" (see [GAM, Chap. II, IV]
for the role model in C!). But this turned out to be too difficult.

The Bergman kernel is a canonical kernel that can be defined on any bounded
domain. It has wonderful invariance properties and is a powerful tool for geometry
and analysis. But it is difficult to calculate explicitly.

In this section we will see some of the invariance properties of the Bergman
kernel. This will lead in later sections to the definition of the Bergman metric (in
which all biholomorphic mappings become isometries) and to such other canon-
ical constructions as representative coordinates. The Bergman kernel has certain
extremal properties that make it a powerful tool in the theory of partial differential
equations (see Bergman and Schiffer [BES]). Also the form of the singularity of the
Bergman kernel (calculable for some interesting classes of domains) explains many
phenomena of the function theory of several complex variables.

Let 2 € C" be a bounded domain (it is possible, but often tricky, to treat
unbounded domains as well). Here a domain is a connected, open set. If the domain
is smoothly bounded, then we may think of it as specified by a defining function:

Q={ze€C":p(z) <0}.
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It is customary to require that Vp # 0 on 0€2. One can demonstrate the existence of
a definiting function by using the implicit function theorem. See [KRPA2] for the
latter and [KRA 1] for a detailed consideration of defining functions.

Given a domain €2 as described in the last paragraph and a point P € 992, we
say that w is a complex tangent vector at P and write w € T p(dQ2) if

n ap
E —(P)w; =0.
—1 82]'( )Wj 0

The point P is said to be strongly pseudoconvex if

n 2

for 0 # w € Tp(d2). In fact a little elementary analysis shows that we can write
the defining property of strong pseudoconvexity as

> e (P = Clwl?
jh=1 %%

and make the estimate uniform when P ranges over a compact, strongly pseudocon-
vex boundary neighborhood of 2. Again, the book [KRA1, Chap. 3] has extensive
discussion of the notion of strong pseudoconvexity.

Now let us return to the Bergman theory. Let dV denote the Lebesgue volume
measure on 2. Define the Bergman space

A%(R) = | f holomorphic on Q : / f@PF V@' = || fllaq) < oo
Q
Of course we equip the Bergman space with the inner product

(fig) = /Q F@EE@ V().

Lemma 1.1.1. Let K € Q C C" be compact. There is a constant Cx > 0,
depending on K and on n, such that

Sullzlf(Z)l < Cx|lflare) all f € A%(Q).
zZ€

Proof. Since K is compact, there is an r(K) = r > 0 so that, for any z €
K, B(z,r) € Q. Here B(z,r) is the usual Euclidean ball with center z and radius r.

Therefore for each z € K and f € A%*(Q), the mean-value property for
holomorphic functions implies that
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1
| f@)| = ‘m pen f(@)dV()

1
= ’m/f(l))(t?(z.r)(l)dv(t)

< (V(B(z. r)))_l/ZHfHLZ(B(z,r))
S Cr "I fllae
= Ckll flla2@)- O

Lemma 1.1.2. The space A%(Q) is a Hilbert space with the inner product { f, g) =
Jo (D) dV(2).

Proof. Everything is clear except for completeness. Let { f;} € A? be a sequence
that is Cauchy in norm. Since L? is complete there is an L? limit function f. We need
to see that f is holomorphic. But Lemma 1.1.1 yields that norm convergence
implies normal convergence (i.e., uniform convergence on compact sets). Certainly
holomorphic functions are closed under normal limits (just use the Cauchy theory
of one complex variable). Therefore f is holomorphic and A?(R2) is complete. [

Lemma 1.1.3. For each fixed z € 2, the functional

@, [ f2), fe€A(Q)
is a continuous linear functional on A*(R2).

Proof. This is immediate from Lemma 1.1.1 if we take K to be the singleton {z}. O

We may now apply the Riesz representation theorem to see that there is an
element K, € A?(Q2) such that the linear functional @, is represented by inner
product with K, :if f € A%(Q), then, for all z € Q, we have

f@) =2.(f) = (f K2).

Definition 1.1.4. The Bergman kernel is the function K(z,{) = Kq(z,¢) = K,(0),
z, ¢ € Q. It has the reproducing property

f(Z)=/QK(Z,Z)f(é°)dV(Z), VfeA9Q).

Proposition 1.1.5. The Bergman kernel K (z, {) is conjugate symmetric: K(z,¢) =

K(¢,z2).

Proof. By its very definition, K(¢,-) € A?(Q2) for each fixed ¢. Therefore the
reproducing property of the Bergman kernel gives
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/QK(Z,I)K(Q',I) dV(t) = K(¢, z).

On the other hand,

/K(Z,t)K({,t)dV(t) =/K(§,t)K(Z,Z)dV(t)
Q
= K(z,¢) = K(z,¢). O

Proposition 1.1.6. The Bergman kernel is uniquely determined by the properties
that it is an element of A>(Q) in z, is conjugate symmetric, and reproduces A*(S2).

Proof. Let K'(z, £) be another such kernel. Then

K(z.8) = K(¢.2) = / K'(z.0)K(5.1)dV (1)

= / K(¢, 1)K’ (z,t)dV (1)

= K'(z.§) = K'(z.9). O

Since L?(Q2) is a separable Hilbert space then so is its subspace 4?(2). Thus

there is a countable, complete orthonormal basis {¢; } 72, for A%(Q).

Proposition 1.1.7. Let L be a compact subset of 2. Then the series
e —
> 46,
j=1
sums uniformly on L X L to the Bergman kernel K (z, ¢).
Proof. By the Riesz—Fischer and Riesz representation theorems, we obtain

1/2

sup | Y016, 0F | = sup 1, @35,
z€ i=1 <€

2

= sup |Y a;¢,(2)

Ia, Hl,a=1 |“=
zef J=l

sup | f(2)]
1712 =1
ZEL

<C. (1.1.7.1)
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In the last inequality we have used Lemma 1.1.1. Therefore

1/2
PNACGIE DG I DIHGT
j=1 j=1 j=1

1/2

and the convergence is uniform over z, { € L. For fixed z € 2, (1.1.7.1) shows that
{$; (2152, € %. Hence we have that " ¢; (z)$; ({) € A%(R2) as a function of {. Let
the sum of the series be denoted by K’(z, {). Notice that K’ is conjugate symmetric
by its very definition. Also, for f € A%(S2), we have

[ Keoroae =Y fheo = 1o

where convergence is in the Hilbert space topology. (Here f (j) is the jth Fourier
coefficient of f with respect to the basis {¢;}.) But Hilbert space convergence
dominates pointwise convergence (Lemma 1.1.1) so

f2) = / K'(z.0)f@QdV(Q), all f € AX(<Q).
Therefore K’ is the Bergman kernel. O

Remark 1.1.8. 1t is worth noting explicitly that the proof of Proposition 1.1.7
shows that

> 6,@¢; ()

equals the Bergman kernel K (z, {) no matter what the choice of complete orthonor-
mal basis {¢; } for A>(Q2). This can be very useful information in practice. O

Proposition 1.1.9. If Q is a bounded domain in C", then the mapping

Pifis /Q KG9 £ dV(©)

is the Hilbert space orthogonal projection of L*>(2, dV') onto A*(2). We call P the
Bergman projection.

Proof. Notice that P is idempotent and self-adjoint and that A?(Q) is precisely the
set of elements of L? that are fixed by P. O
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Definition 1.1.10. Let Q C C” be a domain and let f : Q — C”" be a holomorphic
mapping, thatis, f(z) = (f1(z),..., fu(z)) with fi,..., f, holomorphic on Q2. Let

w; = f;j(@),j = 1,...,n. Then the holomorphic Jacobian matrix of f is the
matrix
AW, ..., wy)
Jof = St
a(Zl,...,Zn)

Write z; = x; +iy;,wi = & +ink, j.k = 1,...,n. Then the real Jacobian
matrix of f is the matrix

a(gl’ r]]?"'vgn» nn)
(X1, V1 eees Xns V)

Jrf =

Proposition 1.1.11. With notation as in the definition, we have
det Jg f = |det Jo f]?

whenever f is a holomorphic mapping.

Proof. We exploit the functoriality of the Jacobian. Let w = (wy,...,w,) =
f(Z) = (f](Z),...,fn(Z)). Write Z; = Xj + iy_,,wj = g_/ + ii]_,’,j =1,...,n.
Then, using the fact that f is holomorphic,
déAdnyA---AdE, Adn, = (det Jg f(x, y))dx; Adyp A---Adx, Ady,. (1.1.11.1)
On the other hand,
d&y Adny A--- AdE, Adn,

dw; Adwy A - Adw, Adw,

~ @iy

= (21),1 (det Je f(2))(det Jg f(2))dZ) Adzy A+ A dZ, Adz,

= |det Jc f(2)|2dx; Adyp A -+ Adx, Ady,. (1.1.11.2)
Equating (1.1.11.1) and (1.1.11.2) gives the result. O

Exercise for the Reader: Prove Proposition 1.1.11 using only matrix theory (no
differential forms). This will give rise to a great appreciation for the theory of
differential forms (see Bers [BERS, Chap. 7] for help).

Now we can prove the holomorphic implicit function theorem:
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Theorem 1.1.12. Let fj(w,z), j = 1,...,m be holomorphic functions of (w, z) =
(Wi, ..., W), 1, ...,2,)) near a point (wW°,z°) € C™ x C". Assume that

w00 =0, j=1.....m,

and that

det (%)m #0 at (w°,2°).

Wk ) k=1
Then the system of equations
fj(W,Z) =0 P ] = 1,...,1’7’1,

has a unique holomorphic solution w(z) in a neighborhood of ° that satisfies

w(Z®) = wP.

Proof. We rewrite the system of equations as
Re fi(w,2) =0, Im fj(w,2) =0

for the 2m real variables Re wy, Imwy,k = 1,...,m. By Proposition 1.1.11, the
determinant of the Jacobian over R of this new system is the modulus squared
of the determinant of the Jacobian over C of the old system. By our hypothesis,
this number is nonvanishing at the point (w°, z°). Therefore the classical implicit
function theorem (see Rudin [RUDI1] or [KRPA2]) implies that there exist C!
functions wy (z).k = 1,...,m, with w(z°) = w" and that solve the system. Our
job is to show that these functions are in fact holomorphic. When properly viewed,
this is purely a problem of geometric algebra:
Applying exterior differentiation to the equations

0= fiw),2), j=1,....,m,

yields that
—re = of;
0=df = 4 L dz.
/i 1;3Wk Yk +]€2=:1 0Zk K

There are no dz;’s and no dwy’s because the f;’s are holomorphic.

The result now follows from linear algebra only: The hypothesis on the deter-
minant of the matrix (df;/dwy) implies that we can solve for dwy in terms of dz;.
Therefore w is a holomorphic function of z. O
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A holomorphic mapping f : 21 — Q2 of domains 2; C C", 2, C C" is said
to be biholomorphic if it is one-to-one, onto, and det J¢ f(z) # O for every z € Q.

Exercise for the Reader: Use Theorem 1.1.12 to prove that a biholomorphic
mapping has a holomorphic inverse (hence the name).

Remark 1.1.13. It is true, but not at all obvious, that the nonvanishing of the
Jacobian determinant is a superfluous condition in the definition of “biholomorphic
mapping”; that is, the nonvanishing of the Jacobian follows from the univalence
of the mapping. A proof of this assertion is sketched in Exercise 37 at the end of
[KRAL, Chap. 11]. O

In what follows we shall frequently denote the Bergman kernel for a given
domain 2 by Kg,.

Proposition 1.1.14. Let 2,2, be domains in C". Let f : Qi — € be
biholomorphic. Then

det Je f(2) Ka, (f(2). f(D))det Jc f({) = Kg, (2. 0).

Proof. Let ¢ € A?(R21). Then, by change of variable,

/Q det Je f(2) Ko, (f(2), f(D)det Je f(D)¢(8) dV (D)

- /Q det Je f(2) Ko, (f(2). Ddet Je f(f 1N (f (D))
xdet Jp f 1) AV (©).

By Proposition 1.1.11 this simplifies to
detJe @) [ Kai(F.D { (detse (/@) o (57 (2))} av().
Q0

By change of variables, the expression in braces { } is an element of A2(2,). So
the reproducing property of Kq, applies and the last line equals

= detJe f(2) (detJe f(2) ' ¢ (/71 (f(2) = ¢

By the uniqueness of the Bergman kernel, the proposition follows. O
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Proposition 1.1.15. Forz € Q@ CC C" it holds that Ko (z,z) > 0.

Proof. Now

Ka(z2) =) 1¢;@F = 0.

Jj=1

If in fact K(z,z) = O for some z, then ¢;(z) = O for all j; hence, f(z) = 0 for
every f € A*(Q). This is absurd. O

Definition 1.1.16. For any bounded domain 2 € C”, we define a Hermitian metric
on 2 by

2
ij(2) = — log K(z,z), z € Q.
8ij (2) 907, °F (z,2)
This means that the square of the length of a tangent vector £ = (§),...,§,) ata

point z € Q is given by

€15, = > g Q&E;.

i.j
The metric that we have defined is called the Bergman metric.

In a Hermitian metric {g;; }, the length of a C' curve y : [0, 1] — € is given by

1/2

1
= [ | Zesvomono| a
0 —
i
If P, Q are points of 2, then their distance dq (P, Q) in the metric is defined to be
the infimum of the lengths of all piecewise C'! curves connecting the two points.

Remark 1.1.17. 1Tt is not a priori obvious that the Bergman metric for a bounded
domain 2 is given by a positive definite matrix at each point. We now outline a
proof of this fact.

First we generate an orthonormal basis for the Bergman space. Fix zp € 2. Let
¢o be the (unique!) element of A% with ¢(zo) real, |[¢o]| = 1, and ¢o(z9) maximal.
(Why does such a ¢y exist?) Let ¢, be the (unique) element of A% with ¢,(z9) =
0, (3¢p1/0z1)(z0) real, ||¢1|| = 1, and (d¢p;/0z1)(z0) maximal. (Why does such a ¢
exist?) Now ¢; is orthogonal to ¢y, else ¢; has nonzero projection on ¢y, leading
to a contradiction. Continue this process to create an orthogonal system on 2. Use
Taylor series to see that it is complete. This circle of ideas comes from the elegant
paper Kobayashi [KOB1].

Now let 2 € C" be a bounded domain and let (g;;) be its Bergman metric. Use
the ideas in the last paragraph to prove that the matrix (g;;(z)) is positive definite,
each z € Q. [Hint: The crucial fact is that, for each z € Q and each j, there is an
element f € A%(S2) such that 9f/dz,(z) # 0.] O
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Proposition 1.1.18. Let 2,2, C C" be domains and let f : Q1 — Q5 be a
biholomorphic mapping. Then f induces an isometry of Bergman metrics:

1§18 = [(Jc /ElB.se)

forall z € Q1,& € C". Equivalently, f induces an isometry of Bergman distances
in the sense that

do,(f(P). f(Q)) = dg, (P, Q).

Proof. This is a formal exercise but we include it for completeness: From the
definitions, it suffices to check that

>R (f@) Ve f@wy, (Tef@w) =Y e @ww; (L1181
ij

J

forallz € Q,w = (wy,...,w,) € C". But, by Proposition 1.1.14,

2

077

g;'(2) = log K, (z,2)

2

d
=3 log {|det Jc f ()" K, (f(2). f(2)}

ZiZj

2

_ 0 log Ko, (f(2). £(2) (1.1.18.2)

07;Z;

since log |det J¢ f(z)|? is locally

log (det Jc f) + log (det J(cf) +C

hence is annihilated by the mixed second derivative. But line (1.1.18.2) is nothing
other than

2 oy V@ U@
2 g =

£m

and (1.1.18.1) follows.

Proposition 1.1.19. Let Q2 CC C" be a domain. Letz € Q. Then

QP _

2
rea@ 1L 1% 11 42(0)=1

K(z.2) = | f ()%
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Proof. Now

K(z.2)

Y 16;@P°
( sip Y9 (z)aj))2

[{a;}l2=1

= sup |f@I
171 =1

by the Riesz—Fischer theorem,

|f (@)
(WA

= sup O
fea
We shall use this proposition in a moment. Meanwhile, we should like to briefly
mention some open problems connected with the Bergman kernel:

The Lu Qi-Keng Conjecture

We have already noticed that Kq(z,z) > 0, all z € €2, any bounded Q. It is
reasonable to ask whether Kq(z, {) is ever equal to zero. In fact various geometric
constructions connected with the Bergman metric and associated biholomorphic
invariants (which involve division by K) make it particularly desirable that K be

nonvanishing.
If Q@ = D, the unit disc, then explicit calculation (which we perform below)
shows that
1 1
K@) = ——0,
7T (1-20)

hence, K(z,¢) is nonvanishing on D x D. Proposition 1.1.14 and the Riemann
mapping theorem then show that the Bergman kernel for any proper simply
connected subdomain of C is nonvanishing.

The Bergman kernel for the annulus was studied in Skwarczynski [SKW] and
was seen to vanish at some points. It is shown in Suita and Yamada [SUY] that
if @ € C is a multiply connected domain with smooth boundary, then Ko must
vanish—this is proved by an analysis of differentials on the Riemann surface
consisting of the double of 2. By using the easy fact that the Bergman kernel for a
product domain is the product of the Bergman kernels (exercise), we may conclude
that any domain in C? of the form A x Q, where A is multiply connected, has a
Bergman kernel with zeroes. The Lu Qi-Keng conjecture can be formulated as



1.1 The Bergman Kernel 13

Conjecture: A topologically trivial domain in C" has nonvanishing Bergman kernel.

It is known (Greene and Krantz [GRK1, GRK2]) that a domain that is C*°
sufficiently close to the ball in C" has nonvanishing Bergman kernel. Also, if a
domain 2 has Bergman kernel that is bounded from zero (and satisfies a modest
geometric condition), then all “nearby” domains have Bergman kernel that is
bounded from zero. Thus it came as a bit of a surprise when in Boas [BOA1]
and [BOAZ2], it was shown that there exist topologically trivial domains—even
ones with real analytic boundary and satisfying all reasonable additional geometric
conditions—for which the Bergman kernel has zeroes. See also Wiegerinck [WIE],
where interesting ideas contributing to the solution of this problem first arose.
In Sect. 5.7 we treat the results of Boas.

Exercise for the Reader: The set of smoothly bounded domains for which the Lu
Qi-Keng conjecture is true is closed in the Hausdorff topology on domains.
We shall say more about the Lu Qi-Keng conjecture in Sect.5.7.

Smoothness to the Boundary of K¢

It is of interest to know whether Kg is smooth on  x €. We can see from the
formula above for the Bergman kernel of the disc that K (z,z) blowsupasz — 1~.
In fact this property of blowing up prevails at any boundary point of a domain at
which there is a peaking function (apply Proposition 1.1.19 to a high power of the
peaking function). The reference Gamelin [GAM, p. 52 ff.] contains background
information on peaking functions.

However, there is strong evidence that—as long as 2 is smoothly bounded—on
compact subsets of

QxQ\ (02 xIQ) N{z=1))

the Bergman kernel will be smooth. For strictly pseudoconvex domains, this
statement is true; its proof (see [KER2]) uses deep and powerful methods of partial
differential equations. Unfortunately, on the Diederich-Fornass worm domain
(which is smoothly bounded, pseudoconvex but has many pathological properties),
the Bergman kernel is not smooth as just indicated. See also [KRP1, KRP2] as well
as [LIG1].

In what follows, a multi-index in C" is an n-tuple « = (ay,as,...,a,) of
nonnegative integers. We write
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Also

aa _ aal 8“2 aan
9% T 979 g

Perhaps the most central open problem in the function theory of several complex
variables is to prove that a biholomorphic mapping of two smoothly bounded,
pseudoconvex domains extends to a diffeomorphism of the closures. It is known
(see Bell and Boas [BEB]) that a sufficient condition for this problem to have an
affirmative answer on a smoothly bounded domain  C C” is that, for any multi-
index o, there are constants C = C, and m = m, such that the Bergman kernel
K satisfies

sup

;—KQ . z)‘ C -5a(t)™

for all ¢ € Q. Here §q(w) denotes the distance of the point w € 2 to the boundary
of the domain.

1.1.1 Calculating the Bergman Kernel

The Bergman kernel can almost never be calculated explicitly; unless the domain
Q has a great deal of symmetry—so that a useful orthonormal basis for A%(S2)
can be determined—there are few techniques for determining K. Sometimes one
can exploit the automorphism group of the domain (see [HUA] for an exemplary
instance of this technique). We shall explore some of these ideas below.

In 1974 Fefferman [FEF1, Part I] introduced a new technique for obtaining an
asymptotic expansion for the Bergman kernel on a large class of domains. (For
an alternative approach, see Boutet de Monvel and Sjostrand [BOS].) This work
enabled rather explicit estimations of the Bergman metric and opened up an entire
branch of analysis on domains in C” (see, e.g., Fefferman [FEF2], Chern and Moser
[CHM], Klembeck [KLE], and Greene and Krantz [GRK1, GRK2, GRK3, GRK4,
GRKS5,GRK6, GRK7, GRK8, GRK9, GRK10, GRK11]).

The Bergman theory that we have presented here would be a bit hollow if we
did not at least calculate the kernel in a few instances. We complete the section by
addressing that task.

Restrict attention to the ball B € C". The functions z%, « a multi-index, are
each in A%(B) and are pairwise orthogonal by the symmetry of the ball. By the
uniqueness of the power series expansion for an element of A?(B), the elements
7% form a complete orthonormal system on B (their closed linear span is A%(B)).
Setting
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Vo = / P V().
B

we see that {z%/./Yq} is a complete orthonormal system in A?(B). Thus by
Proposition 1.1.7,

K@)=Y Za; . (1.1.1.1)

o

If we want to calculate the Bergman kernel for the ball in closed form, we need
to calculate the y,’s. This requires some lemmas from real analysis. These lemmas
will be formulated and proved on RY and By = {x e RY : |x| < 1}.

[ e Py = 1.
RN

Proof. The case N = 1 is familiar from calculus (or see [BKR, Sect. 6.6]). For the
N -dimensional case, write

a2 2 2
/ e dy =[e ”"‘ldxl---/e XN dxy
RN R R

and apply the one-dimensional result. O

Lemma 1.1.20. We have that

Let o be the unique rotationally invariant area measure on Sy—; = dBy and let
WN—-1 =0 (8B )

Lemma 1.1.21. We have

2 N/2

YT TR

where
o0
I'(x) =/ t*le™dt
0

is Euler’s gamma function.

Proof. Introducing polar coordinates we have

o0
_ 2 —gr2 —
1: e ”‘x‘ dx — do— e Y rN ldr
RN SN—1 0
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or

1 o 2 dr
= e N .
WN -1 0 r

Letting s = r? in this last integral and doing some obvious manipulations yields the
result. O

Now we return to B € C". We set
1) = [ faldn MK = [ P aven. k=o.l.....
B B
Lemma 1.1.22. We have

2(kY) Nk)=n"

] Trmy

Proof. Polar coordinates show easily that n(k) = 2(k +n)N (k). So it is enough to
calculate N(k). Letz = (21,22, ..,2n) = (21,2). We write

Nk = / P ave

_ 2%k /
B [z’<1 </z1|s\/1—z’2 o dV(Zl)) W

/l_lz/‘Z
=2r / [ rrdr dV ()
lZ|<1J0

(1 — |2+ /
=2 — = dV
d /Z,<1 2%k +2 @)

T ! 2nk+1,2n—3
=k+1w2n—3/0(1_r)+rn_dr

ds

T ! k+1 n—1
= 1— n—1-"
k—i—lwzn 3/0( s 28

T
= z(k—_|_1)CU2n—3,3(’1 -1,k +2),

where B is the classical beta function of special function theory (see Carrier et al.
[CCP, p. 191] or Whittaker and Watson [WHW, pp. 235 ff.]). By a standard identity
for the beta function we then have
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T I'(n—1)I'(k+2)
N(k) = e
® = kT D Tark+1)
_ b4 27"V I'(n— 1)k +2)
S 2k+1)T'(n—1) TI'n+k+1)
_ 7"k!
(k4 n)
This is the desired result. O

Lemma 1.1.23. Letz € B € C" and 0 < r < 1. The symbol 1 denotes the point
(1,0,...,0). Then

n! 1
KB(Z,VI) = ;W

Proof. Refer to formula (1.1.1.1) preceding Lemma 1.1.20. Then

(1) o 2k
KB(Z,VI) = =
Xa: Vo ];0 N(k)
1 & , (k+n)!
= L T
n! — k+n
== ) ( )
= n
_ n! 1
- n (1 _ rzl)n-‘rl :
This is the desired result. O

Theorem 1.1.24. Ifz,{ € B, then the Bergman kernel for the unit ball in C" is

n! 1
K . =,
5(2.0) = — 0z o
Wherezf= lel +zzfz + - —i—z,,fn.

Proof. Letz = rz € B, where r = |z| and |Z| = 1. Also, fix { € B. Choose a
unitary rotation p such that pz = 1. Then, by Proposition 1.1.14 and Lemma 1.1.23,
we have
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Kp(z,0) = Kp(rz,¢) = K(r,o_ll,é')
= K(r1,p0) = K(p¢,r1)

ot
)
_n !
™ (1-0n-D)"
_n! 1
= (1 - ‘E)n-l-l
n! 1

A -

Corollary 1.1.25. The Bergman kernel for the unit disc in the complex plane is

1 1
Kp(z,8) = ;m

Proposition 1.1.26. The Bergman metric for the ball B = B(0,1) € C" is
given by
n+1

8ij(2) = a=rPe [(1 =128 +zz].

Proof. Since K(z,7) = n!/(n"(1 — |z]*)"*"), this is a routine computation that we
leave to the reader. O

Corollary 1.1.27. The Bergman metric for the disc (i.e., the ball in dimension
one) is

2 S
gij@):W,l—J—l,

This is the well-known Poincaré, or Poincaré-Bergman, metric.

Proposition 1.1.28. The Bergman kernel for the polydisc D"(0,1) € C” is the
product

1 & 1
K(z, ) = ;/l:[] —(1 _ijj)z.
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Proof. Exercise for the reader. Use the uniqueness property of the Bergman kernel.
O

Exercise for the Reader: Calculate the Bergman metric for the polydisc.

1.1.2 The Poincaré-Bergman Distance on the Disc

If D C Cis the unit disc, { € D, then Corollary 1.1.27 shows that

[w] —{ 2|w|? }1/2_ V2wl
R RO EY B B TIER

where the subscript B indicates that we are working in the Bergman metric. We now
use this formula to derive an explicit expression for the Poincaré-Bergman distance
from0 e Dtor +i0 e D,0 <r < 1. Call this distance d(0, ). Then

1
dO,r) = inf{/ |)//(l)|3.y(l)dl‘ :
0
y is a piecewise smooth curve in D, y(0) = 0, y(1) = r 4+ i0}.

Elementary comparisons show that, among curves of the form () = t+iw(t),0 <
t < 1, the curve y(t) = tr + i0 is the shortest in the Poincaré metric. Further
elementary arguments show that a general curve of the form ¥ () = v(¢) +iw(t) is
always longer than some corresponding curve of the form ¢ + iw(¢). We leave the
details of these assertions to the reader. Thus

1 \/_I‘
40.7) :/0 (1—(rr>2)

1—1¢

ZEI (iff)

Since rotations are conformal maps of the disc, we may next conclude that

4 1 1
d (0, re'?y = Elog(lt:).
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Finally, if wy, w, are arbitrary, then the Mdbius transformation

— Wi

¢z~ —
1—wiz

satisfies p(wy) = 0,¢p(w2) = (wp — wy)/(1 — wWywy). Then Proposition 1.1.18
yields that

dwi,wy) = d (0 u)

’ 1— W1W2
Wy—wi
1 1+ 1—-wiwy
o ﬁ 1_ W2 —Wwi
1—wiwy

We note in passing that the expression p(wy, wy) = |(wy — wy)/(1 — wiw,)]| is
called the pseudohyperbolic distance. It is also conformally invariant, but it does
not arise from integrating an infinitesimal metric (i.e., lengths of tangent vectors at
a point). A fuller discussion of both the Poincaré metric and the pseudohyperbolic
metric on the disc may be found in [KRA9] and [GAR, Chap. 1].

1.1.3 Construction of the Bergman Kernel by Way
of Differential Equations

It is actually possible to obtain the Bergman kernel of a domain in the plane from the
Green’s function for that domain (see [KRAS, Sect. 1.3.3]). Let us now summarize
the key ideas. Unlike the first Bergman kernel construction, the present one will
work for any domain with C? boundary. Thanks to work of Garabedian [GARA],
one can say rather precisely what the Green’s function of any planar domain is (see
also [JAK]).

First, the fundamental solution for the Laplacian in the plane is the function

1
re¢.z = ﬁloglé—d.

This means that A;1"({,z) = J; in the sense of distributions. (Observe that §,
denotes the Dirac “delta mass” at z and A is the Laplacian in the { variable.) In
more prosaic terms, the condition is that

[ (6.2 Ap(0) dédn = o)

for any C*° function ¢ with compact support. We write, as usual, { = & + i7. (This
topic is treated in detail in [KRA1, Chaps. 0, 1].)
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Given a domain Q2 C C, the Green'’s function is posited to be a function G(¢, z)
on 2 x €2 that satisfies

G(.2)=T(2) - F().

where F,({) = F({, z) is a particular harmonic function in the ¢ variable (to
be specified momentarily). Moreover, it is mandated that G( - ,z) vanish on the
boundary of €2. One constructs the function F (-, z), for each fixed z, by solving a
Dirichlet problem with boundary data I'( -, z). Again, the reference [KRA1, p. 40]
has all the particulars. It is worth noting, and this point is not completely obvious but
is discussed in [KRA1, Chap. 1], that the Green’s function is a symmetric function
of its arguments.

The next proposition establishes a striking connection between the Bergman
kernel and the classical Green’s function.

Proposition 1.1.29. Let @ C C be a bounded domain with C 2 boundary. Let
G(¢,7) be the Green’s tunction for Q and let K(z,{) be the Bergman kernel for
2. Then

2

3
K(z,0) =4- WG(Z 2). (1.1.29.1)

Proof. Our proof will use a version of Stokes’s theorem written in the notation of
complex variables. It says that, if u € C'(Q), then

9§U u(§)ds = 2i [U/ g—gdédn, (1.1.29.2)

where again { = £+i7. The reader is invited to convert this formula to an expression
in £ and 7 and to confirm that the result coincides with the standard real-variable
version of Stokes’s theorem that can be found in any calculus book (see, e.g., [THO,
BLK]).

Now we already know that

G(,7)=— log(é' -2+ i log (€ —2)+ F(.2). (1.1.29.3)

Here we think of the logarithm as a multivalued holomorphic function; after we
take a derivative, the ambiguity (which comes from an additive multiple of 27i)
goes away.

Differentiating with respect to z (and using subscripts to denote derivatives), we
find that

G.(.2) = —§—1+F(z ).
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We may rearrange this formula to read

1

=2 —4r - G,(§,2) + 4nF.(.2).
-z

We EIOW that G, as a function of £, vanishes on 2. Hence so does G,. Let f €

C?(R2) be holomorphic on . It follows that the Cauchy formula

RSN

2mi Fle} é'—Z

f@) = ¢

can be rewritten as
f=-2¢ fOFGE.
IQ

Now we apply Stokes’s theorem (in the complex form) to rewrite this last as

r@ =4 [ [ (O Fyen g an
Q

where { = & 4 in. Since f is holomorphic and F is real valued, we may
conveniently write this last formula as

r@ =4 [[ 1T
Q
Now formula (1.1.29.3) tells us that Fz = G¢z. Therefore we have

f@ = || f(©)4G=(¢.2) dg dn. (1.1.29.4)
I

With a suitable limiting argument, we may extend this formula from functions f
that are holomorphic and in C?(2) to functions in A%(Q).

It is straightforward now to verify that 4G_;Z satisfies the first three characterizing
properties of the Bergman kernel, just by examining our construction. The crucial
reproducing property is of course formula (1.1.29.4). Then it follows that

2

0
K(Z, é‘) =4. @G(f, Z) .

That is the desired result. O
It is worth noting that the proposition we have just established gives a practical
method for confirming the existence of the Bergman kernel—by relating it to the

Green’s function, whose existence is elementary. See [HAP1, HAP2] for a version
of these techniques in the several complex variable contexts.
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Now let us calculate. Of course the Green’s function of the unit disc D is

1
G2 = —logIZ—zl——logll—Czl

as a glance at any classical complex analysis text will tell us (see, e.g., [AHL] or
[HIL]). Verity the defining properties of the Green’s function for yourself.
With formula (1.1.29.1) in mind, we can make life a bit easier by writing

G0 = 1 loa(t ) + 1 logT )
—%log(l —7) — %log (1 —ZZ).

Here we think of the expression on the right as the concatenation of four multivalued
functions, in view of the ambiguity of the logarithm function. This ambiguity is
irrelevant for us because the derivative of the Green’s function is still well defined
(i.e., the derivative annihilates additive constants).

Now we readily calculate that

G 1 -1 1 ¢
07 4m t—z 4nm 1-(Z
and
PG 1 1

Wz dr (1=
In conclusion, we may apply Proposition 1.1.29 to see that
1
(=202

This result is consistent with that obtained in the other two calculations (Sects. 1.1.2
and 1.1.3). The Bergman metric, as before, is obtained by differentiation.

K(z.¢) =

-

1.1.4 Construction of the Bergman Kernel by Way
of Conformal Invariance

Let D C C be the unit disc. First we notice that if either f € A2(D)or f € A*(D),
then

£0) = ﬂ?@wm (1L14.1)
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This is the standard, two-dimensional area form of the mean-value property for
holomorphic or harmonic functions.

Of course the constant function u(z) = 1 is in A%(D), so it is reproduced by
integration against the Bergman kernel. Hence, for any w € D,

t=utn = [[ K ou© a1 = [[ Kwpaae).
D D

or

%z %//m,z)dA@).
D

By (1.1.4.1), we may conclude that
1
— = K(w,0)
14

forany w € D.
Now, for a € D fixed, consider the Mobius transformation

z—a
h =
@=1—=
We know that
1—|al?
Wi =—.
@ (1 —az)?

We may thus apply Proposition 1.1.14 with ¢ = A to find that

K(w,a) = I'(w) - K(h(w), h(a)) - h'(a)

1—|al? 1
= g K00 T
1 1
“ T
1 1

TR

This is our formula for the Bergman kernel.
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1.2 The Szego and Poisson—Szeg6 Kernels

The basic theory of the Szeg6 kernel is similar to that for the Bergman kernel—
they are both special cases of a general theory of “Hilbert spaces with reproducing
kernel” (see [ARO]). Thus we only outline the basic steps here, leaving details to
the reader. See Sect. 1.3 and also the paper [KRA11].

Let @ C C" be a bounded domain with C? boundary. Let A(Q2) be those
functions continuous on € that are holomorphic on Q. Let H2(9S2) be the space
consisting of the closure in the L?(dQ2,do) topology of the restrictions to 92 of
elements of A(Q2). Then H?(9Q) is a proper Hilbert subspace of L?(3S2). Each
element f € H?(9K) has a natural holomorphic extension to 2 given by its Poisson
integral P f. It is a standard fact—see [KRA1, Chap. 8]—that

lim f({ —eve) = f(§)
e—0t

for almost every ¢ in the boundary of Q. Here, as usual, v; is the unit outward
normal to d<2 at the point ¢.
For each fixed z € €2, the functional

Vet HX(Q) 3 f = Pf(2)

is continuous. (Why?—you may find the Bochner—Martinelli formula [KRAT1]
useful here. See also [KRA11]. We shall treat this matter in more detail in
Example 1.2.1 below.) Let k.({) be the Hilbert space representative (coming from
the Riesz representation theorem) for the functional .. Define the Szegd kernel
S(z, ¢) by the formula

S0 =k, (0) .zeQ, tedQ.

If f € H*(0Q), then

f@) = /BQ S(z.0) f(§)do(§)

for all z € Q. Here do is (2n — 1)-dimensional Hausdorff measure on 9€2. We shall
not explicitly formulate and verify the various uniqueness and extremal properties
for the Szegd kernel. The statements and proofs are exactly like those for the
Bergman kernel. The reader is invited to consider these topics.

Example 1.2.1. We now want to describe the Szeg6 theory. In order to make this
work, we need to present some preliminary results about the Bochner—Martinelli
kernel and integral representation formula.
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Definition 1.2.2. On C" we let

w(z) =dzg Adzp A -2 Adzy,
n(z) = Z(—l)j+]Zde1 Ao Adziog Adzjgr A Adzy.
j=1
The form 7 is sometimes called the Leray form. We shall often write w(Z) to mean
dzi A+ - AdZ, and likewise 7(Z) to mean Y~} (=1)/'Z;dzi A+ - AdZj—1 AdZj 41 A
e A dzn .
The genesis of the Leray form is explained by the following lemma.

Lemma 1.2.3. For any zyp € C", any € > 0, we have

/ 1E) A @) =n / 0@ A ).
0B(z0,€) B(z%,¢)

Proof. Notice that d;(Z) = 97(Z) = nw(z). Therefore by Stokes’s theorem,

/ 1E) A () = / 1@ A o).
9B(0,¢)

B(0¢)

Of course the expression in [ ] is saturated in dz’s so, in the decomposition d =
d + 0, only the term d will not die. Thus the last line equals

/ @m@nAm@=n/ w@) A w(z). O
B(z0.¢€)

B(0.€)

Remark 1.2.4. Notice that, by change of variables,

/ 0@ A o) = / 0@ A o)
B(0,¢)

B(0,¢)

= [ 0 A o(z).
B(0.1)
A straightforward calculation shows that

/ 0@ A o)
B(0.1)
= (=1)4" . (2i)" - (volume of the unit ball in C" ~ R?"),

where g(n) = [n(n — 1)]/2. We denote the value of this integral by W (n). O
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Theorem 1.2.5 (Bochner—Martinelli). Let Q2 C C" be a bounded domain with C !
boundary. Let f € C'(Q2). Then, for any 7 € Q, we have

L[ OG- Ae©
TO= e he — t=zp

R )
nWn) Jo 16— 2P

AN —2) Aw(©).

Proof. Fix z € 2. We apply Stokes’s theorem to the form

fOnC -2 A w@)
& — 2>

M(§) =

on the domain Q.. = Q\ B(z, €), where € > 0 is chosen so small that B(z, €) C .
Note that Stokes’s theorem does not apply to forms that have a singularity; thus we
may not apply the theorem to L, on any domain that contains the point z in either
its interior or its boundary. This observation helps to dictate the form of the domain
2. As the proof develops, we shall see that it also helps to determine the outcome
of our calculation.

Notice that

0(2;¢) = IR U IB(z,€)

but that the two pieces are equipped with opposite orientations.
Thus by Stokes,

/Mz(o— / M@= M@
F1o) AB(z,€) 9Qsc

= /Q de(M.(2)) . (1.2.5.1)

Notice that we consider z to be fixed and ¢ to be the variable. Now

dZMz(E) = 5?,']wz(é-)
_ /() An€—2) Aw()

& — 2>

" 8 Ej _Z] —
. — | — . 1.2.5.2
+ /() ; 3 <|§_Z|2,,) o(§) Aw(f) (1252)
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Observing that

i Ej_zj _ 1 _n|2j_zj|2
g, \ & —zP § =z L g2

we find that the second term on the far right of (1.2.5.2) dies and we have

() AnE =2 Aw(§)
& — 2> '

Substituting this identity into (1.2.5.1) yields

/ Mz(g“)—/ Mz(§)=/ /@) A€ —2) ha(l) (1253)
Elo) IB(z.€) Qe

& —z>

deM () =

Next we remark that

(¢ —2) Aw()

B 1C—2*"

/ M.0) = f(2)
9dB(z,€)

| — 2>
=T+ T>. (1.2.5.4)

+/ () = f@)n€ =2 rw(})
0B(z,€)

Since | f(§) — f(z)| < C|{ —z]| (and since each term of 1(¢ —7) has a factor of some
¢ j—Z;), it follows that the integrand of T is of size O(|{—z[)72"*? ~ €¢72"*2 Since

the surface over which the integration is performed has area ~ ¢>"~!, it follows that
T, - 0ase — 0T,
By Lemma 1.2.3 and the remark following, we also have

T = e £(2) f 1 —2) A ()
dB(z,€)

=ne " f(z) w(0) Aw(?)

B(0.€)

nWin) f(2). (1.2.5.5)

Finally, (1.2.5.3)—(1.2.5.5) yield that

(f MZ(Z))—nW(n)f(Z)+0(1)= / 5f(z)A[”@_ﬂAw(o.
I Qe

¢ —z|>
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Since

(¢ —2)

|§ _Z|2n — 0(|é- _ Z|—211-H) ,

the last integral is absolutely convergent as € — 01 (remember that F] f is bounded).
Thus we finally have

__1 IR PR (k)
10 = s | 10 = s [ 370 8 D A0,

This is the Bochner—Martinelli formula. O

Remark 1.2.6. We see that the Bochner—Martinelli formula is a quintessential
example of a constructible integral formula. The kernel is quite explicit, and it is
the same for all domains. For the Bergman kernel, and for other canonical kernels
that we shall see below, this latter property does not hold. O

We note that the classical Cauchy integral formula in one complex variable is an
immediate consequence of our new Bochner—Martinelli formula.

Corollary 1.2.7. IfQ € C" is bounded and has C' boundary and if f € C'(Q)
and 0 f = 0 on 2, then

L[ f@OnE-2)
TO= 1w e 1e—ap "

w(). (12.7.1)

Corollary 1.2.8. In complex dimension 1, the last corollary says that

1 @)
f(Z) 2mwi I é- — 2 dé.

Corollary 1.2.7 is particularly interesting. Like the classical Cauchy formula,
it gives a constructible integral reproducing formula that is the same on all
domains. Unlike the classical Cauchy formula, its kernel is not holomorphic in
the free variable z. This makes the Bochner—Martinelli formula of limited utility
in constructing holomorphic functions.

We note that Corollary 1.2.7 holds for broader classes of holomorphic functions—
such as the Hardy classes. One sees this by a simple limiting argument. See our
discussion of H? below.

Now we turn to the development of the Szeg6 theory. Let 2 be a bounded domain
in C or C" with C'! boundary. Define H?(Q) as above. If 7 € Q is fixed, then, by
inspection of the formula in Corollary 1.2.7 and the Schwarz inequality,
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@I =C -l -

Thus we see that H?(S2) is a Hilbert space with reproducing kernel. A construction
exactly like that for the Bergman kernel gives a new kernel called the Szeg6 kernel.
We denote it by S(z, ¢).

Using the Szegd theory analogue of Proposition 1.1.7, we can actually calculate
the SzegS kernel on the disc. We first note that {z/ }?":0 forms a basis for the
Hilbert space H?(D). This follows from the standard theory of power series for
holomorphic functions on D. It is orthogonal by parity. It is complete by the
uniqueness of the power series expansion. With a simple calculation, we can
normalize the basis to the complete orthonormal basis {(1/+/27)z/ }520- Thus we
see that

Seo =3 oy = L. !
z,6) = —70 =—" =.
j=027r 2 1—z-¢

Now it is instructive to write out the Szegd integral for a function in A(D):

o= st L
0 27 1—z-e7if
P
2ni Jo elf —z
g 10,

2mwi aD é‘ —Z
Thus we see that the canonical Szeg6 integral formula is in fact nothing other than
the constructive Cauchy integral formula. But only on the disc!

We conclude this section by noting that the integral
s = [ S

defines a projection from L?(d2) to H?(2). This is because the mapping is self-
adjoint, idempotent, and fixes H 2. We call this mapping the Szegd projection. (Note
that the Bergman projection is constructed similarly.)

Let {¢; }?o:l be any complete, orthonormal basis for H2(32). Define

S0 =) 0;0$,Q . z.teQ.

Jj=1

For convenience we tacitly identify here each function with its Poisson extension
to the interior of the domain. Then, for K C Q compact, the series defining S’
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converges uniformly on K x K. By a Riesz—Fischer argument, S’(-, ¢) is the Poisson
integral of an element of H2(9€2) and S’(z, -) is the conjugate of the Poisson integral
of an element of H2(92). So S’ extends to (2 xQ)U(Qx ), where it is understood
that all functions on the boundary are defined only almost everywhere. The kernel
S’ is conjugate symmetric. Also, by Riesz—Fischer theory, S’ reproduces H?(92).
Since the Szegd kernel is unique, it follows that S = S”.

The Poisson—Szeg6 kernel is obtained by a formal procedure from the Szegd
kernel: This procedure manufactures a positive reproducing kernel from one that is
not necessarily positive. The origin of this kernel may be found in [HUA, Chap. 3].
Note in passing that, just as we argued for the Bergman kernel in the last section,
S(z,z) is never 0 when z € Q.

Proposition 1.2.9. Define

1S 9

Pl = S(z,2)

, 2€Q, €.
Then, for any f € A(2) and z € Q, it holds that

1@ = [ foPe o)
Proof. Fixz € Q and f € A(S2) and define

$(z,0)
S(z,2)

u@) = f(©) » Leaf.

Then u € H*(dQ) hence

f@)

u(z) = /3 GOt ©)

/ PO f(©)do ().
o

This is the desired formula. O

Remark 1.2.10. In passing to the Poisson—Szegd kernel, we gain the advantage of
positivity of the kernel (for more on this circle of ideas, see [KRA1, Chap. 8] and
also [KAT, Chap. 1]). However, we lose something in that P(z, ¢) is no longer
holomorphic in the z variable nor conjugate holomorphic in the ¢ variable. The
literature on this kernel is rather sparse and there are many unresolved questions.
The paper [KRA2] discusses some of the mapping properties of the Poisson—-Szeg6
kernel. See also the more recent paper [KRA11]. It is an interesting historical fact
that the Poisson—Szeg6 kernel was invented by Hua in [HUA], though he did not
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give the kernel this name. We say more about the Poisson—Szegd kernel in Sects. 3.2
and 3.3. O

As an exercise, use the paradigm of Proposition 1.2.9 to construct a positive
kernel from the Cauchy kernel on the disc (be sure to first change notation in the
usual Cauchy formula so that it is written in terms of arc length measure on the
boundary). What familiar kernel results?

Like the Bergman kernel, the Szegé and Poisson—Szegd kernels can almost
never be explicitly computed. They can be calculated asymptotically in a number
of important instances, however (see Fefferman [FEF1, Part I], Boutet de Monvel
and Sjostrand [BOS]). We will give explicit formulas for these kernels on the ball.
The computations are similar in spirit to those in Sect. 1.1.2; fortunately, we may
capitalize on much of the work done there.

Lemma 1.2.11. The functions {z*}, where « ranges over multi-indices, are pair-
wise orthogonal and span H?(9B).

Proof. The orthogonality follows from symmetry considerations. For the complete-
ness, notice that it suffices to see that the span of {z*} is dense in A(B) in the
uniform topology on the boundary. By the Stone—Weierstrass theorem, the closed
algebra generated by {z*} and {z*} is all of C(dB). But the monomials 7%, @ # 0,
are orthogonal to A(B) (use the power series expansion about the origin to see this).
The claimed density follows. O

Lemma 1.2.12. Let ! = (1,0,...,0). Then

(n—1)! 1
2" (1 —z)"

Sz, 1) =
Proof. We have that

S@h=Y S

A A2

:ii
= k)
_ 1 iz’f(k—i—n—l)!
27" k!

k=0
=D (k+n—1Y) 4
T 2:: n—1 )4
_ (m=1)! 1

27" (1 =z~
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Lemma 1.2.13. Let p be a unitary rotation on C". For any z € B, € dB, we have
that S(z,§) = S(pz, p§).

Proof. This is a standard change of variables argument and we omit it. O

Theorem 1.2.14. The Szegd kernel for the ball is

n-1 1
S(z,¢0) = —.
@)= Ty

Proof. Let z € B be arbitrary. Let p be the unique unitary rotation such that pz is a
multiple of 1. Then, by 1.2.13,

S8 =S(p'1,9)
=S, p0) = S(pg, 1)

(n—1) 1
27" (1 — (p0) - 1)”
_(n—=1)! 1
2 (1-2-(07'n)’
_ (mn=1)! 1
=5 (l—Z'E)”. O

Corollary 1.2.15. The Poisson—-Szeg6 kernel for the ball is

(n—D! (1= [z)"
2" |1 _Z.azn'

P(z.¢) =

Exercise for the Reader: Calculate the Szegb and Poisson—Szegd kernel for the
polydisc.

Let us now review some of our key ideas. We let 2 be a bounded domain in
C or C". Let L*(R2) be the square-integrable functions on 2 (with respect to the
ordinary Lebesgue measure), and let A2(Q) € L?(2) be the subspace consisting
of the holomorphic functions. This last space is known as the Bergman space. Then
A? is a closed, Hilbert subspace of L2. Thus we may consider the projection

P L*(Q) —» AX(Q).

It is well known that this projection mapping is given by an integration kernel
K(z, ¢) which is called the Bergman kernel (see [KRA1, Chap. 1] for details in this
matter). As an instance, the Bergman kernel for €2, the unit disc D in the complex
plane is given by
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1

1
Kp(z,0) = e 07

(1.2.16)

Of particular interest for us is the obvious fact that this K is smooth on DxD \ D,
where D is the boundary diagonal.

We might also note that the Bergman kernel for the unit ball B in C” is given by
the formula

1

n!
KB(é" é‘) Th (1 _C'E)H_H :
Again, one may see by inspection that K is smooth on B x B \ D.

Kerzman [KER2] has shown that a similar result is true on any smoothly
bounded, strictly pseudoconvex domain: The Bergman kernel is smooth on the
product of the closures less the boundary diagonal. In fact we now know (see the
remark at the end of Kerzman’s paper) that the result holds on any domain for which
the 9-Neumann operator N is known to be pseudolocal (see [KER2] and [BEL3]
for an explication of these ideas). This just means that N¢ is smooth wherever ¢ is
smooth.

To see this, note that if f € A%(Q) and z € , then

S@) = (/.6)
= (Pf.4)
= (f, Pé,).
Here, of course, §; is the Dirac delta mass at z. It follows that

K(z.©) = P(3,). (1.2.17)

Here P is the Bergman projection. Of course P(§.) is an element of A%(R), so it
is certainly smooth on 2. We are interested in the behavior of this function (of the
variables z and ) as z and ¢ tend to the boundary.

Now the well-known formula of Kohn, which we prove in Sect. 6.6, for the
Bergman projection P is given by

P=1-3 NJ. (1.2.18)

Here N is the 3-Neumann operator.
To be more specific, we can combine (1.2.17) and (1.2.18) to see that

K(z.¢) =68 — 0 N35. (1.2.19)
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Of course 9 and @ are classical partial differential operators. So it is certainly the
case that wherever a function ¢ is smooth, then also d¢ and 5*(;) are smooth. The
pseudolocality of N means precisely that N is smooth wherever ¥ is smooth. All
in all then, line (1.2.19) tells us that if z is fixed inside €2, then K(z, ¢) is smooth
up to the boundary in the { variable (just because §, is). The estimates that come
with the pseudolocality of N (see either [FOK] or [KRA4, Chap. 7] for the strictly
pseudoconvex case) tell us further that, as { — 9d<2 and if z stays in a compact subset
of the closure that is bounded from ¢, then K is still smooth.

With all this information in hand, it is a matter of interest to know for which
domains the Bergman kernel will have a singularity when the two variables approach
the same boundary point. In those circumstances the question of boundedness of the
Bergman projection on various L? and other spaces has a hope of being tractable,
and the study of Condition R is accessible. But in fact Ligocka [LIG1] has shown
that this contention fails on the Diederich-Fornaess worm domain (see [DIF1] as
well as [CHS] and [KRP1]). Of course it is known (see [KRP2] or [CHS]) that the
worm is bounded, pseudoconvex, and has smooth boundary. We treat the worm in
Chap. 6.

We note in passing that the Bergman kernel for the bidisc does not satisfy the
condition described in the last paragraph (of course the bidisc does not have smooth
boundary). One might speculate that a similar failure occurs on a smoothly bounded,
convex domain in C? which has an analytic disc in the boundary.

Our purpose in the next sections is to show that the assertions being discussed
here fail dramatically on the disc D C C when one considers the reproducing
kernels for certain closed subspaces of A%(D).

1.3 Formal Ideas of Aronszajn

One of the first canonical integral formulas ever created was that of Bergman
[BER1] and [BER2]. We shall present the Bergman idea in the context of a more
general construction due to Nachman Aronszajn [ARO]. This is the idea of a Hilbert
space with reproducing kernel. Fortunately Aronszajn’s idea also entails the Szegd
kernel and several other important reproducing kernels.

Definition 1.3.1. Let X be any set and let H be a Hilbert space of complex-valued
functions on X. We say that # is a Hilbert space with reproducing kernel if, for
each x € X, the linear (point evaluation) map of the form

L,:H—C
f— fx),

is continuous. We write this as

f=C -l flla (13.1.1)
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In this circumstance, the classical Riesz representation theorem (see [KRA 14, Chap.
3]) tells us that, for each x € X, there is a unique element k, €  such that

fx)=(fky) VfeH. (1.3.1.2)
We then define a function
K: XxX—=C

by the formula

K(x,y)=ki(y).

The function K is the reproducing kernel for the Hilbert space H.

We see that K is uniquely determined by H because, again by the Riesz
representation theorem, the element k, for each x € H is unique.

We know from our earlier discussion that, if {g; } is a complete orthonormal basis
for the Bergman space, then

K(x.p) =) ¢jx)e; ().

Jj=1

Here the convergence is in the Hilbert space topology in each variable. And in fact
the fundamental property (1.3.1.1) of a Hilbert space with reproducing kernel shows
that the convergence is uniform on compact subsets of X x X.

1.4 A New Bergman Basis

We do our work in this section on the unit disc D in the complex plane C.
Of course an orthogonal basis for the Bergman space of the disc D is given
by {&/ }?o=o~ Calculating the L? norm of each of these elements, we find that an

orthonormal basis for A%(D) is

VitT
Jr
The basis is seen to be complete just by the theory of power series. Now it is a

standard fact (see Sect. 1.1.2) that the Bergman kernel can be constructed from such
a basis by the formula

@) = e, j=0,1,2,....
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K@) =) ¢, ¢,©).

Jj=0
This series converges, uniformly on compact subsets of D x D, to the kernel

1

ST

Q=

But now let us consider’ the subspace X of A*(D) generated by the basis
elements ¢,;(¢), j = 0,1,2,.... This is certainly a closed subspace of A*(D),
and its Bergman kernel is given by

> 022 027 (0). (14.1)

j=0

Let us calculate explicitly the sum in (1.4.1). It is given by

o .
‘ b4
j=0

We may sum this series by examining the auxiliary expression

o0 . o0
Zzl‘Hazf'Zi l.}:azf‘ﬂ
- b4 da | m 4

=0 =0

o? +1
(1 —a?)?’

_d 1 1
" da 710l1—ot2
1
T

We conclude that the Bergman kernel Ky for X is given by

@02 +1

1
D= @y

(1.4.2)

The notable fact is that Ky blows up either when zf tends to 1 or when zf tends
to —1. In other words, Ky blows up either when z and ¢ tend to the same boundary
point or when z and ¢ tend to antipodal boundary points.

2The discussion here is based on unpublished work [BKP] of Boas, Krantz, and Peloso.
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A companion result is obtained when one considers instead the space ) generated
by the basis {¢2; 41}, j = 0,1,2,.... Its Bergman kernel is given by

Zfﬂzj+1(z) “@2j+1(8). (1.4.3)

j=0

Let us calculate explicitly the sum in (1.4.3). It is given by

o .
2 :21 +212j+1 T
- T

Jj=0

We may sum this series by examining the auxiliary expression

o . o0
SN2 LS
‘ g do | m 4
Jj=0 j=0
df1 , 1
_E[;'a '1—a2:|
_ 1 200
7 (1 —a?)?

We conclude that the Bergman kernel Ky for Y is given by

ZZE

1
Ky@ ) =—- e

(1.4.4)

Again, this new Bergman kernel has boundary singularities either when z and ¢ tend
to the same boundary point or when z and ¢ tend to antipodal boundary points.
It is notable that

1
m =Kp(z,0).

It may be noted that the even part (in the z variable) of the classical Bergman
kernel for the disc D is

Kx(z.0) + Ky(z.0) =

Q=

1 G +1
(1= @)
This is precisely the kernel that we found for the Bergman space &’ generated by

the basis of monomials with even index. Likewise the odd part (in the z variable) of
the classical Bergman kernel for the disc D is
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12
(1 ()22

This is precisely the kernel that we found for the Bergman space ) generated by the
basis of monomials with odd index.

1.5 Further Examples

Of course one is by no means restricted to doing analysis modulo 2. One could
examine the Bergman space generated by ¢y, ¢3, @, etc., and calculate the
corresponding Bergman kernel. We shall not do so here, but simply note that the
resulting kernel has boundary singularities at the third roots of unity. In other words,
there are three boundary singularities.

A similar result obtains if one considers the Bergman kernel for the space
generated by ¢;,,, where m is any fixed positive integer. In that case, there are
boundary singularities at the m™ roots of unity.

A rather more dramatic example is obtained when we consider the space Z
generated by the basis {¢,;}, j = 0,1,2,.... The corresponding Bergman kernel is

K2(2.0) 222171_+1Z2./ - Z2/ + l(Z'E)y -

b4

Jj=0 Jj=0

We shall not sum this series explicitly. But we instead analyze the auxiliary
holomorphic function

)= 2]n—+1a2’. (1.5.1)

j=0

The sequence of exponents is lacunary, and the radius of convergence of the series
is 1. Thus the Hadamard gap theorem applies, and we see that the series in (1.5.1)
defines a holomorphic function with a singularity at every boundary point of the
disc. In other words, the holomorphic functions @ does not analytically continue
past any boundary point. From this we conclude that the kernel Kz has boundary
singularities at every boundary point of the unit disc D.

If we consider the complementary basis ¢, ¢3, @5, @, @7, etc., and the Bergman
kernel K /z associated to the space it generates, then we must conclude that it, too,
has boundary singularities at every boundary point. This is true because

KZ+K%=KD.

What is particularly interesting is that the first basis in this example (the one with a
lacunary sequence of indices) is quite sparse, while the second is not.
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We conclude this discussion by briefly treating an example in which the selected
basis and also its complementary basis are lacunary in a certain sense but have
similar density properties. Namely, let

and
j2={1,3,4, 9,10,...,16, 33,34,...,64, }

We see that 7] and J, are disjoint and their union is all the nonnegative integers.
Now the Bergman kernel for the space generated by (7 is given by

co 2%+l

Z Z Zj{—lzeze.

J=1¢=22/+1

The inner sum (we omit the details), witha = z- E, may be calculated to be

1 Q¥ 42)a? 202 42)0 2 T2 (22 +142)g 2 T 14 (22 422 12 T 2 42V 2
T (a—1)2 :

Hence, the kernel is

L e 2)E)H T - (@Y + DEDT - U 4 2@
= (@ - 17

G [ e 9 R A C i
() — 172

The problem of calculating the sum of this series appears to be intractable. But
there is reason to believe that the only singularity is at 1 € dD. The analysis for the
kernel for the basis 7, would be similar.

1.6 A Real Bergman Space

The space h?(D) of square-integrable harmonic functions on the disc D is a Hilbert
space with reproducing kernel in the sense of Aronszajn (see [ARO]). In particular,
if K C D is compact, then there is a constant C = C(K) so that if f € h*(D),
then
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sup [ f (@) = C - [ f lle-
€K

As a result, there is a “Bergman kernel” for this space.
It may be noted that a basis for h?>(D) consists of

e, e e

The Bergman kernel for h? is easily calculated; it is essentially a derivative of the
usual Poisson kernel.
If we instead calculate the Bergman kernel for the space generated just by {{ 7

or for the space generated just by {Ej }, then we obtain the usual Bergman kernel or
(up to an additive constant) the conjugate of the usual Bergman kernel.

On the other hand, one might consider the space h?(D) of harmonic functions u
on the disc that satisfy

2
sup / lu(re'®)|>do < oco.
0

O<r<l

This is analogous to the Hardy space, but now we are focusing on harmonic
functions. It is easy to verify that this is a Hilbert space with reproducing kernel.
Calculating the kernel, one finds that it is the classical Poisson kernel. Given
Stokes’s theorem, it is no surprise that the kernel for h? is a derivative of the kernel
for h?.

One should note that, in this example, the Bergman kernel for a subspace does not
have extra singularities. All the kernels being discussed here have just the classical
singularity at 1.

1.7 The Behavior of the Singularity in a General Setting

In this section we build (at least philosophically) on the earlier material and prove
the next result. We note that, in this theorem, ‘“boundary singularity” for the
Bergman kernel means a boundary point of the unit disc D € C which has no
neighborhood to which the Bergman kernel directly analytically continues as z, {
both approach the point. In particular, “boundary singularity” does not necessarily
mean that the kernel is blowing up at the indicated point.

Theorem 1.7.1. Let Z denote the collection of nonnegative integers. Write
7T =T,U7T,,

where Z; N Z, = @ and each of Z,, I, is an infinite set.
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Let B; be the Bergman space on the unit disc D generated by the basis 7| and
B, the Bergman space on D generated by the basis Z,. Correspondingly, let K| be
the Bergman kernel for B; and K, the Bergman kernel for B,. Then K|, K, each
have more than one boundary singularity.

Proof. Let{p; }?°= , be a basis for By. Then the corresponding Bergman kernel is

Ki@) =Y ¢-9;Q©).

Jj=1

In particular, we see immediately that the kernel depends on z - E Since we are
considering {g;} as a subset of the particular basis {\/(j + 1)/7¢’/}, we know
that the Bergman kernel for B; is a sum of some of the terms (j + 1)(z¢)/ (for
convenience we omit the factor of 1/7). Thus it suffices for us to study the single-
variable power series

DG+ D
J

Here the sum is taken over some, but not all, of the j. Also ¢ is a complex variable.
Certainly a series of this form has radius of convergence 1 and has a singularity at
the boundary point 1. This corresponds to the singularity of the Bergman kernel on
the boundary diagonal. The question that we must study is whether this one-variable
power series has any other singular points on the boundary of D.

Note that the derivative or the integral of the series has the very same singulari-
ties. So we may as well study the series

>
J

where the sum is taken over some of the j, but not all of the ;.

Now a classical result of Szeg6 (see [SZE]) comes into play. This result says that
a power series with finitely many distinct coefficients (in our case the coefficients
are all either O or 1) has either the boundary circle as its natural boundary (meaning
that every boundary point is singular) or else the series sums to a rational function
(whose Maclaurin series coefficients form a sequence that is eventually periodic).
We know from our earlier calculations that, in the second case, there are polynomials
p and g such that the series represents a rational function of the form

q(1)

11—’

p(t) +

Here m is the period of the coefficient sequence.
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Translating these ideas back into the language of z and ¢, we find that we have
the following two cases for our Bergman kernel:

(1) The subspace B; of the Bergman space has a basis of monomials with an
eventually periodic structure. In this case, the kernel has, for each fixed z € 9D,
singularities at finitely many values (more than one) of { € dD.

(2) Our subspace of the Bergman space has a basis of monomials that lacks an
eventually periodic structure. In this case, the kernel function is singular when
z, ¢ approach two arbitrary (and, in general, distinct) boundary points. O

The second case here holds in particular for either Z; or Z, when the set Z; is
lacunary as in Sect. 1.4. We conclude by noting that the results of this section and
the last are unpublished work of Boas, Krantz, and Peloso.

1.8 The Annulus

Let us first consider the Bergman kernel on the domain
D'={eC:|¢|>1}.
One may either utilize the transformation formula

Kg,(2,8) = @'(2) - Ko, (D(2), 2(0)) - D(8)

for a conformal mapping @ : Q) — €25 or else exploit the fact that if {y;}72, isa
complete orthonormal basis for the Bergman space on €2,, then the set {(y o @) -
@’ }7‘;1 is a complete orthonormal basis for the Bergman space on €2;. By either

means, with the mapping @(¢) = 1/¢ from D to D, we find that the Bergman
kernel for the complement of the closed unit disc D’ is

1 1
Kp(z,8) = T0_02

We note that the indicated calculations show that a complete orthonormal basis
for the Bergman space on D’ is {1/¢/ };";2. Now calculations just like those in
Sect. 1.5 show thatif we let Z; = {0,2,4,6, ...} and Z, the complementary set, then
the Bergman kernels corresponding to these two bases each have two singularities
in the boundary (at 1 and —1).

Now we may consider the situation on the annulus

A={teC:1/2<|t| <2}.
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Bergman [BER2] has shown that an explicit formula for the Bergman kernel on A
would entail elliptic functions. But we can derive an approximate formula that is
good enough for our purposes as follows:

Note that {¢/ }7=_oo 1s an orthogonal basis for A2(A). Moreover, a straight-
forward calculatlon shows that

: [ 24+ ,
187 420 = S : 227 +2 . J#F -

187 M a2y = V27 - flog4.

Thus the Bergman kernel for the annulus A is

and

22/ +2

_ j+1 —j
Ka(z,8) = T +Z — T lzfzf.

The usual error analysis shows then that

o0 . o0
22]+2 A_A J+l 2]+2 —j
Z 4+ _ 1% ¢ Z 4J+4Zj€ +E@0,

where £ is a bounded error term with bounded derivatives of all orders.
An analysis of the terms with index less than or equal to —2 gives that

e R U A Y et U e
Z T ‘24j+4_1Z§ :Z T 'mz o+ 7.
J=2

j=—00

where F is an error term as usual.
These sums are straightforward to calculate, and we find that the Bergman kernel
for the annulus 4 is given by

] 4 1
71t

4 1
27 log 4 +;.(4—Z-2)2+;. — 4+ G(z,0),

Kaz.0) = TErm

where G is an error term. Notice that the second term reflects the outer boundary of
the annulus and the third term reflects the inner boundary.

It is easy to see from these calculations that, if we were to consider the Bergman
space on the annulus corresponding to just the basis elements with even index vy,
then the resulting kernel would have two singularities on the outer boundary of the
annulus and two singularities on the inner boundary. Refer to [KRA3] for more on
these phenomena.
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1.9 A Direct Connection Between
the Bergman and Szego Kernels

1.9.1 Introduction

Two of the most classical and well-established reproducing formulas in complex
analysis are those of S. Bergman and G. Szegd. The first of these is a formula for
the Bergman space, and the associated integral lives on the interior of the domain in
question. The latter of these is a formula for the Hardy space, and the associated
integral lives on the boundary of the domain. For formal reasons, the Bergman
integral gives rise to a projection from L?(Q2) to A?(Q2) (the Bergman space);
likewise, the Szeg® integral gives rise to a projection from L?(9R2) to H?(dS2) (the
Hardy space).

Since both of the artifacts in question here are canonical, it is natural to suspect
that there is some relationship between the two integral formulas. After all, they
both reproduce functions that are continuous on the closure of the domain and
holomorphic on the interior. In the present section we establish such a connection—
very explicitly—on a variety of domains in C! and C". This is done by way of
a moderately subtle calculation using Stokes’s theorem. The calculation itself has
some intrinsic interest, but the main point is the relationship between the canonical
integrals and the associated projections. See [KRA15] for the details of these ideas.

In separate calculations we treat the situation on the disc D, the unit ball B, and
on a strongly pseudoconvex domain 2. While the first two calculations are very
explicit, in some sense it is the third of these calculations which is most natural and
most satisfying.

It is a pleasure to thank Jiirgen Leiterer, who contributed a number of useful ideas
to these calculations.

1.9.2 The Case of the Disc

Let D be the unit disc in C. In this context, the Szegd kernel is

1
l—zf

S0 = 5

and the Bergman kernel is

1

AT

Q=

Take f to be real analytic on a neighborhood of D. Now we can calculate
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i ] affaf g

Y By A /¢ &
_2me (1—z~Z)2d e // — de AdC
1 [0 8f/3§ <
M/D Gzt O // g
=A—-B+C+D.

Certainly A = ;) f({)K(z,¢) dA(¢), where K is the Bergman kernel of the disc.
So this is the Bergman projection. Now we shall analyze the terms —B + C + D to
see how the Szeg6 kernel differs from the Bergman kernel. We shall determine that,
for certain monomials in a basis for the Bergman (Szegd6) space, the sum of these
three terms is zero. While for others it is not. In the latter case the difference will be
controllable.

First we consider a monomial f({) = é‘kzm withk =0,1,...,m = 1,2,...,
and k < m. In this case,

Sf() = f F(©)S.0) do(©)

/;k 7

Now we expand the SzegG kernel in a Neumann series, and, counting powers of ¢
and powers of £, we see immediately by parity that the integral is zero.

A similar calculation shows that, for these values of m and k, Bf(z) = 0.

But matters are different when k£ > m. In this case, for the Szegs integral, we
may write (¢ = ¢ = h(z) for |{| = 1. Hence,

da({).

Sf(z) = Sh(z)
= h(z)

— Zk—m )

By contrast,

1 ¢ -
Bf()—% Dmdi/\df
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2

R U P (- p
- /Dzz ;Ozf; dE A de

2mi

1 & +j+t
) E— _
=5 zf“/ 4l dT Adt
j =0 b
1 k— / 2% g%
=— Y F [ gPratad
2 0<jl<k—m D
jHt=k—m
1 —m 270
- T
2mi o</ k+1
JjHt=k—m
_ k—m+ lzk—m
k+1
m
=(1=- k—m.
( k+1) ¢
Thus we see that
m
Sf() — Bf(x) = ko
f(2)— Bf(2) T

As a consequence, if now f is a function that is real analytic in a neighborhood
of D, then we may write

Q=3 wntc".

k>0,m>0

As a consequence of our calculations above, we then find that

m
k+1

k—m

Z

Sf@-Bf@) = ),

k>0,k>m

This series of course converges uniformly on compact subsets of the open unit
disc D.

We treat the case of the Bergman and Szegd projections on the ball below.

Given the Fefferman’s asymptotic expansion for the Bergman kernel [FEF1] and
Boutet de Monvel-Sjostrand’s asymptotic expansion for the Szegd kernel [BOS],
one would expect a like calculation (up to a controllable error term) on a smoothly
bounded, strongly pseudoconvex domain. Unfortunately we do not know enough
about the canonical kernels on domains of finite type to be able to predict what will
happen there. We explore the strongly pseudoconvex case below.
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In a more recent work, Chen and Fu [CHF] have explored some new comparisons
of the Bergman and Szeg0 kernels. A sample theorem is this:

Theorem 1.9.1. Let @ < C" be a pseudoconvex domain with C? boundary.
Then

(1) Forany 0 < a < 1, there exists a constant C > 0 such that

S(z,2)

< nja
Keo) = Ci(z)| log8(z)|™* .

(2) If there is a neighborhood U of 02, a bounded, continuous plug'subha.rmon_ic
function ¢ on U N, and a defining function p of Q satisfyingidd¢ > ip~'9dp
on U N Q as currents, then there exists constants 0 < a < 1 and C > 0 such
that

S(z, _
K(é?) > C8()|log8(2) /.

These authors further show that, for a C2-bounded convex domain, the quotient
S/K is comparable to § without any logarithmic factor.

The techniques used in the work of Chen and Fu are weighted estimates for the
Fl operator (in the spirit of Hérmander’s work [HOR1]) and also an innovative use
of the Diederich—Fornass index (see [DIF3]). We can say no more about the details
here.

We turn next to an examination of the situation on the unit ball B in C".

1.9.3 The Unit Ball in C"

For simplicity we shall in fact restrict attention to complex dimension 2. In that
situation, the area measure do on the boundary is given by

do = % [;ldngdZIAdEz—gzdzlAdZAd?2+EIdeAdE1Adéz—?zdflAdfmdéz]-

As a result, we have
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Now we may group together like terms to obtain

- ]

f@)- (-0
mnz/X/ I_Z;P‘KIAdGAdQAdQ

2 s
32772 //// (135/282)2 Zl dEl A dEZ Adgy A dE

L ///f % 08, A dE, A A ds
B

=—A+B+C—-D+E-F.

Now —A is just the usual Bergman integral on the ball B in C2. We can analyze
the other terms just as we did for the disc. As an instance, let us examine B. We take

f© = {“"Eﬁ, where o and $ are multi-indices. Then we may write (ignoring
dimensionality constants which are of no interest)

/// f?i Z(Z;)i) Vo
-/ /; [[eeD jé(zf)-’ 3dV<z>.

And now we see by inspection that if § > «, then the integral equals 0.
However, if ,3_< o, then the integral does not vanish. Take, for instance, the case
when f(¢) = §12§ 1- Then our integral becomes

////@‘ZE')(Z'E) (i(zf)" 3dV=////(§1221)(2121)-1d1/,
B j=0 2
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where we have used parity to see that most of the terms vanish. Now this last is

a [[[[rave =T
B

The terms C, D, E, F are calculated similarly, and we find that the sum of these
error terms is a constant times z;. A similar calculation reveals that the Szegd
projection of this same f is a different constant times z;. So the situation is
completely analogous to the disc case.

1.9.4 Strongly Pseudoconvex Domains

We again, for simplicity, restrict attention to C2. In the seminal paper [FEF1] and
[FEF2], Fefferman shows that, near a strongly pseudoconvex boundary point, the
Bergman kernel may be written (in suitable local coordinates) as

2 1
T TEeD.
where £ is an error term of strictly lower order (in the sense of pseudodifferential
operators) than the Bergman kernel.
In the important paper [BOS], Boutet de Monvel and Sjostrand show that, near a
strongly pseudoconvex boundary point, the Szeg6 kernel may be written (in suitable
local coordinates) as

1 1

7 (120 + 7.0,

where F is an error term of strictly lower order (in the sense of pseudodifferential
or Fourier integral operators) than the Szeg6 kernel.

We now take advantage of these two asymptotic expansions to say something
about the relationship between the Bergman and Szeg6 projections on a smoothly
bounded strongly pseudoconvex domain.

Now fix a smoothly bounded, strongly pseudoconvex domain 2 with defining
function p (see [KRA1] for this notion). Let U be a tubular neighborhood of 9€2,
and let I/ be a relatively compact subdomain of U that is also a tubular neighborhood
of dQ2. Let ¢; be a partition of unity that is supported in U and sums to be identically
1 on V. We assume that each ¢; has support so small that both the Fefferman
and Boutet de Monvel-Sjostrand expansions are valid on the support of ¢;. Then
we write

/ FOS0)do () = / / FOSG o)
o Q

-3 [[[ vwroseooo.
I e
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where o is the differential form that is equivalent to area measure on the boundary.
And now, using Boutet de Monvel-Sjostrand and using the notable lemma of
Fefferman [FEF1] and [FEF2] that says that a strongly pseudoconvex boundary
point is the ball up to fourth order, one can write each term of this last sum as

L / / JEGYGE e e T A

—5d8 A dz1 A dEz + Eldzz AdE A dE _Ezdzl AdS A d§2i| +3,

where the error term G arises from approximating 02 by dB, from approximating
the Szegd kernel S by the kernel for the ball, by applying a change of variable to
¢;, and also by approximating w by the differential form that we used on the ball.

Now we may carry out the calculations using Stokes’s theorem just as in the last
subsection to finally arrive at the assertion that the last integral equals

//B//m)%de.

We cannot make the error term H disappear, but it is smoothly bounded hence
negligible. Finally, we can use the Fefferman asymptotic expansion to relate this last
integral to the Bergman projection integral on the strongly pseudoconvex domain 2.

In summary, we have used Stokes’s theorem to relate the Szeg$ projection
integral on a smoothly bounded, strongly pseudoconvex domain to the Bergman
projection integral on that domain. In this context, we do not get a literal equality.
Instead we get an equality up to a controllable error term.

1.9.5 Concluding Remarks

Certainly one of the fundamental problems of the function theory of several complex
variables is to understand the canonical kernels in as much detail as possible. This
discussion is a contribution to that program.

1.10 Multiply Connected Domains

Now what about multiply connected domains? A useful result in [KRA3] shows the
following. Let € be smoothly bounded with connectivity k, and let Sy, S,, ..., Sk
be the boundary curves of 2. Suppose that S; bounds the unbounded component
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of the complement. Let €24 be the bounded region bounded by S and let 2;, j =
1,2,...,k — 1 be the unbounded region bounded by S;. Then, for z, { € €,

Kq(z.0) = K, (z.0) + Ko, (z.0) + -+ Kq,(z.0) + £(z. ),

where £ is a bounded function with bounded derivatives. See Sect. 1.14 below. Thus
K can be written as the sum of a Bergman kernel for a domain (namely, ;) that
is conformally equivalent to the disc plus Bergman kernels for domains which are
conformally equivalent to the complement of the closure of the disc (namely, 21,
..., Qk_1). We already understand the Bergman kernels for those domains.

Meanwhile, we shall explore a slightly different direction. Let 2 C C be a
domain—multiply connected or not. Let A be a nontrivial automorphism of that
domain. This means that A is a one-to-one, onto, holomorphic mapping of the
domain to itself. Let {¢;} be a complete orthonormal basis for the Bergman space
on Q. Let 7, denote the collection of those basis elements ¢; such that ¢; c A = ¢;
(as an example, think of the even basis elements on the disc, with the automorphism
being { — —{). Assume that 7 is a proper subset of the full basis. Let X = X7, be
the subspace of the full Bergman space generated by Zy.

Now let us consider the Bergman kernel Kz, for X. Certainly this kernel will
have the boundary diagonal D = {(z,{) € 92 x 02 : z = ¢} as usual as a singular
set. But it will also have the image S = {(z.¢) : { € 022,z = A({)} of D under A as
a singular set. Thus we now have a fairly general criterion for recognizing multiple
singular sets.

See Sect. 6.8 for more on multiply connected domains.

1.11 The Bergman Kernel for a Sobolev Space

We may define the Bergman kernel on the disc for the Sobolev space W' and it
appears to be (up to a bounded error term)

l log(1 —20).
bs

Specifically, set ¢; () = ¢/. We calculate that

oraa= [[10Pan= T
/Dm@n a /D|¢|dA o

and

;) PdA = || |j¢/7 P dA = jm.
D

D
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Thus

jPtj+1
. = I - —_—
||<P;||Wl NZ3 T+

Thus the full Bergman kernel for W! is given by
oo o0 . o0

1 ] +1 —j 1 1 j+1 —j 1

— 7 == — == 7/ .
gn i+ ¢ n+;n J2+j+1 b Z §+
where £ is an error term which is bounded and has one bounded derivative. So & is

negligible from the point of view of determining where the kernel has singularities
(i.e., where it blows up).

We look at
1 1°°1. 1 1 ‘
_ _ _ = _ 4 = Jj—1
N AL
o0
_1 l/Zal—l
T T -
j=1
1 11
e — — J
T n/aza
j=1
1 1 /71|
— _ _ J _
T n/(x /Z:%a !

Thus the Bergman kernel for the order 1 Sobolev space is given by

K@) = — — —log(1 ~).

Also the kernel for the space generated just by the monomials with even index
seems to be given by (up to a bounded error term)

! (log(zf) + = ! log(1 —z¢) — llog(l + z{))
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To see this, we look at

oo

1 1 5=
+=Y —H 4 F

1 2j +1 =2 1
2 ==
b 4 2j

- = :
o 2j)+2j+1 =
Here, as in the first calculation, F is a bounded term with one bounded derivative.
So it is negligible from the point of view of our calculation.

Thus we wish to calculate

l+_ila2/:l+li/a2/—l
/4 71’/:12j ™o
1 11
el
T mw)
j=1
1 1 [1|&
aERE I DOCEEY
m w) ol
_1+1/1 1
T rx n) al|ll—a?
_1 1 o
T n) 1-02

In conclusion, the Bergman kernel for the order 1 Sobolev space using only the basis
elements with even index is

11 _ ~
K'(z0) = ;_Elog(l—z-f)—%log(l-kz.g).

In short, there are singularities as z and ¢ tend to the same disc boundary point and
also as z and ¢ tend to antipodal disc boundary points.

1.12 Ramadanov’s Theorem

In the noted paper [RAMI1], Ramadanov proved a very useful result about the
limit of the Bergman kernels in an increasing sequence of domains. A version of
Ramadanov’s classical result is this:
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Theorem 1.12.1. Let 2; € Q, C --- C be an increasing sequence of bounded
domains in C" and let @ = USZ,€2;. Assume also that 2 is bounded. Then

Ka(z,0) = jlif‘olo Kgq,(z.0),

with the limit being uniform on compact subsets of 2 x 2.

In the paper [KRAS], Krantz generalizes Ramadanov’s result to a sequence of
domains that is not necessarily increasing. Here we present the statement of his
theorem and the proof.

Theorem 1.12.2. Let2; be a sequence of domains that converges to a limit domain
Q2 in the Hausdorff metric of domains (see [KRPA1]). Then KQj — Kq uniformly
on compact subsets of 2 x Q.

Proof. Let Q1,5,... be domains in C" and let Q2; — € in the topology of the
Hausdorff metric. For convenience, we let @; : Q — Q; be diffeomorphisms such
that the @; converge to the identity in a suitable topology.

Now fix a point z that lies in all the €; and in € as well. Then Kq(z, - ) is
the Hilbert space representative (according to the Riesz’s theorem) of the point
evaluation linear functional

A2(Q)> f— f(2).

Of course it is also the case that Ko, (z, - ) is the Hilbert space representative
(according to the Riesz’s theorem) of the point evaluation linear functional

Q)3 [ f@).

Of course the standard lemma for the Bergman theory (using the mean-value
property) tells us that the point evaluation functional at z is bounded with a bound
that is independent of j (in fact it only depends on the (—n)™ power of the distance
of z to the boundary and that may be taken to be uniform in j). Thus if we set
V;(z) = Ko, (z,@;(-)), then ||| 2(q) is bounded, independent of ;.

By the Banach—Alaoglu theorem, we may conclude that there is a weak-x*
convergent subsequence V¥, . Call the weak-x limit . But then, for g € 4%(2},),
we see that

§@ = [ Ka, GOgOVE

=/Q1/fjk($)g(¢jk(§))¢}k(é)¢}k(S)dV(E)

_ /Q Vi ©)h, (£) dV(E)
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Notice that the /4, are all defined on €2 and they converge in the strong topology of
I:z(Q) to some limit function /. In fact, by applying the F] operator, one can see that
h is a holomorphic function on .

Thus our expression converges to

[Q V(&) (®) AV (). (L122.1)

Now in fact we may apply this preceding argument to see that every subsequence
of the index j has a subsequence so that we get the indicated convergence. The
conclusion is that the ¥; converge weak-x to ¥ and the /; converge strongly to &
so that

¢ = /Q Yo(©)Vi(®) AV ().

Next we examine the definition of the /; and the @; to see that in fact ﬁ(z) =
g(2). Thus we may write the last line as

g(x) = /Q Yo(E)h(E) AV (E) = h(2).

Finally, one can reason backwards to see that any L2 holomorphic function h on
2 can arise in this way. The only possible conclusion is that v is the representing
function for point evaluation at z. So ¥ is the Bergman kernel for €2. In conclusion
Kgq,(z, - ) converges weak-* to Ko(z, - ).

Certainly we may now apply the weak-x convergence to a testing function
consisting of a C > radial function to conclude that ;, in fact converges uniformly
on compact sets to Y. So we see that 1 is conjugate holomorphic. We may
therefore conclude that ¥ is the Bergman kernel of 2.

Thus we see that the Kg, (z, - ) converge uniformly on compact sets to Kq(z, - ).
This is the desired conclusion. O

1.13 Coda on the Szeg6 Kernel

It is not difficult to see that, suitably formulated, there is a version of Theorem 1.12.2
for the Szegé kernel (see [KRAS]). To wit,

Theorem 1.13.1. Let Q; be a sequence of domains with C? boundary that
converges to a limit domain Q in the C? topology of domains. This means that
eachQ; ={z € C":p;(z) <0}, Vp; # 0ondR;, and the defining functions
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p; converge in the C? topology. Then the Szeg kernels Sq ; — Sq uniformly on
compact subsets of Q2 x Q.

Without much effort, it can also be seen that there is a version of our theorem in
the rather general setting of Hilbert space with reproducing kernel. See [ARO] for a
thorough treatment of this abstract concept.

1.14 Boundary Localization

We have already seen in Sect. 1.9 a suggestion that the Bergman kernel of a multiply
connected domain ought to be expressible in terms of the Bergman kernels of
component domains. In this section we briefly explore that idea.

We begin by examining a slightly different avenue for getting one’s hands on the
Bergman kernel of a domain. The general approach is perhaps best illustrated with
an example. Let

Q={eC:1<|t| <2}.

This is the annulus, and any explicit representation of its Bergman kernel will
involve elliptic functions (see [BER1] and [BER2]). One might hope, however, to
relate the Bergman kernel Kg of 2 to the Bergman kernels Ko, and Kg, of

Q={eC:|¢ <2}
and
Q={eC:1<[{]}.

The first of these has an explicitly known Bergman kernel (see [KRA1]) and the
second domain is the inversion of a disc, so its kernel is known explicitly as well.

One could pose a similar question for domains of higher connectivity. The
question also makes sense, with a suitable formulation, in several complex variables.
Our purpose here is to come up with precise formulations of results such as these
and to prove them. In one complex variable, we can make decisive use of classical
results relating the Bergman kernel to the Green’s function (see [KRAZ2]). In several
complex variables there are analogous results of Garabedian (see [GARA]) that will
serve in good stead.

In Sect. 1.14.1 we introduce appropriate definitions and notation. In Sect. 1.14.2
we prove a basic, representative result in the plane. Section 1.14.3 proves a more
general result in the plane. Section 1.14.3 treats the multidimensional result.

We thank Richard Rochberg for bringing these questions to our attention.
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1.14.1 Definitions and Notation

If @ € C”" is a bounded domain, then we let Kq(z, ¢) denote its Bergman kernel.
This is the reproducing kernel for

A%(Q) = {f € L*(Q) : f is holomorphic on Q} .

It is known, for planar domains, that Kq(z, {) is related to the Green’s function
Gq(z, ¢) for by this formula:

2

KQ(Z,é‘) = 4 @

Ga(l.2).
Of course it is essential for our analysis to realize that the Green’s function is known
quite explicitly on any given domain. If

1
r@.2) = 5—log|t ¢

is the fundamental solution for the Laplacian (on all of C), then we construct the
Green’s function as follows:

Given a domain Q@ € C with smooth boundary, the Green’s function is posited
to be a function G (¢, z) that satisfies

Ga(t,z) =T'(2)— F2(Q).

where F2({) = F(¢,z) is a particular harmonic function in the ¢ variable. It is
mandated that F¢ be chosen (and is in fact uniquely determined by the condition) so
that G( - , z) vanishes on the boundary of Q. One constructs the function F(-,z),
for each fixed z, by solving a suitable Dirichlet problem. Again, the reference
[KRATI, p. 40] has all the particulars. It is worth noting that the Green’s function
is a symmetric function of its arguments.

In our proof, we shall be able to exploit known properties of the Poisson kernel
(see especially [KRA3]) and of the solution to the Dirichlet problem (see [KRA4])
to get the estimates that we need.

1.14.2 A Representative Result

We first prove our main result for the domain

Q=1{teC:1<]| <2}.
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This argument will exhibit all the key ideas—at least in one complex variable. The
later exposition will be clearer because we took the time to treat this case carefully.
Let

Q={eC:[f] <2}
and
2 ={CeC:1<[¢]}.
For convenience in what follows, we let S| be the boundary curve of €2, and S, be

the boundary curve of €2,. Of course it then follows that 9Q2 = S; U S,.
We claim that

Ka(e.0) = 3 [Kay (0 + Koy (0.0 4 £G.0).

where £ is an error term that is smooth on € x . In particular, £ is bounded with
all derivatives bounded on that domain.
For the proof, we write

< [Ka DT KGO

32
%E (I = F(69) + (162 — F2(.2)]

2

— e (-5 [P @+ PG
Now we claim that
FR1(82) + F2(82) = 2F%(8,2) + £(2.0)
for a suitable error term £. We must analyze
G(.2) = [F¥ (0.2 + F2 (9] - 2F(0.9).
We think of G as the solution of a Dirichlet problem on €2, and we must analyze
the boundary data. What we see is this:

e For z near S;, F® and F agree on S; (in the variable {) and equal 0. And
F*% is smooth and bounded by C - |log(1/2)], just by the form of the Green’s
function. All three functions are plainly smooth and bounded on S, (for z still
near S;) by similar reasoning. In conclusion, G is smooth and bounded on € for
znear S.
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e For z near Sy, F® and F®2 agree on S, (in the variable ¢) and equal 0. And
F is smooth and bounded by C - |log(1/2)|, just by the form of the Green’s
function. All three functions are plainly smooth and bounded on S (for z still
near S;) by similar reasoning. In conclusion, G is smooth and bounded on € for
znear S,.

¢ For z away from both S| and S,—in the interior of 2—it is clear that all the terms
are bounded and smooth on d€2. So the solution G of the Dirichlet problem will
also be smooth as desired.

As a result of these considerations, G is smooth on 2.
That completes our argument and gives, altogether, the error term £. Thus

F9 4 F2 _oF9 — ¢,

It follows that

2

! Koy .0) + Ko 0)] = 4% (F@, 2 - FO(L. z)) L

= Ko(z.0) +¢&"

1.14.3 The More General Result in the Plane

Now consider a smoothly bounded domain 2 € C with k connected components
in its boundary, k > 2. We denote the boundary components by Si, ..., S; for
specificity, we let S| be the component of the boundary that bounds the unbounded
component of the complement of Q2. Let 2 be the bounded region in the plane
bounded by the single Jordan curve S;. Let 2, ..., ) be the unbounded regions
bounded by S», S3, ..., Sk, respectively.

Then we may analyze, just as in the last subsection, the expression

1
Kﬂ_z[KQI + Ko, + -+ + Kg, |

to obtain a smooth error term

E=&E+E++ &
That completes our analysis of a smooth, finitely connected domain in the plane.

1.14.4 Domains in Higher-Dimensional Complex Space

The elegant paper [GARA] contains the necessary information about the relation-
ship of the Bergman kernel and a certain Green’s function in several complex
variables so that we may carry out our program in that more general context.



1.14 Boundary Localization 63

Fix a smoothly bounded domain € in C¥. Let t = (t1,...,#) be a fixed point
in Q. Following Garabedian’s notation, we set

k
Z'Zj —lj|2.
j=1

Let o}, be constants chosen so that

ar—2k+2
i . i d B() =0
33’3)“"/53 ; 0z; @jdo + B0) '

where I is the sphere of radius € about ¢, B is some continuous function, and
(aq, ..., a) is a collection of complex-valued direction cosines.
Now set 0(z, t) to be that function

6 = oxr 2 4 regular terms (1.14.1)
on €2 so that
z": 0
a= Jj —
=
on 92,
ad
82_/

on Q (for j = 1,...,k), and such that

/ 6fdv =0,
Q

for all functions f analytic in 2. It follows from standard elliptic theory that such a
0 exists.

In fact, according to [GAR], this function 6 that we have constructed is a Green’s
function for the boundary value problem

d
TAIBZO OHQ, ]=1,,k
8Zj

k
Z%-aj:o on 9%2.
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Garabedian goes on to prove that the Bergman kernel for 2 is related to the
Green’s function 6 in this way:

Kqo(z.t) = AB(z,t).

This is just the information that we need to apply the machinery that has been
developed here.

In order to flesh out the argument in the context of several complex variables,
our primary task is to argue that our new Green’s function has a form similar
to the classical Green’s function from one complex variable. But in fact this is
immediate from (1.14.1). It follows from this that the argument in Sect. 1.14.3 using
the maximum principle will go through as before, and we may establish a version
of the result in Sects. 1.14.2 and 1.14.3 in the context of several complex variables.
The theorem is this:

Theorem 1.14.2. Let 2 be a smoothly bounded domain in C" with boundary
having connected components Sy, S,, ..., Sx. For specificity, say that S; is the
boundary component that bounds the unbounded portion of the complement of
Q. Let Kq be the Bergman kernel for 2, let K| be the Bergman kernel for the
bounded domain having S as its single boundary element, and let K ;, for j > 2,
be the Bergman kernel for the unbounded domain having S; as its single boundary
component. Then

Ko=K +Ky+-+ Ky +¢&,

where £ is an error term that is bounded with bounded derivatives.

The reader can see that this new theorem is completely analogous to the results
presented earlier in the one-variable setting. But it must be confessed that this
theorem is something of a canard. For, when j > 2, any function holomorphic
on the unbounded domain with boundary S; will (by the Hartogs extension
phenomenon) extend analytically to all of C". And of course there are no L2
holomorphic functions on all of C". So it follows that K; = 0. So the theorem
really says that

Kqo=K+¢.

This is an interesting fact, but not nearly as important or provocative as the one-
variable result. The one other point worth noting is that the statement of the result
is now a bit different from that in one complex variable, just because we are dealing
with a different Green’s function for a different boundary value problem. Basically
what we are seeing is that K5, ..., K; do not count at all, and K is the principal
and only term.
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Exercises

1. The automorphism group of the ball. Let B C C? be the unit ball. Complete the
following outline to calculate the set of biholomorphic self-maps of B.

(a) Leta € C, |a| < 1. Then

< z1—a /11— |a|212>

da (Zl s 22) = —_—, —

1 —azy 1 —azy
is a biholomorphic mapping of B to itself.

(b) If p is a unitary mapping of C? (i.e., the inverse of p is its conjugate
transpose; equivalently, p preserves the Hermitian inner product on C?), then
p is a biholomorphic mapping of the ball.

(c) Prove thatif ¢ : B — B is holomorphic and 1/ (0) = 0, then all eigenvalues
of Jac ¥ (0) have modulus not exceeding 1. (Hint: Apply the one-variable
Schwarz lemma in a clever way.)

(d) Apply part (c) to any biholomorphic mapping of B that preserves the origin,
and to its inverse, to see that such a mapping has Jacobian matrix at the
origin with all eigenvalues of modulus 1.

(e) Use the result of part (d) to see that any biholomorphic mapping of the ball
that preserves the origin must be linear, indeed unitary.

(f) If now « is any biholomorphic mapping of the ball, choose a unitary mapping
p and a complex constant a such that ¢, o p o @ is a biholomorphic mapping
that preserves the origin. Thus by part (e), ¢, o p o « is unitary.

(g) Conclude that the mappings ¢, and the unitary mappings generate the
automorphism group of the ball in C?.

2. Generalize the result of Exercise 1 to n complex dimensions.

3. Let @ € RY be a domain. Suppose that dQ is a regularly imbedded C/
manifold, j = 1,2,.... This means that, for each P € 0%, there is a
neighborhood Up € R and a C/ function fp : Up — R with V fp # 0
and {x € Up : fp(x) = 0} = Up N 992. Prove that there is a function
p: RY — R satisfying

(a) Vp # 0on 092.
b) {x e RN : p(x) <0} = Q.
(c) pis C/.

Prove that if 2 has a C/ defining function, then dS2 is a regularly imbedded
C/ submanifold of RY.

Prove that both of the preceding concepts are equivalent to the following:
For each P € 0% there is a neighborhood Up, a coordinate system ¢y, ...,y
on Up, and a C/ function ¢ (¢, ...,ty) such that {(¢;,...,ty) € Up : ty =
¢(t1,...,ty—1)} = 02 N Up. This means that <2 is locally the graph of a C/
function.
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Let h2(dD) be the space of those continuous functions that are the boundary
functions of harmonic functions on the disc. Mimic the construction of the
Szegd kernel to obtain a reproducing kernel. What reproducing kernel do you
obtain? Why is the space h2(3D) defined incorrectly (see [EPS])?

. Derive a formula for the Green’s function and the Poisson kernel for the ball

B(xo,r) € R¥ by using invariance properties of the Laplacian.

Let @ € RY be a bounded domain with C? boundary. Let G(x, y) be the
Green’s function for the Laplacian on 2. Prove that G(P, Q) = G(Q, P), all
P # Q. In particular, G extends to a smooth (C2~¢) function on Q x Q \
{(x,x) : x € Q} and is harmonic in each variable. Hint: Fix P, Q € Q, P #
Q. Apply Green’s theorem on

Qe =Q\ (B(P.e) UB(Q.9)),

€ small, to the functions G(P,-) and G(Q, ).

Hopf’s lemma, originally proved (see [COH]) for the sake of establishing the
maximum principle for solutions of second order elliptic equations, has proved
to be a powerful tool in the study of functions of several complex variables.
Here we state and outline a proof of this result. While simpler proofs are
available (see [KRAA4]), this one has the advantage of applying in rather general
circumstances.

Theorem: Let @ € R" be a bounded domain with C? boundary. Let f :
€ — IR be harmonic and nonconstant on 2, C! on . Suppose that f assumes
a (not necessarily strict) maximum at P € 92. If v = vp is the unit outward
normal to 92 at P, then (df/dv)(P) > 0.

Outline of Proof

(a) Let By be a ball internally tangent to Q2 at P with dB; N dQ2 = {P}. Let
r > 0 be the radius of B (see Fig. 1.1). Assume without loss of generality
that the center of B is at the origin. Let B, be a ball centered at P of radius
ri <r.Let B = B; N B,. Notice that 0B’ = S| U S;.

(b) Let > 0 and set h(x) = e~k _e=or’ Then

Ah = e (402 x)2 — 2aN}.

(¢) If @ > 0 is sufficiently large, then Ak > 0 on B’'.

(d) Setv(x) = f(x) 4 eh(x). If € > 0 is sufficiently small, then v(x) < f(P)
for x € S7. Alsov(x) = f(x) < f(P) for x € S5\ {P}. Use the maximum
principle.

(e) maxxepv();) = f(P).

() (P) = FL(P)+ef(P) = 0.

@ F(P)>0.
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Fig. 1.1 An internally tangent ball

10.

11.

12.

Now suppose only that f € C(R2) and harmonic on € and that the point
P € 09 is alocal (not necessarily strict) maximum of f. Modify the preceding
argument to prove that

liminf(f(P)_f(P _6”)) > 0.

e—>0t €

Holomorphic mappings in C? are not necessarily conformal (i.e., infinitesimally
angle preserving). Show that the example F(z1,22) = (2}, z} +2z2) confirms this
statement.

Use the classical Hurwitz theorem of one complex variable to give another
proof that a holomorphic function of several variables cannot have an isolated
zero.

Are holomorphic functions (of several variables) open? Are holomorphic
mappings (of several variables) open?

Letz € Q; € Q, € C". Let K; be the Bergman kernel for £ ;. Then show
that K»(z,z) < Ki(z,z) for all z € Q. Further show that || Ka(z, )| 120, =<
1K1z, )l 22(@))-

Let {a;;}} ;= be complex constants such that } a;;wiw; > C |w|? for some
C >0andallw e C". Let

Q=13zeC":-2Rez + Z a;jziz; <0
ij=1
Prove that the Bergman kernel for €2 is given on the diagonal by

nldet (aij);.’,j=1
7"(2Rez; — Y.

K(z,2) = — .
Zj:l aijZiZj)n-H

(Hint: The domain €2 is biholomorphic to the ball. See [GRA] for details.)
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13. Let 2 € C” be a domain. Let { f;} be a sequence of holomorphic functions

on €2 that converges pointwise to a function f at every point of 2. Prove that
f is holomorphic on a dense open subset of Q. (Hint: Let U €  be the
closure of any open subset U of 2. Apply the Baire category theorem to the
sets Sy ={z€ U :|f;(x)| < M,all j}.)

14. Complete the following outline to prove the Cauchy—Fantappi¢ formula:

Theorem: Let Q2 CC C” be adomain with Cibogldary. Letw(z, ) = w1(z,0), ...,
wu(z,¢)) be a C!, vector-valued function on  x € \ {diagonal} that satisfies

Y owi D —z) =1
j=1

Then we have for any f € C!(Q2) N {holomorphic functions on Q} and any z € Q
the formula

1 .
1@ = s [ 0100 A,
Here w(¢) = d¢y Adé A+ AdE, and n(w) = Z’l’:,(—l)jﬂw,-dwl/\---/\dw,-_ll\
de+1 A Adwy,.
Proof. We may assume that z = 0 € Q2.

(@ Ifa! = (al,...,al),...,a" = (al,...,a") are n—tuples of C' functions
on  that satisfy Z’j’.=1 al (§)- (& —zj) = 1. let

B!, ....a") = Z e(o)a},(l) A 5(a(2,(2)) A A g(a(';(n)),

o€ES,

where S, is the symmetric group on 7 letters and €(o) is the signature of the
permutation o. Prove that B is independent of al.

(b) It follows that 9B = 0 on Q \ {0} (indeed 9B is an expression like B with
the expression a,,, replaced by da; ).

(c) Use (b), especially the parenthetical remark, to prove inductively that if B! =
(Bl ... by, ..., B" = (b4, ..., b"), then there is a form y on  \ {0} such
that

[B(a'.....a") = B(B'.....B")] Aw(() = dy = dy.
(d) Prove thatifa! = --- = " = (wy,...,w,), then B(a',...,o") simplifies
B(a',....,a") Aw(@) = (n— DInw) A w(@).

(e) Let S be a small sphere of radius € > 0 centered at O such that S C Q. Use
part (c) to see that
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15.

16.

17.

/ FOR0) A (@) = [ FOR) A ().
Q S

(f) Now use (c) and (d) to see that

/ FEONW) A o(©) = / FORO) A (@),
S S

where

¢ j %
vz §) = ———3.
& —zI?
(Warning: Be careful if you decide to apply Stokes’s theorem.) We know that
the last line is n - W(n) - f(0).
Use a limiting argument to show that the hypotheses of the Cauchy-Fantappi¢
formula (the preceding exercise) may be weakened to f € C(R2), w € C(R2 x

92).
Prove, using only linear algebra, that if w is as in the statement of the
Cauchy—Fantappi¢ formula, then there are functions ¥y, ..., ¥,, ¥ such that

wj = I/fj/lll,j =1,...,n.

Show that K(0,0) = 1/V(B). Here K is the Bergman kernel for the ball B.
Use the automorphism group of B, together with the invariance of the kernel,
to calculate K(z,z) for every z € B. The values of K on the diagonal then
completely determine K(z, ¢). Why?

Let Q be the Hartogs triangle {(z1,22) : |z1] < |z2] < 1}. Every analytic
function on a neighborhood of € continues to the bidisc. Find an orthonormal
basis for A%2(Q).



Chapter 2
The Bergman Metric

2.1 Smoothness to the Boundary
of Biholomorphic Mappings

Poincaré’s theorem (see [KRA1,KRA9] for discussion) that the ball and polydisc are
biholomorphically inequivalent shows that there is no Riemann mapping theorem
(at least in the traditional sense) in several complex variables. More recent results of
Burns, Shnider, and Wells [BSW] and of Greene and Krantz [GRK1,GRK2] confirm
how truly dismal the situation is. First, we need a definition.

Definition 2.1.1. Let py be a C* defining function for a bounded domain Q, C
RNk > 2. We define a neighborhood basis for  in the C* topology as follows:
Let € > 0 be so small that if ||p — po||cx < €, then p has nonvanishing gradient on
{x : p(x) = 0}. For any such p, let 2, = {x € R : p(x) < 0}. Define

UE(20) = {2, SRY 1o polles < €.

Observe that U¥(Q) is a collection of domains. Then the sets U, = U (Qp) are
called neighborhoods of 2y in the C* topology. Of course neighborhoods in the
C ®° topology are defined similarly.

If £21, §2, are domains in C", then we say that £2; ~ §2; if £2; is biholomorphic
to £2,.

Theorem 2.1.2 (Burns—Shnider-Wells). Let k € N. Let ¢ > 0 be small. Let
U* = U*(B) be any neighborhood of the ball B C C" in the C* topology as
defined above. If n > 2, then Z/{f / ~ is uncountable, no matter how small € > 0 is
or how large k is (even k = oo ork = w). By contrast, iftn = 1 and € < 1/5, then
U¥ | ~ has just one element.

The last statement of the theorem perhaps merits some explanation. If n = 1 and
€ < 1/5, then perforce any equivalence class in Z/{ek / ~ will contain only bounded

S.G. Krantz, Geometric Analysis of the Bergman Kernel and Metric, 71
Graduate Texts in Mathematics 268, DOI 10.1007/978-1-4614-7924-6_2,
© Springer Science+Business Media New York 2013
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domains that are simply connected. Thus any such domain will, by the Riemann
mapping theorem, be conformally equivalent to the disc.

Greene and Krantz [GRK1, GRK2] have refined the theorem to show that, when
n > 2, in fact each of the equivalence classes is closed and nowhere dense.

We now give a brief accounting of some of the differences between n = 1 and
n > 1. A more detailed discussion appears in Greene and Krantz [GRK9Y], in [GKK]
and also in the original work of Poincaré. This subject begins with the following
breakthrough of Fefferman [FEF1, Part I]:

Theorem 2.1.3. Let £21,5§2, € C" be strictly pseudoconvex domains with C*°
boundary. If ¢ : £\ — $2, is biholomorphic, then ¢ extends to a C*
diffeomorphism of §2 onto £2,.

The Fefferman’s theorem enables one to see that, if £2; and £2, are biholomorphic
under ¢, then there are certain differential invariants of 062, 0§2, that must be
preserved under ¢. More precisely, if k is large, then the k™_order Taylor expansion
of the defining function p; for £2; (resp. of the defining function p, for £2,) has
more coefficients than the k™-order Taylor expansion for ¢ (the disparity in the
number grows rapidly with k). Since p; is mapped to p, under composition with
¢_1, it follows that some of these coefficients, or combinations thereof, must be
invariant under biholomorphic mappings. Tanaka [TAN] and Chern—-Moser [CHM]
have made these remarks precise and have shown how to calculate these invariants.
A more leisurely discussion of these matters appears in Greene and Krantz [GRKO9].

Now it is easy to see intuitively that two domains £2 and £2y can be close in the
C* topology, any k, and have entirely different Chern—-Moser—Tanaka invariants.
This notion is made precise, for instance, in Burns, Shnider, and Wells [BSW], by
using a transversality argument. [Note that everything we are saying is vacuous in
C! because the invariants must live in the complex tangent space to the boundary—
which is empty in dimension one. See [KRAI1].] It is essentially a foregone
conclusion that things will go badly in higher dimensions.

If one seeks positive results in the spirit of the Riemann mapping theorem in
dimension n > 2, then one must find statements of a different nature. Fridman
[FRI] has constructed a “universal domain” £2* which can be used to exhaust any
other. He has obtained a number of variants of this idea, using elementary but clever
arguments. Semmes [SEM] has yet another approach to the Riemann mapping
theorem that is more in the spirit of the work of Lempert [LEM1]. We next present,
mainly for background, a substitute for the Riemann mapping theorem whose
statement and proof is more in the spirit of the Fefferman’s theorem. We continue
to use the notation €2; ~ €2, to mean that €2; is biholomorphic to £2,.

In what follows, we let Aut(2) denote the group (under composition of
mappings) of biholomorphic self-maps of the domain €2.

Theorem 2.1.4 (Greene-Krantz [GRK2]). Let B C C" be the unit ball. Let
00(z) = |z|*> — 1 be the usual defining function for B. If € > 0 is sufficiently small,
k = k(n) is sufficiently large, and §2 € Z/{f (B) then either

Q~B (2.1.4.1)
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or

£2 is not biholomorphic to the ball and (2.1.4.2)

(a) Aut($2) is compact.

(b) Aut(£2) has a fixed point. Moreover,
If K CC B,e > 0 is sufficiently small (depending on K), and 2 € U*(B)
has the property that its fixed point set lies in K, then there is a biholomorphic
mapping @ : 2 — P(2) = 2/ C C" such that Aut(£2’) is the restriction to
§2’ of a subgroup of the group of unitary matrices.

The collection of domains to which (2.1.4.2) applies is both dense and open.

Theorem 2.1.4 shows, in a weak sense, that domains near the ball that have any
automorphisms other than the identity are (biholomorphic to) domains with only
Euclidean automorphisms. It should be noted that (2.1.4.2a) is already contained in
the theorem of Bun Wong and Rosay [WON, ROS] and that the denseness of the
domains to which (2.1.4.2) applies is contained in the work of Burns—Shnider—
Wells. The proof of Theorem 2.1.4 involves a detailed analysis of Fefferman’s
asymptotic expansion for the Bergman kernel and of the 9-Neumann problem and
would double the length of this book if we were to treat it in any detail.

The purpose of this lengthy introduction has been to establish the importance of
Theorem 2.1.4 and to set the stage for what follows. It may be noted that the proof of
the result analogous to Fefferman’s in C!, that a biholomorphic mappings of smooth
domains extends smoothly to the boundary, was proved in the nineteenth century
by Painlevé [PAI]. The result in one complex dimension has been highly refined,
beginning with work of Kellogg [KEL] and more recently by Warschawski [WARI,
WAR?2, WAR3], Rodin and Warschawski [ROW], and others. This classical work
uses harmonic estimation, potential theory, and the Jordan curve theorem, devices
which have no direct analogue in higher dimensions. A short, self-contained, proof
of the one-variable result—using ideas closely related to those presented here—
appears in [BEK].

We conclude this section by presenting a short and elegant proof of the Feffer-
man’s Theorem 2.1.3. The techniques are due to Bell [BEL1] and Bell and Ligocka
[BELL]. The proof uses an important and nontrivial fact (known as “Condition
R” of Bell and Ligocka) about the d-Neumann problem. We will actually prove
Condition R for a strictly pseudoconvex domain in Theorem 4.4.5. (Condition R,
and more generally the solution of the 3-Neumann problem, is considered in detail
in the book Krantz [KRA4].)

Let £2 CC C" be a domain with C* boundary. We define

Condition R (Bell [BEL1]) Define an operator on L2(£2) by

PIG) = /Q K@0)fQ)AV(E).
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where K(z, ) is the Bergman kernel for §2. This is the Bergman projection. Then,
for each j > 0, there is an m = m(j) > 0 such that P satisfies the estimates

1Pfllwizy < Cillfllwn)

for all testing functions f.

Using a little Sobolev theory (see [KRA4]), one can easily see that this
formulation of Condition R is equivalent to the condition that the Bergman kernel
map C®(Q) to C*®(RQ).

The deep fact, which we shall prove in Sect. 4.4, is that Condition R holds on
any strictly pseudoconvex domain.

In fact we can and should say what is the key idea in establishing this last
assertion. Let P : L>(Q) — L*(2). The operator

a: \% - N\ (2.1.5)

is the usual exterior differential operator of complex analysis. One may show that the
second-order, elliptic partial differential operator (] = 39 +0 0 has a canonical
right inverse called N. This is the d-Neumann operator. These operators are treated
in detail in [FOK] and [KRA4]. Then it is a straightforward exercise in Hilbert space
theory to verify that

P=1—-9 N3,

where P is the Bergman projection. Now the references [FOK] and [KRA4] prove in
detail that N maps W* (the Sobolev space of order s) to W**! for every s. It follows
from this and formula (2.1.5) that P maps W* to W*~!. That is enough to verify
Condition R.

We remark in passing that, in general, it does not matter whether m(j) is much
larger than j or whether the m(j) in Condition R depends polynomially on j or
exponentially on j. It so happens that, for a strictly pseudoconvex domain, we may
take m(j) = j. This assertion is proved in [KRA4] in detail. On the other hand,
Barrett [BAR1] has shown that, on the Diederich—Fornaess worm domain [DIF1],
we must take m(j) > J. Later on, Christ [CHR1] showed that Condition R fails
altogether on the worm.

Now we build a sequence of lemmas leading to the Fefferman’s theorem. First
we record some notation.

We let W/ () be the usual Sobolev space. See [KRA4] for this idea.

If 2 cC C" is any smoothly bounded domain and if j € N, we let

WH/(£2) = W/(£2) N {holomorphic functions on £2},

o0
WH™(Q) = ﬂ WH/(£2) = C*($2) N {holomorphic functions on £2}.
j=l1
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Here Wj is the standard Sobolev space on a domain (for which see [KRA4, ADA]).
Let Wy (£2) be the W/ closure of C>°($2). [Exercise: if j is sufficiently large, then
the Sobolev embedding theorem implies trivially that W/ (£2) is a proper subset of
Wi(2).1]

Let us say that u,v € C°°(£2) agree up to order k on 952 if

A\ [/ d\*
(a—z) (a—z) (=)

Lemma 2.1.6. Let £2 CC C" be smoothly bounded and strictly pseudoconvex. Let
w € £2 be fixed. Let K denote the Bergman kernel. There is a constant C,, > 0
such that

=0 Ya,f with || +]|B|<k.
902

KW, ) lsup < Cy-

Proof. The function K(z,-) is harmonic. Let ¢ : 2 — R be a radial, C> function
centered at w. Assume that ¢ > 0 and [ ¢(¢)dV({) = 1. Then the mean value
property implies that

K@w) = /Q K@ OBV (Q).

But the last expression equals P ¢(z). Therefore

| K(w, ')”sup sup | K (w, 2)|

€82

sup |[K(z, w)|
ZENR

sup [Pé ()]
By Sobolev’s Theorem, this is

<C(2)-[1PPllwyan+:-
By Condition R, this is

< C(82) - |gllwmentn = Cy. O

'For the readers’s convenience, we recall here that the Sobolev embedding theorem says that if a
function on RY has more than N /2 derivatives in L2, then in fact it has a continuous derivative.
See [STE1], for instance, for the details.
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Lemma 2.1.7. Letu € C>($2) be arbitrary. Let s € {0,1,2,...}. Then there is a
v € C*(£2) such that Pv = 0 and the functions u and v agree to order s on 052.

Proof. After a partition of unity, it suffices to prove the assertion in a small
neighborhood U of zg € 9£2. After a rotation, we may suppose that dp/dz; 7# 0
on U N §2, where p is a defining function for §2. Define the differential operator

n ap 9
Re {Z f=1 9z "Z/}
Zn ap
Jj=1

Vv =

9z;

Notice that vp = 1. Now we define v by induction on s.
For the case s = 0, let

__pu
9/ 951"

Define

d
Vi = —WwWq

¢
u—+ O0(p).

Then u and v, agree to order O on 92. Also

Pui() = / K, )—wl(z)dV@)

This equals, by integration by parts,

_ / %mz HwiE)AV Q).

Notice that the integration by parts is valid by Lemma 2.1.6 and because w|,, = 0.
Also, the integrand in this last line is zero because K(z, -) is conjugate holomorphic.

Suppose inductively that wy_; = wg_p 4+ 6,—1p° and vy—; = (9/9z1)(ws—1) have
been constructed. We show that there is a wy of the form

s+1
Wy = Wy + 0 - :OH_

such that vy = (9/0z1)(w;) agrees to order s with u on d§2. By the inductive
hypothesis,
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ad
Vg = — Wy
0z1
8WY_1 0 .
— s 4+ es L st
0z1 811[ P ]
9 a0,
=V 40’ [(s+ DO2 4 p- —}
311 aZI

agrees to order s — 1 with u on 92 so long as 6, is smooth. So we need to examine
D(u—vy), where D is an s-order differential operator. But if D involves a tangential
derivative Dy, then write D = Dy - D;. It follows that D(u — vy) = Dy(a), where
« vanishes on 92 so that Doox = 0 on d£2. So we need only check D = v°.

We have seen that 6, must be chosen so that

Vu—v) =0 on 0f2.

Equivalently,
s s 9 s+1
Vi —vs—) =V | — ) (B:;p°) =0 on 052
0z
or
N s 9 s+1
Vi —vs—y) — b | Vi—p =0 on 052
0z
or

)
V=) =0 s+ 1)L =0 on 9%
a7

It follows that we must choose
V(U =)
BERNCESTE O,
which is indeed smooth on U. As in the case s = 0, it holds that Pv;, = 0. This
completes the induction and the proof. O

Remark 2.1.8. A retrospection of the proof reveals that we have constructed v by
subtracting from u a Taylor-type expansion in powers of p. O

Lemma 2.1.9. Foreachs € N we have WH™>(2) € P(W; (£2)).

Proof. Letu € C*(£2). Choose v according to Lemma 2.1.7. Then u—v € Wy and
Pu = P(u—v). Therefore

P(W3) 2 P(C®(R)) 2 P(WH™(2)) = WH>(£2). m
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Henceforth, let £21, £2, be fixed C*° strictly pseudoconvex domains in C”, with
K, K; their Bergman kernels and P;, P, the corresponding Bergman projections.
Let ¢ : £2; — £2, be a biholomorphic mapping, and let u = detJacc¢. For j =
1,2,1et§;(z) = dg,(z) = dist(z,“§2;).

Lemma 2.1.10. For any g € L?(2,), we have

Pi(u-(go¢)) =u-((PAg)) o).

Proof. Notice that u - (g 0 ¢) € L?(£2,) by change of variables. Therefore
P (g0 )@ = [ K1 OuDg@0)dv Q)

- /Q u(@) K Q). $(©)alu(©)g ($(©)dV ()

by Proposition 1.1.14. Change of variable now yields

Pi(u-(go¢))(z) = u(z)/ﬂ K>(9(2).£)g(§)dV(§)
= u(2) - [(P2(8)) © 9] (2). O
Lemma 2.1.11. Let : 2, — £, be a C/ diffeomorphism that satisfies

Y

<C- @), (2.1.11.1)
0z

()

for all multi-indices o with |a| < j € N and
IV w)| < C(S2(w)) 7. 2.1.11.2)
Suppose also that
82(¥(2)) < Céi(2). (2.1.11.3)

Then there is a number J = J(j) such that whenever g € Woj+J (£2;), thengoyr €
Wi (£21).

Proof. The subscript 0 causes no trouble by the definition of Woj . Therefore it
suffices to prove an estimate of the form

lg o Vil = Clighy s+, allg € CF(82).
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By the chain rule and Leibniz’s rule, if o is a multi-index of modulus not exceeding
Jj, then

a o
(3_Z) (goy) = Z[(Dﬂg)ow] D" .. DYy,

where | B8] < ||, Y |yi]| < |e|, and the number of terms in the sum depends only on
« (a classical formula of Faa de Bruno—see [ROM]—actually gives this sum quite
explicitly, but we do not require such detail). Note here that D"/ is used to denote
a derivative of some component of . By hypothesis, it follows that

a o
‘(a—z) (o)

3\“ 2
(a_z) (goy)

<CY (D) oyl (81~
Therefore

J.

dv <

IA

cy /Q 1 [(DPg) o y|*(81(2) ™% dV(z)

=Y [ IpreenPs (5 w)
x| det Jey AV (w).

But (2.1.11.2) and (2.1.11.3) imply that the last line is majorized by
cy / | DP g (W)|28,(w) ™% 8,(w) 2" dV (w). (2.1.11.4)
2,

Now if J is large enough, depending on the Sobolev embedding Theorem, then
|DPg(w)| < Cligly+s < (w)>

(Remember that g is compactly supported in £2,.) Hence, (2.1.11.4) is majorized

by Cliglly -+ O

Lemma 2.1.12. For each j € N, there is an integer J so large that if g €
Wit (2,), then g o ¢ € Wi (2)).

Proof. The Cauchy estimates give (since ¢ is bounded) that

0%y
az%

@l<C-Gi)™ . t=1,....n (2.1.12.1)




80 2 The Bergman Metric

and
[V~ (w)] < C(E(w) ™, (2.1.12.2)

where ¢ = (¢y, ..., ¢,). We will prove that
C -61(z) = 62(¢(2)). (2.1.12.3)

Then Lemma 2.1.9 gives the result.

To prove (2.1.12.3), let p be a smooth strictly plurisubharmonic defining function
for £21. Then po¢~! is a smooth plurisubharmonic function on £25. Since p vanishes
on 052, and since ¢! is proper, we conclude that p o ¢! extends continuously to
2,.If P € 382, and vp is the unit outward normal to 952, at P, then Hopf’s lemma
implies that the (lower) one-sided derivative (3/dvp)(p o ¢~!) satisfies

0 _
s (po¢™(P) = C.
vp
So, forw = P — €vp, € small, it holds that

—po qb_l(w) >C -8, (w).

These estimates are uniform in P € 0£2,. Using the comparability of |p| and §,
yields

C81(¢~' (W) = 82(w).
Setting z = ¢! (w) now gives

C'81(z) > 82(¢(2)),

which is (2.1.12.3). O

Exercise for the Reader: Let 2 CC C”" be a smoothly bounded domain. Let
j € N. There is an N = N(j) so large that g € W,V implies that g vanishes
to order j on 952.

Lemma 2.1.13. The function u is in C*°(£2).

Proof. Tt suffices to show that u € W/ (£2;), every j. So fix j. Let m =
m(j) as in Condition R. According to (2.1.12.1), |u(z)] < C§8;(z)~%". Then, by
Lemma 2.1.12 and the Exercise for the Reader following it, there is a J so large
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that g € W0’"+J(522) implies u - (g o ¢p) € W™(§2;). Choose, by Lemma 2.1.7, a
g€ Wom+1(.(22) such that P,g = 1. Then Lemma 2.1.10 yields

Pi(u-(go¢)) =u

By Condition R, it follows that u € W/ (£2)). O

Lemma 2.1.14. The function u is bounded from 0 on £2;.

Proof. By symmetry, we may apply Lemma 2.1.13 to ¢! and det Je(p™) = 1/u.
We conclude that 1/u € C°°(£2,). Thus u is nonvanishing on 2. O

Proof of the Fefferman’s Theorem (Theorem 2.1.3): Use the notation of the
proof of Lemma 2.1.12. Choose g;,..., g, € W0m+J(.Qz) such that Pg; (w) = w;
(here w; is the i th coordinate function). Then Lemma 2.1.10 yields that u - ¢; €
Wi($2)),i = 1,...,n. By Lemma 2.1.12, ¢; € W/(2).i = 1,...,n. By
symmetry, ¢! € W/ (£2,). Since j is arbitrary, the Sobolev embedding theorem
finishes the proof. O

It is important to understand the central role of Condition R in this proof.
With some emendations, the proof we have presented shows that, if £2;, 2, C
C C" are smoothly bounded, pseudoconvex, and both satisfy Condition R, then
a biholomorphic mapping from £2, to £2, extends smoothly to the boundary (in
fact Bell [BEL1] has shown that it suffices for just one of the domains to satisfy
Condition R). Condition R is known to hold on domains that have real analytic
boundaries (see Diederich and Fornass [DIF2]), and more generally on domains
of finite type (see [CAT1, CAT2]). There are a number of interesting examples of
non-pseudoconvex domains on which Condition R fails (see Barrett [BAR1] and
Kiselman [KIS]). It had been conjectured that Condition R holds on all smoothly
bounded pseudoconvex domains. But Christ [CHR1] showed that in fact Condition
R fails on the Diederich-Fornass worm domain (which is smoothly bounded and
pseudoconvex).

Lempert [LEM1] has derived a sharp boundary regularity result for biholomor-
phic mappings of strictly pseudoconvex domains with C* boundary. Pinchuk and
Tsyganov [PIT] have an analogous result. The correct conclusion turns out to be
that there is a loss of smoothness in some directions. So the sharp regularity result
is formulated in terms of nonisotropic spaces. It is too technical to describe here.

2.2 Boundary Behavior of the Bergman Metric

The Bergman metric on the disc D is given by

2

0 d 0
log K(z.2) = — — [—logw — 2log(1 — |z])] = ———— .
0g K(2,2) = 5-==[~log 7 — 2log(1 - |z]")] EERE

gjkza_za_i 7 0Z
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Thus the length of a curve y : [0, 1] — D is given by

L 2ol
KB(”‘/O a-pop

It is natural to wonder what one can say about the Bergman metric on a more
general class of domains. Let Q@ € C be a bounded domain with C* boundary, and
suppose for the moment that 2 is simply connected. Then the Riemann mapping
theorem tells us that there is a conformal mapping @ : 2 — D. Of course then we
know that

/ 2
Ko(z,2) = |9' ()P Kp(P(2), D(2) = %~

Then the Bergman metric on €2 is given by

_09 . [&]
8k = 5.0z 7 (1—|D(2)]?)?

= 27 log |9/ ~ log:x — 21og(1 ~ [2))]
0z 0Z
Of course |@’(z)| is bounded and bounded from 0 (see [BEK]). Also the derivatives
of @, up to order 3, are bounded. So the second derivative of log |®’(z)|? is a
bounded term. The second derivative of log 7 is of course 0.
The second derivative of the remaining (and most interesting) term may be
calculated to be

82 82 )
5oz 08 Ko(e.9) = 5 [2log(1 - [0 )]
ad ) -
Tz (m [-o (z)d>(z)])
2 . o
T a=jepP)? [—‘P (Z)¢(z)] [-2' )@ ()]
2 o
“Tojer [#070)

This in turn, after some simplification, equals

219'(2))?
(1—-[P@)?)*
As previously noted, the numerator is bounded and bounded from 0. Hopf’s
lemma (see [KRA1]) tells us that (1 — |®(z)|?) & distyq(z). So that the Bergman

metric on 2 blows up like the reciprocal of the square of the distance to the
boundary—just as on the disc.

2.2.1)
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In the case that Q has C? boundary and is finitely connected—not necessarily
simply connected—then one may use the Ahlfors map (see [KRAS5]) instead of the
Riemann mapping and obtain a result similar to that in (2.2.1). We omit the details.

Bremermann [BRE] showed that any domain in C" with complete Bergman
metric is a domain of holomorphy. This is in fact not difficult, as one can use
the hypothesis of the completeness of the metric to confirm the Kontinuititssatz
(see [KRAL1]), hence derive pseudoconvexity. Bremerman also gave an example to
demonstrate that the converse is not true. However, Ohsawa [OHS] has shown that
any pseudoconvex domain with C' boundary has complete Bergman metric. This
result is important both conceptually and practically. There is no analogous result
for either the Carathéodory or Kobayashi metrics.

In the paper [KOB1, Theorem 9.2], Kobayashi shows that any bounded analytic
polyhedron has complete Bergman metric.

2.3 The Biholomorphic Inequivalence of the Ball
and the Polydisc

In this section we give a Bergman-geometric proof of the following classical result
of Poincaré (Poincaré’s original proof was more group theoretic).

Theorem 2.3.1. There is no biholomorphic map of the bidisc D*(0, 1) to the ball
B(0,1) € C2.

Proof. Suppose, seeking a contradiction, that there is such a map. Since Mobius
transformations act transitively on the disc, pairs of them act transitively on the
bidisc. Therefore we may compose ¢ with a self-map of the bidisc and assume that
¢ maps 0 to 0.

If Y € 0B, thenthediscdy = {z € B :z = (Y, € C,|¢| < 1} is a totally
geodesic submanifold of B (informally, this means that if P, Q are points of dy,
then the geodesic connecting them in the Riemannian manifold dy is the same as
the geodesic connecting them in the Riemannian manifold B—see Kobayashi and
Nomizu [KON]).

By our discussion in the calculation of the Poincaré metric, we may conclude
that the geodesics, or paths of least length, emanating from the origin in the ball
are the rays ty : t +— tY. (This assertion may also be derived from symmetry
considerations.)

Likewise, if o, 8 € C,|a| = 1,|B8] = 1, then the disc ¢y = {(¢a,¢B) : ¢ €
D} € D?(0,1) is a totally geodesic submanifold of D?(0, 1). Again we may apply
our discussion of the Poincaré metric on the disc to conclude that the geodesic curve
emanating from the origin in the bidisc in the direction X = (e, ) is Yop : t = tX.
A similar argument shows that the curve ¢ > (, 0) is a geodesic in the bidisc.

Now if # — tX is one of the above-mentioned geodesics on the bidisc, then it
will be mapped under ¢ to a geodesic ¢ — tY in the ball. If 0 < #; < £, < 1, then
the points 71 X, ,X € D? will be mapped to points Y, ;Y € B and it must be that
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0 < t{ <t < 1 since ¢ is an isometry hence must map the point £, X to a point
further from the origin than it maps #; X (because #, X is further from the origin than
11 X). It follows that the limit

T 90X)

exists for every choice of X and the limit lies in dB. After composing ¢ with a
rotation, we may suppose that {¢(¢(1,0))} terminates at (1, 0).

Now consider the function f(z1,z2) = (z; + 1)/2 on B. This function has the
property that f(1,0) = 1, f is holomorphic on a neighborhood of B, and | f(z)| <
1 forz € BY {(1,0)}. For 0 < r < 1 we invoke the mean-value property for a
harmonic function to write

2n
L fop(r,re’)dd = f o ¢(r,0). (2.3.1.1)

2 0

As r — 17 the right-hand side tends to lim,—,;— f(z,0) = 1. However, each of the
paths r — (r, re'?) is a geodesic in the bidisc, as discussed above, and for different
6 € [0,27) they are distinct. Thus the curves r — ¢(r, re'?) have distinct limits
in 0B, and these limits will be different from the point (1,0) € dB. In particular,
lim, - f o ¢(r, re'?) exists for each @ € [0, 277) and assumes a value of modulus
strictly less than 1.

By the Lebesgue dominated convergence theorem, we may pass to the limit as
r — 17 in the left side of (2.3.1.1) to obtain a limit that must be strictly less than
one in absolute value. That is the required contradiction. O

Exercises

1. Let us construct an invariant metric on the disc D in the complex plane by hand.
Take it that the length of the vector (1, 0) at the base point 0 is 1. Now use the
conformal invariance of the metric to calculate the length of any other vector at
any other base point. Of course the metric that you obtain in this way should be
(a constant multiple of) the Poincaré metric.

2. Imitate Exercise 1 for the unit ball in C".

3. Consider the domain 2 = {{ € C : Re{ < 0 or Im{ < 0}. This domain is
conformally equivalent to the upper half plane, which is in turn conformally
equivalent to the unit disc. Therefore one can calculate the Bergman kernel for
2 using its mapping invariance property. What can you say about the boundary
behavior of this kernel at the origin? What can you say about the boundary
behavior of the Bergman metric at the origin?

4. Calculate the Bergman kernel and metric for the punctured disc D' = {¢ € C :
0 < |¢| < 1}. How do they differ from the Bergman kernel and metric for the
usual disc D?
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10.

Calculate the Bergman kernel and metric for the punctured ball B’ = {z € C" :
0 < |z| < 1}. How do they differ from the Bergman kernel and metric for the
usual ball B?

. Use the results from the text about the Bergman kernel for the annulus to

calculate the Bergman metric on the annulus.

Let Q2 = B(0,1) \ B(I,1/2), where B(P, r) denotes the open ball with center
P and radius r. Estimate the distance from the origin to the point (1/2,0) in
the Bergman metric of 2.

The infinitesimal Kobayashi—Royden metric on a domain Q € C” is defined
by Fx : 2 x C" — R, where

Fx(z,§) =inflo : ¢ > 0and 3 f € 2(B)

with £(0) =z, (f7(0)) (e1) = &/}

_ &1 ‘ , ,
= inf m . f € Q(B),(f (0))(61) 1S a

constant multiple of £}

_ I§|
—sup{|(f(0))(e))] 1 f € R2(B)., (f(0))(ey) is a constant multiple of £}

Use the Schwarz lemma to calculate the Kobayashi—Royden metric on the disc.
How does it compare with the Poincaré metric? Now calculate the Kobayashi—
Royden metric on the ball.

. The infinitesimal Carathéodory metric on a domain 2 € C”" is defined by F¢ :

2 xC" > R, where

)
Fo(z.§) = sup |fu(@§|= sup | —8f (2)-§;
feli'ﬁ?) fEBﬁQ) — Zj

f@=0 fo=0 |/

Use the Schwarz lemma to calculate the Carathéodory metric on the disc. How
does it compare with the Poincaré metric? Now calculate the Carathéodory
metric on the ball.

Refer to Exercises 7 and 8 for terminology. Prove that the Carathéodory metric
is always less than or equal to the Kobayashi metric.

Refer to Exercises 7 and 8 for terminology. Prove that, if @ : Q; — Q; is a
holomorphic mapping of complex domains, then its distance is non-increasing
in the Carathéodory metric. Prove an analogous statement for the Kobayashi—
Royden metric.



Chapter 3
Further Geometric and Analytic Theory

3.1 Bergman Representative Coordinates

The theory of the Bergman kernel gives rise to many important geometric invariants.
Among these are the not-very-well-known Bergman representative coordinates.
This is a local coordinate system in which a biholomorphic mapping is realized as a
linear mapping. Such a result, while initially quite startling, is in fact completely
analogous to the result in the Riemannian geometry regarding geodesic normal
coordinates. But geodesic normal coordinates are almost never holomorphic—
unless the Kéhler metric is flat. By contrast, the Bergman representative coordinates
are always holomorphic. Our presentation in this section is inspired by [GKK].

The Bergman representative coordinates are of considerable intrinsic and theo-
retical interest. But they are also useful in understanding the boundary behavior of
biholomorphic mappings. And Greene—Krantz made good use of them in proving
their noted semicontinuity theorem (see Sect. 5.2).

The Bergman representative coordinates are also essential in the proof of Lu
Qi-Keng’s theorem on bounded domains with the Bergman metrics of constant
holomorphic sectional curvature. This result will be stated and proved in the present
section.

Now let §2 be a bounded domain in C" and let g be a point of £2. The Bergman
kernel K¢ (q,q) on the diagonal is of course real and positive so that there is a
neighborhood U of ¢ such that, for all z, w in U, K (z,w) # 0. Then for all z, w in
U, we define

ad K(z,
b = by = g log 1

w=q
Note that these coordinates are well defined, independent of the choice of logarith-
mic branch. Each representative coordinate b, (z) is clearly a holomorphic function
of z.

S.G. Krantz, Geometric Analysis of the Bergman Kernel and Metric, 87
Graduate Texts in Mathematics 268, DOI 10.1007/978-1-4614-7924-6_3,
© Springer Science+Business Media New York 2013



88 3 Further Geometric and Analytic Theory
The mapping
z— (b1(@),....by(2)) € C"

is defined and holomorphic in a neighborhood of the point ¢ (a neighborhood on
which the kernel does not vanish). Note also that (b (q),...,b,(q)) = (0,...,0).

We are hoping to use these functions as holomorphic local coordinates in a
neighborhood of ¢g. By the holomorphic inverse function theorem, these functions
give local coordinates if the holomorphic Jacobian

(8bj)

det | —

0zk jk=l....n
is nonzero at g.

But in fact the nonvanishing of this determinant at ¢ is an immediate consequence
of the fact that the Bergman metric is positive definite. To see this relationship,
observe that

0b; i 0
— = — [ —logK(z,w)
aZk =q aZk awj 7=w=q
32
= — log K(z,72)
0z; 07 j 7=q
. . e d .
This last term is of course the Hermitian inner product <— —>‘ with respect to
0z 9z lq

the Bergman metric. Thus the expression

0b;
det | —
07k
is the determinant of the inner product matrix of a positive definite Hermitian inner
product. Hence this determinant is positive.

The utility of the new coordinates in studying biholomorphic mappings comes
from the following:

q

Lemma 3.1.1. Let £2, and §2, be two bounded domains in C" with ql € 2, and
q* € $2, fixed points. Denote by b!,...,b} the Bergman coordinates as defined
near q' in £2; and b?,...,b? the Bergman coordinates defined in the same way
near g° in §2,. Suppose that there is a biholomorphic mapping F : 2| — £, with
F(q") = q*. Then the function defined near 0 € C" by

b coordinate oo — b* coordinate of the image of the a-point under F

is a C-linear transformation.
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In short, we say that the biholomorphic mapping F is linear when expressed in the
Bergman representative coordinates b/ . In point of fact, the linear mapping induced
by the introduction of the Bergman representative coordinates is nothing other than
the complex Jacobian of the mapping F at the point ¢'.

Proof of the Lemma. To avoid confusion, we write (z1,...,2,) and
(w1, ...,wy) for the C"-coordinates in §2; and (Z,,...,Z,) and (W,..., W,) for
the C"-coordinates in §2,. Now observe that, foreach j = 1,...,n,

0 Ke(FQ.FM) 0 Ka(w)
07, Koy (Fw). Fw) _ 0w; ¢ Ky (wow)

The reason for this identity is

Ko, (F). F(w)) _ Ko (zw)
Ko, (F(w), F(w)) Ko, (w,w)

x (a holomorphic function of z)
X (a holomorphic function of w).

This last follows from the transformation law. Thus we obtain (from the complex
chain rule) that

def 0 ) Ko, (z,w)

bl(r) & —— log —L2 7
i@ ow; °8 Ko, (w,w)

W=q1

- [Iog Kay(F(2). F()) — log Koy (F(w). F(w))]
J

w=qi
— )
_y [aF LD 1op K (PO, W)}
~Lw oW T KeWow) |
where F¥ is the kth coordinate of F (w1, ..., wr). But this last expression is exactly
—k
oF
D gn|  BEF@).
k Wi lw=q,
Hence
1 afk 2
bj(Z)ZZT b (F(2)).
k aw] w=q1

Since the Jacobian matrix (JF¥/dw;) of F is invertible at ¢, it follows that the
b,f(F ) are linear functions of the b} coordinates. O
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The reader may wish to try calculating the Bergman representative coordinates
on the unit ball. You may then use these to rediscover the Mobius transformations
on the ball.

Note that the whole concept of representative coordinates extends essentially
automatically to complex manifolds for which the Bergman metric construction
for (n,0) forms already discussed above yields a positive definite metric. The
construction can still be done locally, using general local holomorphic coordinates,
and it remains true that the Bergman coordinates linearize holomorphic mappings.

3.2 The Berezin Transform

3.2.1 Preliminary Remarks

Let 2 € C" be a bounded domain (i.e., a connected open set) with C? boundary.
Following the general rubric of “Hilbert space with reproducing kernel” laid down
by Nachman Aronszajn [ARO], both the Bergman space A%(£2) and the Hardy space
H?(£2) have reproducing kernels.

The Bergman kernel (for A?%) and the Szegd kernel (for H 2) both have the
advantage of being canonical. But neither is positive, and this makes them tricky
to handle. The Bergman kernel can be treated with the theory of the Hilbert integral
(see [PHS]), and the Szeg6 kernel can often be handled with a suitable theory of
singular integrals (see [KRA2]).

It is a classical construction of Hua (see [HUA]) that one can use the Szegd
kernel to produce another reproducing kernel P(z,¢) which also reproduces H>
but which is positive. In this sense it is more like the Poisson kernel of harmonic
function theory. In point of fact, this so-called Poisson-Szegd kernel coincides
with the Poisson kernel when the domain is the disc D in the complex plane
C. Furthermore, the Poisson—Szeg6 kernel solves the Dirichlet problem for the
invariant Laplacian (i.e., the Laplace—Beltrami operator for the Bergman metric)
on the ball in C". Unfortunately a similar statement about the Poisson—Szegd kernel
cannot be made on any other domain (although we shall explore substitute results
on strictly pseudoconvex domains later in this book). See [GRA1, GRA2] for the
full story of these matters.

We want to develop these ideas with the Szegd kernel replaced by the Bergman
kernel. This notion was developed independently by Berezin [BERE] in the context
of quantization of Kihler manifolds. Indeed, one assigns to a bounded function on
the manifold the corresponding Toeplitz operator. This process of assigning a linear
operator to a function is called quantization. A nice exposition of the ideas appears
in [PEE]. Further basic properties may be found in [ZHU].

Approaches to the Berezin transform are often operator-theoretic (see [ENGI,
ENG?2]), or sometimes geometric [PEE]. Our point of view here will be more
function-theoretic. We shall repeat (in perhaps new language) some results that
are known in other contexts. And we shall also enunciate and prove new results.
We hope that the mix serves to be both informative and useful.
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3.2.2 Introduction to the Poisson-Bergman Kernel

In the seminal work [HUA], Hua proposed a program for producing a positive kernel
from a canonical kernel. He defined

1S@ OI?

Py = S(z.2)

where S is the standard Szegd kernel on a given bounded domain §2. Now we have

Proposition 3.2.1. Let £2 be a bounded domain with C? boundary and S its Szeg6
kernel. With P(z,¢) as defined above, and with f € C(§2) holomorphic on £2,
we have

f) = /B PGSO )

forallz € 2.
Proof: See Proposition 1.2.9. O

The integral with kernel P(z, {) is called the Berezin transform.

It is natural to ask whether the result of the proposition extends to all functions
f € H?*(R2). For this, it would suffice to show that C(£2) N O(£) is dense in
H?(£2). In fact this density result is known to be true, because of the regularity
theory for the 9, operator, when §2 is either strictly pseudoconvex or of finite type
in the sense of Catlin—-D’ Angelo—Kohn. One can reason as follows (and we thank
Harold Boas for this argument): Let f € H?(£2). Then certainly f € L*(32)
and, just by measure theory, one can approximate f in L? norm by a function ¢ €
C>®(082). Let @ = Pgso, the Szegd projection of ¢. Then, since Py is a continuous
operator on L?(9£2), the function @ is an L?(0£2) approximant of /. But it is also
the case, by regularity theory of the 9, operator, that ® = Pgg is in C*°(£2). That
proves the needed approximation result. Of course a similar argument would apply
on any domain on which the Szegd projection maps smooth functions to smooth
functions. See [STE2] for some observations about this matter.

Now Hua did not consider his construction for the Bergman kernel, but in fact it
is just as valid in that context. We may define

Kz DI

B = K(z.2)

We call this the Poisson—Bergman kernel. It is also sometimes called the Berezin
kernel. Then we have
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Proposition 3.2.2. Let §2 be a bounded domain and K its Bergman kernel. With
B(z, ¢) as defined above, and with f € C(§2) holomorphic on 2, we have

1) = /8 _BEOSG V)

forallz € §2.

The proof is just the same as that for Proposition 1.2.9, and we omit the details.
One of the purposes of the present discussion is to study properties of the Poisson—
Bergman kernel B.

Of course the Poisson—Bergman kernel is real, so it will also reproduce the real
parts of holomorphic functions. Thus in one complex variable, the integral repro-
duces harmonic functions. In several complex variables, it reproduces pluriharmonic
functions.

Again, it is natural to ask under what circumstances Proposition 3.2.2 holds for
all functions in the Bergman space A%(£2). The question is virtually equivalent
to asking when the elements that are continuous on £2 are dense in A2. Catlin
[CAT3] has given an affirmative answer to this query on any smoothly bounded
pseudoconvex domain.

One of the features that makes the Bergman kernel both important and useful
is its invariance under biholomorphic mappings. This fact is useful in conformal
mapping theory, and it also gives rise to the Bergman metric. The fundamental result
is this:

Proposition 3.2.3. Let 2,2, be domains in C". Let f : $2; — £2, be
biholomorphic. Then

det Jo f(2) Ko, (f (2). f(§))det Je f(§) = Kg, (2. 0).

Here Jc f is the complex Jacobian matrix of the mapping f. Refer to [KRAI,
KRAA4] for more on this topic.

It is useful to know that the Poisson—Bergman kernel satisfies a similar transfor-
mation law:

Proposition 3.2.4. Let £21,$2, be domains in C". Let [ : £, — £2, be
biholomorphic. Then

Bo,(f(2), f(Q)ldet Je f(©)P = Be,(z.0) .

Proof: Of course we use the result of Proposition 3.2.3. Now
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|Ke\ (2,07
KQ] (Z, Z)

_ |detJo f(2) - Ko, (f(2). £(9)) - det Je f(O)?
det Jo f(2) - Ko, (f(2). f(2) - det Je f(2)

_ |det Je fOP - [Ka, (f (). )
Ko, (f(2). [(2))

= |det Je f Q) - Ba,(f(2), £(2)). o

Be,(z.8) =

We conclude this section with an interesting observation about the Berezin
transform—see [ZHU].

Proposition 3.2.5. The operator

BfG) = /B B0 £ dV(Q).

acting on L' (B), is univalent.

Proof: In fact it is useful to take advantage of the symmetry of the ball. We can
rewrite the Poisson—Bergman integral as

| re00ave.

B

where @, is a suitable automorphism of the ball. Then it is clear that this integral
can be identically zero in z only if f = 0. That completes the proof. O

Another, slightly more abstract, way to look at this matter is as follows (we thank
Richard Rochberg for this idea, and see also [ENG1]). Let f be any L' function on
B.Forw € B define

1

gw(l) = A—w- ot

If f is bounded on the ball, let
Ty:g— Pp(fg).
We may write the Berezin transform now as

Afw.9) = (&w» &w)
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This function is holomorphic in z and conjugate holomorphic in w. The statement
that the Berezin transform B f(z) = 0 is the same as A f(z,z) = 0. But it is a
standard fact (see [KRA1]) that we may then conclude that A f(w,z) = 0. Then
Trg. = 0andso f = 0. So the Berezin transform is univalent. O

3.2.3 Boundary Behavior

It is natural to want information about the boundary limits of potentials of the form
Bf for f € L*(£2). We begin with a simple lemma:

Lemma 3.2.6. Let §2 be a bounded domain and B its Poisson—Bergman kernel. If
z € §2 is fixed, then

/ Bz, 0)dV(¢) =1.
o)

Proof: Certainly the function f({) = 1 is an element of the Bergman space on §2.
As a result,

= f@) = /Q B0 f(©)dV(E) = /Q B 0)dV(Z)

for any z € £2. O

Our first result is as follows:

Proposition 3.2.7. Let §2 be the ball B in C". Then the mapping

£ / B0 f©) V(D)
2

sends LP($2) to L?($2),1 < p < o0.
Proof: We know from the lemma that
1Bz, )i =1

for each fixed z. An even easier estimate shows that

1BC-.Ollrie <1

for each fixed ¢. Now Schur’s lemma, or the generalized Minkowski inequality,
gives the desired conclusion. [Note here that we made decisive use of the fact that

B(z.¢) = 0.] O
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Proposition 3.2.8. Let 2 C C" be the unit ball B. Let f € C(2). Let F = Bf.
Then F extends to a function that is continuous on 2. Moreover, if P € 052, then

.Q;izlzl)P F@) = 1p).

Proof: Let € > 0. Choose § > 0 such that if z,w € £ and |z — w| < §, then
/(@) — fW)| < €. Let M = sup;cg | f(§)|. Now, for z € 2, P € 982, and
|z — P| < €, we have that

FQ) — f(P)] = ] /Q B(.0)£()dV(E) — f(P)’
- ‘ / B 0 f(©) V() - / B0 f(P) dV@)‘
2 2

< [, BeOIS© - rPNave

[t—P|<§
+ f o BEOIS© = FPAVE)
[¢—P|=6
= / rep B@-€dV() + / p B@D-2M V()
[t—P|<8 lt—pl=5
=14+1I.

Now the lemma tells us that / = €. Also we know that the Poisson—Bergman kernel
for the ball is

2yn+1
B(z,¢) = cnu .
[1—z-C2nt2
Thus by inspection, B(z,{) — 0 as z — P for | — P| > §. Thus /1 is smaller than
€ as soon as 7 is close enough to P.
In summary, for z sufficiently close to P, |F(z) — f(P)| < 2e. That is what we
wished to prove. O

Arazy and EngliS have in fact shown that the last result is true on any pseudoconvex
domain for which each boundary point is a peak point (for the algebra A(£2) of
functions continuous on the closure and holomorphic inside). Thus the result is
true in particular on strictly pseudoconvex domains (see [KRA1]) and finite type
domains in C? (see [BEF1]).

Here is another way to look at the matter on strictly pseudoconvex domains.
In fact our observation, at the end of the proof of the last proposition, about the
vanishing of B(z, {) forz — P and | — P| > § is a tricky point and not generally
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known. On a strictly pseudoconvex domain §2, we have Fefferman’s asymptotic
expansion [FEF1, Part I]. This says that, in suitable local holomorphic coordinates
near a boundary point P, we have

Ko(z () = —

n
(1 —z- g+
Thus using an argument quite similar to the one that we carry out in detail in
Sect. 1.2 for the Poisson—Szegd kernel, one can obtain an asymptotic expansion for
the Poisson—Bergman kernel. One sees that, in local coordinates near the boundary.
(1 _ |Z|2)n+1

Ba(z.8) = cn W + &0,

+k(z.0) - log|l —z- ¢+ £(z.0). (3.2.9)

where £ is a kernel that induces a smoothing operator. In particular, the singularity
of £ will be measurably less than the singularity of the lead term. So it will still be
the case that B(z,{) —> 0asz — P € d§2 and |{ — P| > §. So we have:

Proposition 3.2.10. Let 2 C C" be a smoothly bounded, strictly pseudoconvex
domain in C". Let f € C(S2). Then the tunction B f extends to be continuous on

§2. Moreover, if P € 052, then
plm | Bf(z) = f(P).

It is natural, from the point of view of measure theory and harmonic analysis, to
want to extend the result of Proposition 3.2.10 to a broader class of functions. To
this end we introduce a maximal function to use as a tool.

Definition 3.2.11. Let £2 be a smoothly bounded, strictly pseudoconvex domain in
C". If z, ¢ € £2, then we set

p(z,0) =1—z-¢|'%.

Proposition 3.2.12. When 2 = B, the unit ball, then the function p is a metric
on dB. For a more general smoothly bounded, strictly pseudoconvex domain, the
function p is a pseudometric. That is to say, there is constant C > 1 such that

p(z.8) = C(p(z.§) + p(§.0)).

Proof: The first assertion is Proposition 6.5.1 in [KRA4]. The second assertion is
proved in [KRAI, pp. 357-358]. We shall provide the details of this argument in
Proposition 3.5.2. O

Proposition 3.2.13. The balls
Ba(z,r) ={{ € 2 : p(z,§) <},

together with ordinary Euclidean volume measure dV, form a space of homoge-
neous type in the sense of Coifman and Weiss [COW].
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Proof: This is almost immediate from the preceding proposition, but details may
be found in [KRA1, Sect. 8.6]. O
Definition 3.2.14. Forz € 2 and f € L} (£2) we define

loc

1
Mf(z) = igg W e | f(OIdV().

Theorem 3.2.15. The operator M is of weak type (1, 1) and of strong type (p, p),
1 <p<oo.

Proof: Again this is a standard consequence of the previous proposition in the
context of spaces of homogeneous type. See [COW]. O

Theorem 3.2.16. Let £2 be the unit ball B in C". Let f be a locally integrable
function on 2. Then there is a constant C > 0 such that, forz € 2,

IBf()] =C-Mf(2).

Proof: It is easy to see that |1 —z- | > (1/2)(1 — |z|?). Therefore we may perform
these standard estimates:

IBf ()| = ‘/QB(Z, ) f(©)dV()

oo

=3 /2 B OIf©)]dV(Q)

j==1 2 (=l <l1—2f <27+ (1—L2l?)

o0
(1 _ |Z|2)n+1
/ . i s VO
1—27|<2i 11—y [27 (1 = [z[*)]

IA

j=—1"1

o0
; 1
<C- o= in+1) [ ' ]/ v
< Z (T = P 207060 | 2y |f(D]dV(E)

j=-1

00
< C - Z 2—j(n+1) .

1
= |:V(,32(Z, Y2/ (1~ |Z|2))j|//;z(z.,«/2/‘+‘(l—|z|2)

|/ (DIdV(E)

(3.2.16.1)

The last line is majorized by

oo
<C Y 2IM ()

j==1

<C-Mf(@). O
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Theorem 3.2.17. Let §2 be the unit ball B in C". Let f be an L7 (52, dV) function,
1 < p < oo. Then B f has radial boundary limits almost everywhere on 052.

Proof: The proof follows standard lines, using Theorems 3.2.15 and 3.2.16. See the
detailed argument in [KRA1, Theorem 8.6.11]. O

In fact a slight emendation of the arguments just presented allows a more refined
result.

Definition 3.2.18. Let P € 0B and @ > 1. Define the admissible approach region
of aperture o by

Ay (P)={z€ B : |l —z-EI <a(l—|z»)}).

Admissible approach regions are a new type of region for Fatou-type theorems.
These were first introduced in [KOR1, KOR2] and generalized and developed in
[STE2] and later in [KRAG6]. Now we have

Theorem 3.2.19. Let f be an L?(B) function, 1 < p < oco. Then, for almost every
P € 0B,

li B
Aq (Pl)glz—w /@

exists.

In fact, using the Fefferman asymptotic expansion (as discussed in detail in the
next section), we may imitate the development of Theorems 3.2.15 and 3.2.16 and
prove a result analogous to Theorem 3.2.17 on any smoothly bounded, strictly
pseudoconvex domain. We omit the details, as they would repeat ideas that we
present elsewhere in the present book for slightly different purposes.

3.3 Ideas of Fefferman

In the seminal paper [FEF1, Part I], Charles Fefferman produced an asymptotic
expansion for the Bergman kernel of a strictly pseudoconvex domain. He used
this expansion to get detailed information about the boundary behavior of cer-
tain“pseudotransversal” geodesics in the metric; this data in turn was used to show
that biholomorphic mappings of strictly pseudoconvex domains continue smoothly
to the boundaries.

Fefferman’s ideas have been quite influential. For instance, Paul Klembeck
[KLE] used the Fefferman expansion to calculate the boundary asymptotics of
Bergman metric curvature on a strictly pseudoconvex domain. See Chap. 7 below.
This in turn led him to a new and very natural proof of the Bun Wong—Rosay
theorem:
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Theorem: Let 2 € C” be a bounded domain with C? boundary. Let P € 052 be a
point of strong pseudoconvexity. Suppose that ¢; are biholomorphic self-maps of £2 with
the property that there is a point X € £2 such that lim; oo ¢;(X) = P. Then £ is
biholomorphic to the unit ball B, in C".

Greene and Krantz [GRK1, GRK2, GRK3] showed that the Fefferman asymptotic
expansion deforms stably under smooth deformation of the boundary of a strictly
pseudoconvex domain §2 C C". They used that information to prove a variety
of results about the Bergman geometry and also about automorphism groups of
domains. We state just two of their results here:

Theorem: Let 20 € C" be a fixed strictly pseudoconvex domain with smooth boundary.
If £2 is another smoothly bounded strictly pseudoconvex domain with boundary sufficiently
close to d§2 in the smooth domain topology, then the automorphism group (group of
biholomorphic self-mappings of §2) of §2 is a subgroup of the automorphism group of £2y.
Indeed, there is a smooth mapping @ : §£2 — £2y such that

Aut(2) > ¢ —> P oo @~ € Aut(2)

conjugates the automorphism group of £2 into the automorphism group of £2y.

Theorem: Let £2 € C" be a smoothly bounded domain which is sufficiently close to the
unit ball B, € C” in the smooth domain topology and is biholomorphically inequivalent
to the ball (such domains are generic—see [GRK1, GRK2]). Then there is a holomorphic
embedding ¥ : 2 — C" so that the automorphism group of 2’ = W(2) is the restriction
to £2’ of a subgroup of the unitary group on 7 letters.

We cannot provide all the details of the Fefferman’s construction here. It is a long
and tedious argument. But we can discuss and describe the asymptotic expansion
and indicate some of its uses.
So fix a strictly pseudoconvex domain §2 with smooth boundary and fix a point
P € 0%2. For z and ¢ in £2 and sufficiently near P, Fefferman tells us that (in
suitable local coordinates)
Cn

Ko(z,0) = A2 +k(z &) log|l —z-C| + £ ). (3.3.1)

Here £ is an error term that is smaller, in a measurable sense, than the lead terms.

One can see from formula (3.3.1) that calculations with the Bergman kernel of
a strictly pseudoconvex domain are tantamount to calculations with the Bergman
kernel for the ball (up to a calculable and estimable error).!

'The logarithmic term was one of the big surprises of the Fefferman’s work. It was quite
unexpected. And it does not conform to the paradigm that “the Bergman kernel of a strictly
pseudoconvex domain is just like that for the ball.” But the logarithmic term has only a weak
singularity and is easily estimated. Fefferman provided, in his paper [FEFI1, Part I], a concrete
example of a domain in which the logarithmic term actually arises. See Sect. 6.7 below. And Burns
later proved that the logarithmic term is generic. That is to say, if £2 is a strictly pseudoconvex
domain with smooth boundary and none of the Fefferman asymptotic expansions near any of
the boundary points have logarithmic terms, then §2 is biholomorphic to the unit ball B. Burns
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Thus one can prove, in the vein of Klembeck, that the curvature tensor of the
Bergman metric is asymptotically, as the base point p approaches the boundary of
the domain, equal to the curvature tensor for the Bergman metric of the ball. Because
the automorphism group of the ball acts transitively on the unit sphere bundle in the
tangent bundle to the ball, it follows that the latter curvature tensor must be constant.

3.4 Results on the Invariant Laplacian

If g = (gj«) is a Riemannian metric on a domain §2 in complex Euclidean space,
then there is a second-order partial differential operator, known as the Laplace—
Beltrami operator, that is invariant under isometries of the metric. In fact, if g
denotes the determinant of the metric matrix g, and if (g/%) denotes the inverse
matrix, then this partial differential operator is defined to be

2 0 - ad g 0
L=-— %T(ggjk_)‘f‘_(ggjkT)} .
8“3 0z, 0zk 0zk 0Zx

Now of course we are interested in artifacts of the Bergman theory. If £2 € C” is
a bounded domain and K = K, its Bergman kernel, then it is well known (see
[KRAT1]) that K(z,z) > O for all z € £2. Then it makes sense to define

2

9
1(2) = ——log K
gjk(2) 02, 7% og K(z,2)

for j,k = 1,...,n. Then Proposition 1.1.14 can be used to demonstrate that this
metric—which is in fact a Kéhler metric on §2—is invariant under biholomorphic
mappings of §2. In other words, any biholomorphic @ : 2 — 2 is an isometry in
the metric g. This is the celebrated Bergman metric.

If £2 € C” is the unit ball B, then the Bergman kernel is given by

1

Ky 0 = VB) (1—z. oyt

where V(B) denotes the Euclidean volume of the domain B. Then

log K(z,2) = —log V(B) — (n + 1) log(1 — |z]*).

never published this result. Boutet de Monvel [BOU] in dimension 2 and Robin Graham [GRA3]
in general gave rigorous proofs of the result. See also the work of Hirachi [HIR1]. There are
unbounded domains and also roughly bounded domains on which the analogue of this result for
the Szeg6 is known to fail—see [HIR2].
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Further,
0 5 Z;
E(—(n + Dlog(l —1e%) = (n + D=
and
2 ) 8k Zj %%k
2,0+ Dleg( =) = 4+ D) [1 —E P |z|2)2]
_ %[&k(l — 2P + 7]
= gjk(2)-
When n = 2 we have
k(@) = (I—LIZIZ’)Z[&]{(I =12 + ;2]
Thus
3 —|z)? z
(gix(@) = A= 1zp2 (Zl2Z1 <l 1 |ZZ11Z|§).
Let

2
ik
(")
jk=1
represent the inverse of the matrix

2
(gjk@) .
k=1

Then an elementary computation shows that

2 2 - 2
. 1—|z] (l—lzl2 —zz) 1— g -
jk I 1 241 = " (5. _7.
Z = = ZiZk) ., -
(g ( ))j,kzl 3 -z122 11— |Zz|2 3 ( Ik J k)/’k

Let

g = det(gjk (Z)).

101
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Then

9

ST 0P

Now let us calculate. If (g fk)i «— is the Bergman metric on the ball in C?, then we
have

and

Z%(gg”‘) =0.

jk
We verify these assertions in detail in dimension 2: Now

: 9o 1 —-IZI2 ,
3 -
EED

88

It follows that

P . 67; 32k
—_ k| — J S0 —7:i7.) —
'-[gg] (= ey O %% = T

09 - 2 [62; (8,8 —Z2) 3z;
— ik | = ASS) J _ J
2 z~[gg } j,k=1[ (1—[2P)? (1—|z|2>2}
|21z 2k
Z(l—|z|2)3 Z(1—| R ;(Hzmz
2k
= i

=0.

The other derivative is calculated similarly.
Our calculations show that, on the ball in C2,
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R
=4 g]kT_
%} 0Z; 0zk
1 —|z]? B 02
= 42 8k —Zjzk) ==
I 07,97

Now the interesting fact for us is encapsulated in the following proposition:

Proposition 3.4.1. The Poisson-Szegé kernel on the ball B solves the Dirichlet
problem for the invariant Laplacian L. That is to say, if f is a continuous function
on 0B, then the function

J33 Pz, 0)- f(©)do(Q) if z€ B

f@ ifz € 0B
is continuous on B and is annihilated by £ on B.

This fact is of more than passing interest. In one complex variable, the study of
holomorphic functions on the disc and the study of harmonic functions on the disc
are inextricably linked because the real part of a holomorphic function is harmonic
and conversely. Such is not the case in several complex variables. Certainly the
real part of a holomorphic function is harmonic. But in fact it is more: Such a
function is pluriharmonic. For the converse direction, any real-valued pluriharmonic
function is locally the real part of a holomorphic function. This assertion is false if
“pluriharmonic” is replaced by “harmonic.”

And the result of Proposition 3.4.1 should not really be considered to be
surprising. For the invariant Laplacian is invariant under isometries of the Bergman
metric, hence invariant under automorphisms of the ball. And the Poisson—Szegd
kernels behave nicely under automorphisms. E. M. Stein was able to take advantage
of these invariance properties to give a proof of Proposition 3.4.1 using Godement’s
theorem—that any function that satisfies a suitable mean-value property must be
harmonic (i.e., annihilated by the relevant Laplace operator). See [STE2] for the
details.

Sketch of the Proof of Proposition 3.4.1 Now

=t [ Peo w0 = | [czp(z,o]f(z)da@).
B B

Thus it behooves us to calculate £,P(z,{). Now we shall calculate this quantity
for each fixed ¢. Thus without loss of generality, we may compose with a unitary
rotation and suppose that { = (1 4 i0,0 + i0) so that (in complex dimension 2)

([

P= .
11 —z]*



104 3 Further Geometric and Analytic Theory

This will make our calculations considerably easier.
By brute force, we find that

P —1+z+ |Z2|2]
— =20 -znA =z | ———— =
P ( D1 = z[) [ =z
82P — 2 2 2 2 2
= =zl =zt lz2]” + 3|z2” — 21z
o = T AP — Pl + 3P —al)

“2lz* =1+ 21 + 21 — Zilz2f?]
PP —2(1-1z)

[222 =22 — 2%|2)? =2l |2]

0210z |1 —2z°
P —2(1—-72)
= 225 — 2271 — 222|122 — 22)21)?
92,92 =z [ 2 — 2221 2|2 2|21 ]
P 2+ 2|21z + 2|221%22
322 Il—Zl|4
PP —242[z]* + 4z)
> _ 2242 t 22| (3.4.1.1)
02202> |1 —z]
Now we know that, in complex dimension two,
LPED = AR A —laP) e 1 A (mim -
e ¢ SR T TR D A a az
4 . PP, | 4 _ PP,
+§(1—|Z| ) (=22z1) - 02,055 + 3(1 [21%) - (1 = |z2]*) - PR

Plugging the values from (3.4.1.1) into this last equation gives

4 -2
£PGD = 3= kP) (= laP) o [P =l Pl

+3l? —zlnl 2l -1+ +7 —51|22|2}

F50 1) (az)

—2(1 —1zy)

TR . |:222 — 2221 — 222|12|2 _Z2|Zl|2:|
—21

F50 - 1P (220
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—2(1 =71

| 222 — 2271 — 222|22|" — 22|21
T 2olol — sl P
-2

=24 2|z + 4z
1=z

4
30— 2*) - (1= [l - 1=z

Multiplying out the terms, we find that

=2
[1—z]°

+zi+ 72—zl + lal + a2 + 2z Pzl

LPE0) = - [—m P aa Pl + 3P — 2o — 20zl — 1

+ 2|z Plzal* + |z — zilz P = Zilz P +51|Zl|2|22|2]

2

- o [l Pkl 4 2l + 2l
et

—alalPlzl = 2|z Pl = |2zl

2
“hoaf [—221 221> + 3lz1 Plz2 ) + 2lz2l*z1 + zilz2 |z 1P
— <1

—zalaPlal = 2laPlal = l2lPla

_2
[1—z

+ 3zl — zilz Plal* — 2211zl — 21 + Zilzi P + 3z |22 — Zilzi Pz

- [1 P = 3l Pl 4+ 2l — 2+ 21l
C 2l 4 =l = 3l Pl + el + 212 |2|zZ|4] .

And now, if we combine all the terms in brackets, a small miracle happens:
Everything cancels. The result is

L. P(z,()=0. O

Thus in some respects, it is inappropriate to study holomorphic functions on the
ball in C" using the Poisson kernel. The classical Poisson integral does not create
pluriharmonic functions, and it does not create functions that are annihilated by the
invariant Laplacian. In view of Proposition 3.4.1, the Poisson—-Szegd kernel is much
more apposite. As an instance, Adam Koranyi [KOR1, KOR2] made decisive use
of this observation in his study (proving boundary limits of H? functions through
admissible approach regions A,) of the boundary behavior of H?(B) functions.



106 3 Further Geometric and Analytic Theory

It is known that the property described in Proposition 3.4.1 is special to the
ball—it is simply untrue on any other domain (see [GRA1, GRA2] for more detail
on this matter). Now one of the points that we want to make in this section is that the
result of the proposition can be extended—in an approximate sense—to a broader
class of domains.

Proposition 3.4.2. Let 2 € C" be a smoothly bounded, strictly pseudoconvex
domain and P its Poisson—Szegé kernel. Then, if f € C(052), we may write

Pf@=Pif(@+Ef(2).
where

(i) The term Py f is “approximately annihilated” by the invariant Laplacian on £2.
(ii) The operator £ is smoothing in the sense of pseudodifferential operators.

We shall explain the meaning of (i) and (ii) in the course of the proofs of these
statements.

Proof of Proposition 3.4.2: We utilize of course the asymptotic expansion for
the Szegd kernel on a smoothly bounded, strictly pseudoconvex domain (see
[FEF1, Part I], [BOS]). It says that, for z,{ near a boundary point P, we have
(in suitable biholomorphic local coordinates)

Se@8) = — " 4 h(z6) log|l —2-C| + EGL). (3.42.1)
(I—=z-0"

Here £ is a smooth function on 2 x £2.
Now we calculate P(z, £) in the usual fashion:

2

CI‘I B
— 4+ h(z,0) - log |l —z- |
S , 2 — . n
Pole.t) = IS(z or _la zcni) +F(z.0).
(2.2) T + h(z,z) - log(1 — |z]?)

(34.2.2)
One can use just elementary algebra to simplify this last expression and obtain that,
in suitable local coordinates near the boundary,

ALy
Paled) = =
21— |2y’

— log|1—z-E|+O|:(1—|z|2)”-log|l—zf|]
[1—z-g|

(=l
[1—z- >

— %n

+ G(z.0). (3.4.2.3)
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Now the first expression on the right-hand side of (3.4.2.3) is (in the local
coordinates in which we are working) the usual Poisson—Szegd kernel for the unit
ball in C". The second is an error term which we now analyze.

In fact we claim that the error term is integrable in ¢, uniformly in z, and the same
can be said for the gradient (in the z variable) of the error term. The first of these
statements is obvious, as both parts of the error term are clearly majorized by the
Poisson—Szeg6 kernel itself. As for the second part, we note that the gradient of the
error gives rise to three types of terms:

NIEIE
1—z-g
a—1lzP"
|l —z- [+t
(1 —1z[»"
Il —z- gt
=TI +I11+1I1. (3.4.2.4)

log|1 —z-¢|

log|l —z-¢|

Now it is clear by inspection that / and /] are majorized by the ordinary Poisson—
Szegd kernel, so they are both integrable in ¢ as claimed. As for /77, we must
calculate:

[ eo= |
rean |1 —z- ¢! 2 (1=[z]) < 1=z g <2/ H1 (1= [z?)

Jj==1

(1—z»"!
W oo
< —j(n+1)
- /;1 (1- |Z|2)2 /—Z'€|52j+'(1—|z|2) 2 4o (@)

0o .
2 jn+1)
< E cC —
- (1—1z*)?

j==1

x[2741 (1= 1zP)]

-y i ||2)2 (=P = 12P)

j=—1

. [ /2j+1(1 — |Z|2)]2n—2

i) H(+D@=1)  5j+1

o0
C-2"(1— )2 ) 27

j==1

IA

<.
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Thus we see that the Poisson—Szegd kernel for our strictly pseudoconvex domain
£2 can be expressed, in suitable local coordinates, as the Poisson—Szegd kernel for
the ball plus an error term whose gradient induces a bounded operator on L?. This
means that the error term itself maps L? to a Sobolev space. In other words, it is a
smoothing operator (hence negligible from our point of view).

In fact there are several fairly well-known results about the interaction of the
Poisson—Bergman kernel and the invariant Laplacian. We summarize some of the
basic ones here.

Proposition 3.4.3. Let f be a C? function on the unit ball that is annihilated by the
invariant Laplacian L. Then, for any 0 < r < 1 and S the unit sphere,

/S Fr0)do (@) = c(r) - £(0).

Here do is a rotationally invariant measure on the sphere S

Proof: Replacing f with the average of f over the orthogonal group, this just
becomes a calculation to determine the exact value of the constant c¢(r)—see
[RUD2, p. 51]. O

Proposition 3.4.4. Suppose that f is a C? function on the unit ball B that is
annihilated by the invariant Laplacian L. Then f satisfies the identity Bf = f.
In other words, for any z € B,

f(@ Z/BB(Z,C)f(Z)dV(Z)-

Proof: We have checked the result when z = 0 in the last proposition. For a general
z, compose with a Mdbius transformation and use the biholomorphic invariance of

the kernel and the differential operator L. O
Remark 3.4.5. It is a curious fact (see [AFR]) that the converse of this last
proposition is only true (as stated) in complex dimensions 1,2,...,11. It is false
in dimensions 12 and higher. O

Finally we need to address the question of whether the invariant Laplacian
for the domain §2 annihilates the principal term of the right-hand side of the
formula (3.4.2.3). The point is this. The biholomorphic change of variable that
makes (3.4.2.3) valid is local. It is valid on a small, smoothly bounded subdomain
£2' C £2 which shares a piece of boundary with d§2. According to Fefferman [FEF1,
Part I] (see also the work in [GRK1,GRKZ2]), there is a smaller subdomain 2" C 2’
(which also shares a piece of boundary with d§2 and 9£2’) so that the Bergman
metric of 2’ is close—in the C? topology—to the Bergman metric of £2 on the
smaller domain §2". Tt follows then that the Laplace-Beltrami operator £/ for the
Bergman metric of £2’ will be close to the Laplace-Beltrami operator £, of £
on the smaller subdomain £2”. Now, on §2’, the operator .o/ certainly annihilates



3.5 Dirichlet Problem for Invariant Laplacian 109

the principal term of (3.4.2.3). It follows then that, on §2”, the operator Lo nearly
annihilates the principal term of (3.4.2.3). We shall not calculate the exact sense in
which this last statement is true, but leave details for the interested reader.
This discussion completes our consideration of (3.4.2.3). O
It is natural to wonder whether the Poisson—Bergman kernel 5 has any favorable
properties with respect to important partial differential operators. We have the
following positive result:

Proposition 3.4.6. Let 2 = B, the unit ball in C", and B = Bg(z, {) its Poisson—
Bergman kernel. Then B is plurisubharmonic in the { variable.

Proof: Fix a point { € B and let @ be an automorphism of B such that @({) = 0.
From Proposition 3.2.4, we then have

Bg(z.£) = Bp(®(2). D(0)) - [det JcP(0)]* = Bp(®(2).0) - [det JcP(0)|*.
(3.4.6.1)

We see that the right-hand side is an expression that is independent of { multiplied
times a plurisubharmonic function. A formula similar to (3.4.6.1) appears in [HUA].
The same argument shows that (¢, ¢) is plurisubharmonic. O

3.5 The Dirichlet Problem for the Invariant Laplacian
on the Ball

We will study the following Dirichlet problem on B € C? :

Agu=0 on B

(3.5.1)

ulyy = ¢
where ¢ is a given continuous function on dB. Here A is the invariant Laplacian
(i.e., the Laplace—Beltrami operator for the Bergman metric) on the unit ball in C".

Exercise: Is this a well-posed boundary value problem (in the sense of Lopatinski)?
Consult [KRA4] for more on this topic.

The remarkable fact about this relatively innocent-looking boundary value
problem is that there exist data functions ¢ € C°°(dB) with the property that
the (unique) solution to the boundary value problem is not even C2 on B. This
result appears in [GRA1,GRAZ2] and was also discovered independently by Garnett—
Krantz (see [KRA4]). It is in striking contrast to the situation that obtains for the
Dirichlet problem for a uniformly elliptic operator.
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Observe that, for n = 1, our Dirichlet problem becomes
%(1—|z|2)2Au=00nD§C
”|aD =9,
which is just the same as
{ Au=0 onDcCC
”}aD =¢.

This is the standard Dirichlet problem for the Laplacian—a uniformly strongly

elliptic operator. Thus there is a complete existence and regularity theory: the

solution u will be as smooth on the closure as is the data ¢ (provided that we

measure this smoothness in the correct norms). Our problem in dimensions n > 1

yields some surprises. We begin by developing some elementary geometric ideas.
Let ¢, & € 0B. Define

p(&. &) =11-¢-§'7,

where ¢ E = §1§1 + §2§2. Then we have

Proposition 3.5.2. The binary operator p is a metric on dB.

Proof: Let z, w, { € dB. We shall show that

0(z,0) < pz, w) + pw, ).

Assume for simplicity that the dimension n = 2. After applying a unitary rotation,
we may suppose that w = 1 = (1,0). Now |1 —z-{| = 1]z — ¢|*. Therefore it
suffices for us to prove that

%Iz—s‘l < JT=al+VIi=al.
But

1 1 1

E|Z—§| < —2|Z—1|+E|1—§|~

(Notice that for z, ¢ symmetrically situated about 1 and very near to 1, this is nearly
an equality.) Thus it is enough to prove that

lz—1] < V2|1 —z|.

Finally, we calculate that
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lz=1 = V|1 =21 + |22]?
=Vil—z2+ 1]z
= /2-2Rez
=Vv2\/1-Rez

< V2|1 -1z]. O

Now we define balls using p : For P € dB and r > 0 we define §(P,r) = {C €
0B : p(P, ) < r}. [These skew balls play a decisive role in the complex geometry
of several variables. We shall get just a glimpse of their use here.] Let 0 # z € B
be fixed and let P be its orthogonal projection on the boundary: Z = z/|z|. If we fix
r > 0, then we may verify directly that

P(z,¢) — 0 uniformlyin ¢ € dB\ B(E.r) as z —Z.

Proposition 3.5.2. Let B C C" be the unit ball and g € C(dB). Then the function

_ [ PO do(0) ifz€ B
o = %ga(i) ifzc B

solves the Dirichlet problem (3.5.1) for the Laplace—Beltrami operator A . Here
‘P is the Poisson—Szeg6 kernel.

Proof: It is straightforward to calculate that

ABG@)=1£JABP@xﬂg@)mﬂo
=0

because AgP(-,¢) = 0.
For simplicity let us now restrict attention once again to dimension n = 2. We
wish to show that G is continuous on B. First recall that

1 (1—z»)?

PEO= GBI

Notice that

/W@mwwzfp@owwzfp@oww@zl
JoB JB JB
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since the identically 1 function is holomorphic on £2 and is therefore reproduced by
integration against P. We have used also the fact that P > 0.

Now we enter the proof proper of the proposition. Fix € > 0. By the uniform
continuity of g, we may select a § > 0 such that if P € dB and { € B(P, ), then
|g(P) — g(¢)| < €. Then, for any 0 # z € B and P its projection to the boundary,
we have

1G() — g(P)] = ' /d P05 o) —g(P)‘
_ ' [ Peos©awo- [ e z)g<P)da<z>‘
0B 0B
< / PG OIg(©) — g(P)|do
B
- / P OIg©) — g(P)] do(0)
B(P.5)

/ P(z.9)[g(5) — g(P)|do (%)
IB\B(P.5)

IA

€ + 2llg]| Lo /a sy PED )

By the remarks preceding this argument, we may choose r sufficiently close to 1
such that P(z,¢) < € for |z| > r and { € dB \ B(P,§). Thus with these choices, the
last line does not exceed C - €.

We conclude the proof with an application of the triangle inequality: Fix P € 0B
and suppose that 0 # z € B satisfies both |P —z] < § and |z| > r. IfZ7 = z/|z] is
the projection of z to dB, then we have

|G(z) —g(P)| = 1G(2) — g@| + |g@) — g(P)I.

The first term is majorized by € by the argument that we just presented. The second
is less than € by the uniform continuity of g on 942.
That concludes the proof. O

Now we know how to solve the Dirichlet problem for Ap, and we want next to
consider regularity for this operator. The striking fact, in contrast with the uniformly
elliptic case, is that for g even in C*°(dB), we may not conclude that the solution
G of the Dirichlet problem is C°° on B. In fact, in dimension 7, the function G is
not generally in C"(B). Consider the following example:

Example: Letn = 2. Define

gz, 22) = lu |2-
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Of course g € C°°(dB). We now calculate Pg(z) rather explicitly. We have

_ 1 (1- |Z|2)2 2
PeO = gy | 1 gl 0 )

Let us restrict our attention to points z in the ball of the form z = (r +i0, 0). We set

Pg(r +i0) = ¢(r).

We shall show that ¢ fails to be C? on the interval [0, 1] at the point 1. We have

P(r) = |§1|2d0(§)

(8B) /B 11— E [+

1—r2)2/ f [T

0(B) Jigi<1t Jinl=v/1imime 1T =r&l* /1 IZII2

_ (1—r2)2/ 167 2my/1— )2
U(aB) [¢il<1 |1_r§1|4 \/1—|é‘1|2

_ 27 _ 22 [<15
=sam ") /W T

Now we set &} = e'¥,0 < 7 < 1,0 < ¥ < 2. The integral is then

2
2\2
0(83) )/ / |1—rre”/’|4tdtd1//

We perform the change of variables rt = s and set C = 27 /0 (dB). The integral
becomes
(1 _ r2)2 /27‘! /r S3
C—k ———dsd
r4 0 0 |1—Se”/[|4 s w

(1 —}’2)2 /r 3/271 1
C—— ————dyd
ré 0 ’ o [1—selV]* yds

Now let us examine the inner integral. It equals

ds(82) dA(S1)

dA(&n)

2 1
/0 (=521 — sz ¥

2 eZn/f
S
o (1 —sel¥)2(elV —s)?

2 LVZ
(1—se'V) iy
= ———¢'Yd
/o (e —s)? v

1 (o,
— 27_’: (1_577)

27i Jip=1 (n—5)?
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Applying the theory of residues to this Cauchy integral, we find that the last

line equals
b4 d h
dp \ (1 = sn)?

(1 _ r2)2 r S3(1 + S2)
¢ ré /0 (1—s2)3

1+ 52
=2r—.
. (1—s52)

Thus

p(r) = 2

Gy (=12 7 51+ )
= "nC " /0 =3 ds
_ (1 _rz)z r2 2 3 {
= =C 4 /(; (1_5)3_(1—s)2+ ) ds
_ (1 —}"2)2 1 3 r?
RS {[(1 s e —S)]0 }

(1—r?? 1 3

- e r {(1—r2)2_l—rz_log(l—rz)-l-Z}
- jt'_f{ 1=3(1=r%) = (1=rlog(1—r?) +201 —rz)z}
R e A R
= . b |

Thus we see that ¢(r) is the sum of two terms. The first of these is manifestly
smooth at the point 1. However, the second is not C? (from the left) at 1. Therefore
the function ¢ is not C? at 1 and we conclude that Pg is not smooth at the point
(1,0) € 0B, even though g itself is. O

The phenomenon described in this example was discovered by Garnett and Krantz
in 1977 (unpublished) and independently by Graham [GRA1, GRA2]. Graham
subsequently developed a regularity theory for A p using weighted function spaces.
He also used Fourier analysis to explain the failure of boundary regularity in the
usual function space topologies.

It turns out that these matters were anticipated by Folland in 1975 (see [FOLY]).
Using spherical harmonics, one can see clearly that the Poisson—-Szegd integral of
a function g € C*(3dB) will be smooth on B if and only if g is the boundary
function of a pluriharmonic function (these arise naturally as the real parts of
holomorphic functions—see [KRA1]). We shall explicate these matters in Chap. 4
with a discussion of spherical harmonics.
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3.6 Concluding Remarks

The idea of reproducing kernels in harmonic analysis is an old one. The Poisson and
Cauchy kernels date back to the mid-nineteenth century.
Cauchy integral formula is special in that its kernel, which is

1 1

2mi (-7’

is the same on any domain. A similar statement is not true for the Poisson kernel,
although see [KRA7] for a study of the asymptotics of this kernel.

The complex reproducing kernels that are indigenous to several complex vari-
ables are much more subtle. It was only in 1974 that C. Fefferman was able to
calculate the Bergman kernel asymptotics on strictly pseudoconvex domains. Prior
to that, the very specific calculations of Hua [HUA] on concrete domains with a
great deal of symmetry were the standard in the subject. A variant of the Fefferman’s
construction also applies to the Szegd kernel (see also [BOS]). Carrying out an
analogous program on a more general class of domains has proved to be challenging.

This portion of the book is an invitation to study yet another kernel—the Poisson—
Bergman kernel. Inspired by the ideas of [HUA], this is a positive reproducing
kernel for the Bergman space. There are many questions about the role of this new
kernel that remain unanswered.

Exercises

1. Use results from the text to give an approximate formula for the Berezin kernel
of the annulus.

2. Up to an error term, calculate the Bergman representative coordinates on the
annulus.

3. Write down a biholomorphic mapping from the unit ball B in C” to the domain

U={zeC":Imz > |Zz|2+"'+ |Zn|2}'

[Hint: Imitate the Cayley transform from classical function theory.] Use the
biholomorphic invariance of the Bergman kernel to determine the Bergman
kernel for U.

4. Calculate the Berezin kernel for the domain I/ in Exercise 3.

5. What can you say about the Berezin kernel for the domain

U={eC:0<Im¢<1}?

What is the asymptotic behavior of the kernel as the argument(s) tend to
infinity?
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10.

3 Further Geometric and Analytic Theory

Use the Fefferman asymptotic expansion for the Bergman kernel of a strictly
pseudoconvex domain to give a new asymptotic expansion for the Berezin
kernel of a strictly pseudoconvex domain. What sort of logarithmic term do
you get?

It is certainly the case that the Bergman kernel of the unit disc is a derivative of
the Szeg6 kernel for the disc. Something of this nature is also true on the ball.
Explain.

Use the philosophy of Exercise 7 together with the Fefferman asymptotic
expansion to guess what the asymptotic expansion of the Szegd kernel on a
strictly pseudoconvex domain should look like. Refer to the paper [BOS] to
verify your answer.

Let £2 € C be a bounded domain with C2 boundary. Let S € 052 be an arc of
the boundary. Then certainly there is a conformal map ¢ of the disc into £2 so
that an arc of the boundary of the image U coincides with S. Thus the Bergman
kernel of the disc can be transferred to U. And the Bergman kernel of U can be
compared to the Bergman kernel of §2 (this is all a poor man’s version of the
Fefferman’s procedure for strictly pseudoconvex domains). Fill in the details
of this argument to obtain an asymptotic expansion for the Bergman kernel of
2.

Let £2 € C be a bounded domain with boundary point P at which the boundary
has a corner with angle 8. What can you say about the asymptotic behavior of
the Bergman kernel at P? How does your answer vary with 8? What happens
asf — m?



Chapter 4
Partial Differential Equations

4.1 The Idea of Spherical Harmonics

Spherical harmonics are for many purposes the natural generalization of the
Fourier analysis of the circle to higher dimensions. Spherical harmonics are also
intimately connected to the representation theory of the orthogonal group. As a
result, analogues of the spherical harmonics play an important role in general
representation theory.

Our presentation of spherical harmonics owes a debt to [STW]. In fact Chap. 4,
Sect. 4.2 of [STW] contains all the most basic ideas about spherical harmonics, and
we refer the reader to [STW] both for the standard notation and for details.

In the next section we begin our serious investigation of the more advanced
properties of spherical harmonics.

4.2 Advanced Topics in the Theory of Spherical Harmonics:
The Zonal Harmonics

Since the case N < 2 is very familiar and has been treated in some detail elsewhere,
let us assume from now on that N > 2.
Fix a point x’ € X y_; and consider the linear functional on H; given by

ey Y = Y(X).

Of course Hy is a Hilbert space so there exists a unique spherical harmonic Zi]f)
such that

Y(x') = ex(Y) = / Y z% ") dr’

XN—1
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for all Y € Hy. [The reader will note here some formal parallels between the zonal
harmonic theory and the Bergman kernel theory covered earlier. In fact this parallel
goes deeper. See, for instance, [ARO] for more on these matters.]

Definition 4.2.1. The function Z“({]f) is called the zonal harmonic of degree k with
pole at x’.

Lemma 4.2.2. If {Yl, e, Yak} is an orthonormal basis for Hy., then

@ ey YO () = 237 (0.
(b) Zi’f) is real valued and Zi’f)(t’) = Zt(,k)(x’).
(c) If p is a rotation, then Z/()];), (pt") = Z)(ff) ).

Proof. Let Z ® = Sk (Z ® Y)Y, be the standard representation of Z ® with

x' m=1\"x/ > x/
respect to the orthonormal basis {7, ..., Y,, }. Then

(2®.7,) = / T ZO @) dt’ = Vo):
IN—1

we have used here the reproducing property of the zonal harmonic (note that since
Y, is harmonic then so is Y},)). This proves (a), for we know that

z0@) =Y (2D V)Y () = V()Y ().

m=1

To prove (b), let f € Hy. Then

fx) = : TaHz®adr'
= | rezdwar

That is,
f&h = | FeHz® ey dr',

Thus we see that Z )(C]f) reproduces H; at the point x’. By the uniqueness of the zonal

harmonic at x’, we conclude that Zilf) = Z_ilf) . Hence, Zi’f) is real valued. Now,
using (a), we have
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ZW) = Y V)Y,

m=1
ak
= Z Ym(x/)Ym(ﬂ)
m=1
=z
k
= ZI(/ )(x).
This establishes (b).

To check that (c) holds, it suffices by uniqueness to see that Z:)I;), (pt’) reproduces
H, at x’. This is a formal exercise which we omit. O

Lemma 4.2.3. Let {Y),..., Y, } be any orthonormal basis for H*. The following
properties hold for the zonal harmonics:

(a) Z)(le)(x’) = U(E"A’L]), where a;, = dim Ay = dimHy.

b)) Yo Y (x)? = L

(k)
© 1Z0 ()] = s,

Proof. Let x|, x) € Xy_; and let p be a rotation such that px| = x}. Then, by parts
(a) and (c) of 4.2.2, we know that

aj Aak
k k
YYDl = 2P0 = 2 () = D Yl =c.
m=1 m=1
Thus

agk
ap = Z[ |V, (x")|* do (x”)
m=1YZN=1

/2 ai | Y, (x7)]? dx’

N=1 ;=1

co(Zn-1).

This proves parts (a) and (b).
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For part (c), notice that

k k
1Z303, = / 1ZO @2 de’
XN—1

- /E (Z Ym(x/)Ym(m) (Z Yz(X’)Yz(l/)) ar’
N—1 ¢

m

D Y ()P

ax
o(Zn-1)

Finally, we use the reproducing property of the zonal harmonics to see that

(k) _ (k) (k)
12,7 () = ‘ /E zO W)z 'y dw’
N—1

IA

(k) (k)
1Z W2 - 12 N 2
Ak
= . O
o(Zn-1)
Now we wish to present a version of the expansion of the Poisson kernel in terms

of spherical harmonics in higher dimensions. Recall that the Poisson kernel for the
ball in R" is

1 1—|x]?

P(x,t) =
) = e =1

for 0 < |x| < 1 and |[¢t/| = 1. Now we have

Theorem 4.2.4. If x € B, then we write x = rx’ with |x’| = 1. It holds that

oo o0
P(x,t) = Zrka]f)(t’) = ZrkZ[(,k)(x')
k=0

k=0

is the Poisson kernel for the ball. That is, if f € C(dB), then

/ P(x,t) f(t)do(t) = u(x)
9B

solves the Dirichlet problem on the ball with data f.
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Proof. Observe that

N+k-1 N+k-3

_ (N+k=3)! ((N+k—D)(N+k-2) k-1
_(k—l)!(N—Z)!{ k(N —1) N-1

_(N+k=3\(N+2k—2

- k—1 k
N+k-3

C -

< C- kN2

Here C = C(N) depends on the dimension, but not on k. With this estimate, and
the estimate on the size of the zonal harmonics from the preceding lemma, we see
that the series

o0
Z rkZ[(,k) (x")
=0
converges uniformly on compact subsets of B. Indeed, for |x| < s < 1,x = rx/,
we have that
(k) N O kpN=2 _
r*Z,7(x") s =C' ) sk
,;J = Z O(EN 1) g U(EN 1) kZO

Now let u(t’) P Ym(t') be a finite linear combination of spherical
harmonics with all Y,, € Hy. Then

P
3 Ix Y, (%) = u(x) = /Z (') P(x, 1) de’
m=0 N—l

is the solution to the classical Dirichlet problem with data Y. Here P(x,?’) is the
classical Poisson kernel. On the other hand,
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oo
k
/ w() Y [x 2P () dr’
Iy k=0
14 o}
k
- Z/ Yu ()Y x[ 25 (') dr’
m=0 "7 EN—1 k=0

S »NY|

Y, (thZ (x')dr’
m=0 k=0 Zy-1

P
D XY (')
m=0

u(x).

Thus

/ [P(x.1)) - Z Ix[*Z/ O ") Ju’ydt’ = 0
EN—1

k

for all finite linear cominations of spherical harmonics. Since the latter are dense in
L?*(Xn—1), the desired assertion follows. O

Our immediate goal now is to obtain an explicit formula for each zonal harmonic
Z)((]f). We begin this process with some generalities about polynomials.

Lemma 4.2.5. Let P be a polynomial in R" such that
P(px) = P(x)

forall p € O(N) and x € RY. Then there exist constants cy, ..., ¢, such that
P
P(x) = Z e (7 4+ x3)".
m=0
Proof. We write P as a sum of homogeneous terms:

q
P =Y Pi).
£=0

where Py is hologeneous of degree £. Now for any € > 0 and p € O(N), we have
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q q
D€ Pux) =) Pulex)
(=0 =0

= P(ex)
= P(epx)

Py(epx)

e Py(px).

q
£=0
q
=0

For fixed x, we think of the far left and far right of this last sequence of equalities
as identities of polynomials in €. It follows that Py(x) = Py(px) for every £. The
result of these calculations is that we may concentrate our attentions on Py.

Consider the function |x|~¢P(x). It is homogeneous of degree 0 and still
invariant under the action of O(N). Then

[x|7EPe(x) = co.

for some constant ¢;. This forces £ to be even (since Py is a polynomial function);
the result follows. O

Definition 4.2.6. Let e € Xy_1. A parallel of ¥n_1 orthogonal to e is the inter-
section of X y_; with a hyperplane (not necessarily through the origin) orthogonal
to the line determined by e and the origin.

Notice that a parallel of ¥ y_; orthogonal to e is a set of the form
(X es:x'e=c},

—1 < ¢ < 1. Observe that a function F on X y_; is constant on parallels orthogonal
toe € Xy—; if and only if for all p € O(N) that fix e it holds that F(px") = F(x').

Lemma 4.2.7. Lete € Xy_;. An element Y € Hy is constant on parallels of X
orthogonal to e if and only if there exists a constant ¢ such that

Y = cz®,

Proof. Recall that we are assuming that N > 3. Let p be a rotation which fixes e.
Then, for each x’ € X, we have

ZO () = 28 (px') = ZP (px).

Hence Zﬁk) is constant on the parallels of ¥ orthogonal to e.
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To prove the converse direction, assume that Y € Hy is constant on the parallels
of ¥ orthogonal to e. Let ey = (1,0,...,0) € X and let  be a rotation such that
e = tey. Define

W(x') = Y(zx').

Then W € Hj is constant on the parallels of X orthogonal to e;. Suppose we can
show that W = cZé(f) (x") for some constant ¢. Then
Y(x') = W(r™'x) = czP 7'y
=cZ® (") = cZP ().

So the lemma will follow. Thus we examine W and take e = e;.
Define

[x[FW(x/Ix]) if x # 0

P(x)z{o if x = 0.

Let p be a rotation that fixes e;. We write
k
i
P(x) = le ij(Xz,...,XN).
j=0

Since p fixes the powers of xy, it follows that p leaves each P; invariant. Then each
P; is a polynomial in (x2,...,xy) € RN~ that is invariant under the rotations of
RM~!. We conclude that P; = 0 for odd j and

n )
Pj(Xz,...,XN) :cj(x§+---+x,2\,)]/ ECjRJ(Xz,...,XN)
for j even. Therefore
P(x) = coxlf + clel‘_2R2 + - Cz[XIMRk_N,

for some £ < k /2. Of course P is harmonic, so A P = 0. A direct calculation then
shows that

0=2AP =3 ez, + caprnBpley TR,
p

where
ap = (k—2p)k—-2p—1)
and

Bp=2(p+ 1N +2p—1).



4.2 Zonal Harmonics 125

Therefore we find the following recursion relation for the ¢’s:

_ apCap
C>p+1) = — B
14

In particular, ¢y determines all the other ¢’s.

From this it follows that all the elements of /; which are constant on parallels
k)

of X orthogonal to e; are constant multiples of each other. Since Ze(1 is one such
element of Hy, this proves our result. O
Lemma 4.2.8. Fix k. Let Fy/(x') be defined for all x', y’ € X. Assume that

(i) Fy/(-) is a spherical harmonic of degree k for every y’ € X.
(ii) For every rotation p we have F,y (px’) = Fy/(x'), allx’, y" € X.

Then there is a constant ¢ such that
(k)
Fy(x") = cZ, (x".
Exercise: Show that a function that is invariant under a Lie group action must be

smooth (because the group is). Thus it follows immediately that the function F in
the lemma is a priori smooth.

Proof of the Lemma: Fix y’ € X and let p € O(N) be such that p(y’) = y’. Then
Fy’(xl) = pr’(Px/) = Fy’(px,)~
Therefore by the preceding lemma,
k
Fy(x') = ey Z5(x").

(Here the constant ¢,y may in principle depend on y’.) We need to see that for
y1-¥5 € X arbitrary, it in fact holds that ¢,y = ¢,;. Let 0 € O(N) be such that

o(y1) = y5. By hypothesis (ii),
cyél)(z)(ox’) = Fy;(ox")
= Fpyy(0%)
= Fy(x)
:c%zﬁky)
= cny((Tl;){ (ox")

_ (k) ’
= cy{Zyé (ox").
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Since these equalities hold for all x” € ¥, we conclude that

Cyy = €y

That is,
(k)
Fy(x') =cZ, (x). O

Definition 4.2.9. Let 0 < |z| < 1,]z] < 1, and fix A > 0. Consider the equation
72 —2tz+1=0.Thenz = t &= +/t2 — 1 so that |z| = 1. Hence, 72 — 2tz + 1 is
zero-free in the disc {z : |z] < 1} and the function z — (1 — 2tz + z2)™* is well
defined and holomorphic in the disc. Set, for 0 <r < 1,

o0
(I =2rt + )7 =) Pl
k=0

Then ka (¢) is defined to be the Gegenbauer polynomial of degree k associated to
the parameter A.

Proposition 4.2.10. The Gegenbauer polynomials satisty the following properties:

() P}1) = 1.
(2) &P}ty = 24P () for k > 1.
3) LPMt) = 24P (1) =21,
“) Pkl is actually a polynomial of degree k int.
(5) The monomials 1,¢,t2,... can be obtained as finite linear combinations of
P}, P}, P}
o Pl Py
(6) The linear space spanned by the PkA ’s is uniformly dense in C[—1, 1].
(7) PM(—t) = (=1)FP)(¢) forall k > 0.

Proof. We obtain (1) by simply setting r = 0 in the defining equation for the
Gegenbauer polynomials.
For (2), note that

o0
202 PIT 0rk = 2rA (1 20t 4 12 Y
k=0

= %(1 —2rt + rz)_A
o0
d
=) :5 ok

k=0

The result now follows by identifying coefficients of like powers of r.
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For (3), observe that [using (1) and (2)]

d
aPﬁ(:) = 20Pft(t) = 2A.

It follows from integration that Pl’X is a polynomial of degree 1 in ¢. Applying
(2) and iterating yields (4).

Now (5) follows from (4) (inductively) and (6) is immediate from (5) and the
Weierstrass approximation theorem.

Finally,
o0
S Pt = (1 —2r (-0 + 1)
k=0
=(1=2t(=r)+ (=r)?) "
o0
=2 P!
k=0
o
=Y (=D PLor".
k=0
Now (7) follows from comparing coefficients of like powers of r. O

Theorem 4.2.11. Let N > 2,1 = (N —2)/2,k €{0,1,2,...}. Then there exists
a constant cy y such that

Z;]f)(x/) =N PHX - Y).

Exercise: Compute by hand what the analogous statement is for N = 2. (Recall
that the zonal harmonics in dimension 2 are just cosk8/./m and sink6//7 for
k>1)

Proof. Let y’ € X be fixed. For x € RV define
Fow =1l pi ().
‘ |x|
By part (7) of Proposition 4.2.10, if k is even, then

m
Pty =) "dpjt¥  with 2m =k;
j=0
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also if k is odd, then

m
PLt)y =) doyjit¥ with 2m + 1 =k.
j=0

In both cases, Fy/(x) is then a homogeneous polynomial of degree k. For instance,
if k is even, then

x-y
Fy(x) = |x|"Pk*( )

|x|
m x-y
= |x|? Zde ( )
= |x|

m
=Y o (6" (Y
j=0
We want to check that the hypotheses of Lemma 4.2.8 are satisfied when F,/(x")
is so defined. Once this is done then the conclusion of our Proposition follows
immediately. Thus we need to check that F,/(x’) is rotationally invariant and that
Fy/(-) is harmonic.
If pe O(N)and x’ € Xy—; then

px" - py’
Fop(px') = |x'|F P} (T)

’ 7
— |k p} X -y
| | k |x|

= Fy/(x').

This establishes the rotational invariance.
To check harmonicity, recall that the map x > |x — y//s|>~" is harmonic on
RN\ {y’/s} when N > 3,5 # 0, and y’ € X. Then, with A = (N —2)/2, we have

712—N
2—N x—

s ](2—N)/2

= [(sx =¥ (sx =)

= [Isx]* = 2(sx) - y' + 1](2_1\/)/2

)
[1 (sl (% -y’) + (s|x|>2]

[1 —2rt + rz]_)‘

o
=S sk Ixl P} (ﬁ : y’) . @2.11.1)
X

k=0
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Here we have taken r = s|x| and t = (x/|x|) - y’. Thus the sum at the end of this
calculation is a harmonic function of x in Ry, = {x € RY : 0 < |x| < 1/s} for

y' € X fixed.
Ix[¥ P} (| | y')

To see that each coefficient
in the series is a harmonic function of x € R", we proceed as follows. Fix 0 # x, €
RY. Then for every s such that 0 < s < 1/|xo| formula (4.2.11.1) tells us that the
function

xr—)Zsk|x|kPk (| | y’)
k=0

is harmonic. Therefore this function satisfies the mean-value property. By uniform
convergence we can switch the order of summation and integration in the mean-
value property to obtain

e o]

k 1 k )L( /) d
2 By AL VI R

k=0

o0
ik pr (X

- > " sKx[FP (—'y)da(x)

o (B(xo,7)) /SB(on)k=0 * Al

>t halnd (1)

for 0 < r < |xp|. Since this equality holds for 0 < s < 1/|xo|, the identity principle
for power series tells us that

1 / k ph y' kpr [ X0 ’
L X P ( do () = Ixol P (222 -y
0(B(x0,7)) Janxor) x| R xol

for every 0 < r < |xg|. It is a standard fact (see [KRA1, Chap. 1]) that any function
satisfying a mean-value property of this sort—for any x( and all small r—must be
harmonic. We conclude that

X
Fy(x) = |« P} (H 'y’)

is harmonic. The theorem follows. ad
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4.3 Spherical Harmonics in the Complex
Domain and Applications

Now we give a rendition of “bigraded spherical harmonics” which is suitable for the
study of functions of several complex variables. Our purpose is to return finally to
the study of the regularity for the Laplace—Beltrami operator for the Bergman metric
on the ball. Because of the detailed exposition that has gone on before, and because
much of this new material is routine, we shall perform many calculations in C? only
and shall leave several others to the reader.

Definition 4.3.1. Let 7 be the space consisting of all restrictions to the unit
sphere in C" of harmonic (in the classical sense) polynomials that are homogeneous
of degree p in z and homogeneous of degree ¢ in Z.

Observe that

Hk = U,H_q:kap,q'

Proposition 4.3.2. The spaces H”*Y enjoy the following properties:
(1) D(p.qin) = dimeHP = (ptg+n—D(p+n-2)g+n —2)!.
plg!(n — 1)!(n —2)!
(2) The space HP1 is U(n) irreducible. That is, H?* has no proper linear subspace
L such that, for each U € U(n), U maps L into L.
3) If f1,..., fp is an orthonormal basis for H"Y, D = D(p, q;n), then

D
HPUE ) =) £ fim)

=1

reproduces HP4. That is, if ¢ € HP4,{ € 3, then
80 = [ HPU s a0
(4) The orthogonal projection 7, 4 : L*(X) — HP is given by
Ta () = [ FoHE 1) do ).

Proof. We leave the proofs of parts (1) and (2) as exercises.
To prove (3), notice that if ¢ € H?9, then we may write ¢ = Zf=1 aj fj. Then
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D D
[ #pe@mpmaon = [ (X 107w | | L asion | aoo
j=1

j=1
D

> i) [ T ot

jk=1

D
=Y a; f;(©)

j=1
= ¢(0).

For (4), select g € L*(X). Then

D
m02(©) = [ €00 X T004©) do)
Jj=1

D [
-y ( [ sz do(n)) £
j=1 \E

so that 77, , maps L? into H74. By (3) it follow that 7, 4 o 7, ; = 7, 4. Finally,
7.4 1s plainly self-adjoint. Thus 7, 4 is the orthogonal projection onto H?9. O

In order to present the solution of the Dirichlet problem for the Laplace—Beltrami
operator A p, we need to define another special function. This one is defined by
means of an ordinary differential equation.

Definition 4.3.3. Leta,b € R and ¢ > 0. The linear differential equation
x(1=x)y"+[c—(@+b+ x|y’ —aby =0 4.3.3.1)
is called the hypergeometric equation.

If we divide the hypergeometric equation through by the leading factor x (1 — x),
we see that this is an ordinary differential equation with a regular singularity at 0. It
follows (see [COL]) that (4.3.3.1) has a solution of the form

o0
XY apxd, (433.2)
j=0

where ag # 0 and the series converges for |x| < 1. Let us now sketch what
transpires when the expression (4.3.3.2) is substituted into the differential equation
(4.3.3.1).

We find that

oo o0
a4+ A+ =1+ =) a4 j+a) A+ j +b) =0.
j=0 j=0
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which gives the following system of equations for determining the exponent A and
the coefficients a; :

apA(A—=14¢)=0

aiA+j)A+j—-14+c)—aj—i(A+j—-1+a)A+j—-14+b)=0 ,j>1

The first of these equations yields that either A = 0or A = 1 —c.
First consider the case A = 0. We find that

(J-1+a)(j—1+b) .
aj = — aj—i J=12,....
JG =140
Setting ap = 1 we obtain
_ala+)-(a+j=DbO+ Db+ -1
! jle(c4+1) - (c+j—1)
a4+ )b+ j)(c)
Jj'\r@r®)re+j)’
where I” is the classical gamma function (see [CCP]). Thus for A = 0, a particular
solution to (4.3.3.1) is

_ S L@t Lo+ )Hre)
y(x)_F(“’b’c’x):; F@I®re+j) U

Now consider the case A = 1 — ¢. Arguing in the same manner, if ¢ # 2,3,4,...,
we find (setting @y = 1 again) that a particular solution of the differential equation
is given by

Fl—c+a,1—c+b,2—c:;x)

y(x)

e~ TA—c+a+ )l l—c+b+ jH)r2—c) x’
=x""y ~

~ T(-ct+al(-c+bl2—c+)) v
Remark 4.3.4. We leave as an exercise the following statement: By checking the
asymptotic behavior of F(1 —c¢ +a,1 —c + b,2 — ¢; x) at the origin, one may see
that this function is linearly independent from that found when A = 0. The functions
F are known as the hypergeometric functions. See [ERD] for more on these matters.

In the case that ¢ = 2, 3,4, ..., then a modification of the above calculations
(again see [COL, p. 165]) gives rise to a solution with a logarithmic singularity at 0.
Define

+qF(p.g.p+q+nir?)
F(p,q.p+q+nil)

Sy = 7
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We want to show that S/ is C* on the interval (—1, 1) and continuous on [—1, 1].
We will make use of the following classical summation tests for series. For more on
these tests, see [STR].

Lemma 4.3.5 (Dini-Kummer). For j =1,2,... leta;,b; > 0 and put

a4+
D;=bj —bj L
: : a;
Ifliminf; o D; > 0, then the series }; a; converges.

Remark 4.3.6. Notice that, if b; = 1 for all j, then this test reduces to the ratio test.
O

Proof. By hypothesis, we may find a § > 0 and an integer j, > 0 such that, if
J = Jjo,then D; > B. Thus

B <bj—bjp =t
aj
so that
b —b:ia;
0<a; < % 435.1)
for j > jj.
Now
— 1
Z B(ajbj —aj_Hbj_H = hm - Z(CZJ aj+1bj+1).
J=Jjo J Jo

By our hypothesis, a;b; > a;y1bj41 > 0forall j > jo. Therefore we may set
y = lim; . a;b;. The number y is finite and nonnegative. Using (4.3.5.1) we
have

>4 ﬂZwbcm@m
J=Jjo

J=Jo

1
= B(ajobjo -v)

< Q. O

Corollary 4.3.7 (Raabe). If a; > 0 for j = 1,2,..., weset Q; = j(l —
aj4+i1/a;). If it holds that
liminf Q; > 1, 4.3.7.1)

then ) a; converges.
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Proof. Lethy =1landb; = j — 1for j > 2. Then

Qj—lzj(l—a'j+l)—l
aj

=(-n-j2H
aj

=D,
where we are using the notation of the lemma. Then liminf; .., O; > 1if and only
if liminf; o D; > 0. O
Proposition 4.3.8. Take

~T'(a+ j)['(b+ j)[(c) xI

F(a,b,c;x) = ;) @ r®ore+j) jt

as usual. If |x| = 1 and ¢ > a + b, then the series converges absolutely.
Proof. We want to apply Raabe’s test. Thus we need to calculate the terms Q;.

Denote the absolute value of the jth summand by o ;. Then, since |x| = 1, we have

aj+1 _ @+ )H0bA+J)
aj  (+De+j)

Set ¢ = a + b + 8, where this equality defines § > 0. Then

ajt1 _ ab+aj +bj+ j?
@  (G+D@a+b+8+7)
§j +a+b+8+j—ab
G+ Da+b+8+)
(1+8))
TG4+ D@+b+8+))

+ 0(1//?).

As a result,

. ®j+1
0=(-%)
o)

B ( 1+98))
NG H+8a+b+8+))

+ 0(1/j2))

and liminf; o Q; = 14 6 > 1. Thus Raabe’s test implies our result. O
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It follows from the proposition that SP4 is continuous on [-1,1] and C*° on
(—1,1). We need to know when the function is in fact C* up to the endpoints.
If either p = 0 or ¢ = 0, then the order zero term of the hypergeometric equation
drops out. One may solve this hypergeometric equation for solutions of the form

> aj(x— 1)/t (4.3.9)
j=0

and find that in fact the solutions are real analytic near 1; in particular they are
smooth. On the other hand, if both p and g are not zero, then the hypergeometric
equation never has real analytic solutions near 1 as we may learn by substituting
(4.3.9) into the differential equation. In fact the solutions are never C”, where n is
the dimension of the complex space that we are studying.

Remark 4.3.10. Gauss found that

_I'(e)f'(c—a—Db)
" I'(c—a)(c—b)

lim F(a,b,c;x)
x—>1-
Also one may substitute the function

y=[ @—x)"¢u)du,
|

[0.1

where £ is a constant to be selected, into the hypergeometric equation. Some
calculations, together with standard uniqueness theorems for ordinary differential
equations, lead to the formula

I'(c) g —b—1 -
F(a,b,c;x) = ———— "7 (1 —1)* (1—xt)"“dt
r'®)ra) Jo
for 0 < x < 1. It is easy to see from this formula that F' cannot be analytically
continued past 1. O

As a consequence of our last proposition,

+q F(p.q.p+q+n;r?)

SPa(ry=r?
i) F(p,q,p+q+n;1)

is well defined and C*° when 0 < r < 1.

Theorem 4.3.11. Let f € H?4. Then the solution of the Dirichlet problem

Agu=0o0nB
u=f ondB=%X
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is given by

u(ré) = f(§)S7(r)

for € Yand0 <r <1.

Proof. To simplify the calculations, we shall prove the theorem only in dimension
n=2.
Let Fo(z) = 2073 and fo = F0|a - Then the ordinary Laplacian

92 02
A=4| ——r + ——
( 021071 02072 )

annihilates Fj. Recall that H?Y is irreducible for U(2). This means that
{f o 0}seuq) spans all of H?¢ (for if it did not, it would generate a nontrivial
invariant subspace, and these do not exist by definition of irreducibility). Further-
more A g commutes with U(2), so if we prove the assertion for f;, Fy, then the full
result follows.

For z € B we set r = |z|. Then r? = 7,7, + z22>. We seek a solution of our
Dirichlet problem of the form

u(@) = g(r’)z/m".

Recall that

We calculate A gu.

Now
%“ = 2,8 (F)[ZE] + g(rH (42716
and
32‘221 u=g"(r")zz[275] + 88 0[]

+ng'(r2)[p1{’_1238n]
+Zig/(r2)[2fng_182j]

+e(r)[(p " 81) (g8 82))]-
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Therefore

Z 0z; 8zl

2
"Dzl + &' ()]l7 e + &' () palTs + g (rH)g2l 7

i=1
=43[g" ()’ + 2+ p + 9)g'(7)].

By a similar calculation we find that
Z 4% a — =45[r'g" (") + (p + g+ DrPg' (") + pg g ()]
Substituting these two calculations into the equation Agu = 0 (and remembering

that n = 2), we find that

4
0=Apu=5——=(- [ P+ 2+ p+ )8 ()]

4
5370~ B[ ()t + (p + g + DrPg () + pg g(r?)]

4
=570 — ) ri (1 —r?)g"(r?)

+(p+g+2)—(p+q+Dr?lg'(r*) — pgg(r?);.

Therefore if a solution of our Dirichlet problem of the form of u(z) = g(r*)z/'z}
exists, then g must satisfy the following ordinary differential equation:

PU=rg" () + [(p+q+2— (p+q+ Dr’le' () — pgg(r’) = 0.

We may bring the essential nature of this equation to the surface with the changes
of variables t = r?,a = p,b = q, and ¢ = p + q + 2. Then the equation becomes

t(1-1)g"+[c—(a+b+1)]g —abg =0.
This, of course, is a hypergeometric equation. Since u is the solution of an elliptic

problem, it must be C*° on the interior. Thus g must be C* on [0, 1). Given the
solutions that we have found of the hypergeometric equation, we conclude that

gt)=F(p,q.p+q+n;t).

Consequently
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F(p.q.p+q +n:r2)zp?q
F(p.g.p+q+n;1) "'

SP(rrr T f Q). O

u(z) =

Theorem 4.3.12. LetO <r < 1 andn,{ € dB. Then the Poisson—-Szegé kernel for
the ball B € C" is given by the formula

Prn.o) =Y SPUrH (0, 0).
.4=0

Proof. Recall that, if g € C(dB), then

fo5 P 0)g()do(¢) on B

G = { g on 0B

solves the Dirichlet problem for A p with data g. Recall also that H,”(n, ) is the
zonal harmonic for H?4.

Let us first prove that the series in the statement of the theorem converges.
An argument similar to the one we gave for real spherical harmonics shows that

|HP4(n,0)| < C - D(p,q;n).

Here D(p, g; n) is the dimension of 7. Clearly

2n+(p+q)—1\ (2n+(p+q) -3
p+gq ptqg—2

C-(p+q+1™.

D(p,q;n) < dimH}™

IA

Recall that

o F(p.g.p+q+nir?)
F(p.g.p+q+n:l)

Spi(ry=r?
and observe that F(p, q, p + q + n;r?) is an increasing function of r. Thus
Spa(ry < rrta. .
Putting together all of our estimates, we find that
Spary - HP(n,8) < C-r’™(p +q + 1.

Summing on p and g for 0 < r < 1, we see that our series converges absolutely.
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It remains to show that the sum of the series is actually the Poisson—Szegd kernel.
What we will in fact show is that, for n € 0B and 0 < r < 1, we have

/aB P(rn.0) f(§)do(¢) = /aB ,,Zq: Syt H (. €) f(8) do(§)

for every f € C(dB). But we already know that this identity holds for f € H?4.
Finite linear combinations of U, ,H”9 are dense in C(dB). Hence the result
follows. O

Now we return to the question that has motivated all of our work: Namely, we
want to understand the lack of boundary regularity for the Dirichlet problem for
the Laplace—Beltrami operator on the ball. As a preliminary, we must introduce a
new piece of terminology.

Definition 4.3.13. Let U C C” be an open set and suppose that f is a continuous
function defined on U. We say that f is pluriharmonic on U if, for every a € U and
every b € C", it holds that the function

{ > fla+¢b)
is harmonic on the open set (in C) of those ¢ such that a + ¢b € U.

A function is pluriharmonic if and only if it is harmonic in the classical sense
on every complex line { — a + ¢b. Pluriharmonic functions arise naturally
because they are (locally) the real parts of holomorphic functions of several complex
variables (see [KRA1, Chap. 2] for a detailed treatment of these matters).

Remark that a C2 function v is pluriharmonic if and only if we have (8%/9z; 0% )v
= 0 for all j, k. In the notation of differential forms, this condition is conveniently
written as 39y = 0.

Now we have

Theorem 4.3.14. Let f € C°(dB). Consider the Dirichlet problem
Agu=0on B
u\ ap = J ondB.

Suppose that the solution u of this problem (given in Theorem 4.3.11) lies in
C°°(B). Then u must be of the form

anz"‘ + Zdﬁzﬂ.
o B

That is, u must be pluriharmonic. The converse statement holds as well: If f is the
boundary function of a pluriharmonic function u that is continuous on B and if fis
C*° on the boundary, then U € C*°(B).



140 4 Partial Differential Equations

Proof. Now let v € C(B) and suppose that v is pluriharmonic on B. Let v| g =T
Then the solution to the Dirichlet problem for A g with data f is in fact the function
v (exercise). But then v is also the ordinary Poisson integral of f. Thus if f €
C>(dB), thenv € C*(B). This proves the converse (the least interesting) direction
of the theorem.

For the forward direction, let f € C°°(dB) and suppose that the solution u of
the Dirichlet problem for A g with data f is C* on B. We write

f= Z Ypq,
Pq

where each Y, , € H”9. We proved above that

Prn.g) =) SPAr)H(n,0)

pq

and also that the solution to the Dirichlet problem for Az is given by

u(r) f P(rn.0) £(©) do(©)

S [ SO 007,000

g’ P4

(orthogonality) Z SP4(r) / HP (0, 0)Y,4(0) do(2)

p4q

- > SPUR)Y g ().

P4

Therefore if P f = u is smooth on ‘B, then we may define for each p, g the function

Q,4(r) = /a POOT T o)
= Snp’q(r)||yp.q||2~

Thus if P f is C* up to the boundary, then, by differentiation under the integral
sign, Q(r) is C*®° up to r = 1. But recall that

F(p.q.p+q+n;r?)

Spa(ry = rrtd
F(p.q.p+q+n;1)

is smooth at r = 1 if and only if either p = 0 or ¢ = 0. So the only nonvanishing
terms in the expansion of f are elements of 7 or H*4. That is what we wanted
to prove. ]
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We leave it to the reader to prove the refined statement that if a solution u to the
Dirichlet problem is C" up to the closure, then u must be pluriharmonic.

The analysis of the Poisson—Szegd kernel using bigraded spherical harmonics is
due to Folland [FOL]. We thank Folland for useful conversations and correspon-
dence regarding this material.

An analysis of boundary regularity for the Dirichlet problem of the Laplace—
Beltrami operator on strictly pseudoconvex domains began in [GRL]. Interestingly,
these authors uncovered a difference between the cases of dimension 2 and
dimensions 3 and higher.

4.4 An Application to the Bergman Projection

In recent years the Bergman projection P : L?(£2) — A?(£2) has been an object of
intense study. The reason for this interest is primarily that Bell and Ligocka [BEL1,
BEL2] have demonstrated that the boundary behavior of biholomorphic mappings
of domains may be studied by means of the regularity theory of this projection
mapping. Of central importance in these considerations is the following (see also
our discussion in Sect. 2.1).

Definition 4.4.1 (Condition R). Let 2 < C" be a smoothly_bounded domain.
We say that §2 satisfies Condition R if P maps C*°(£2) to C*°(2).

A representative theorem in the subject is the following.

Theorem 4.4.2 (Bell). Let §2,, £2, be smooth, pseudoconvex domains in C". Let
@ : £, — §2; be a biholomorphic mapping. If at least one of the two domains
satisfies Condition R, then @ extends to a C*° diffeomorphism of 2, to §2;.

There are roughly two known methods to establish Condition R for a domain. One
is to use symmetries, as in [BAR1, BEB]. The more powerful method is to exploit
the 0- Neumann problem. That is the technique that we treat here. Let us begin with
some general discussion. 3

Let £2 CC C”" be a fixed domain on which the equation du = « is always
solvable when « is a 0- closed (0, 1) form (i.e., a domain of holomorphy—in other
words, a pseudoconvex domain). Let P : L*(2) — A?*(£2) be the Bergman
projection. If u is any solution to du = o, then w = w, = u — Pu is the
unique solution that is orthogonal to holomorphic functions. Thus w is well defined,
independent of the choice of u. Define the mapping

T :a+— wy.
Then, for f € L*(£2) it holds that

Pf=f—-T@Of). (4.4.3)
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To see this, first notice that d[f — T(@f)] = of — df = 0, where all
derivatives are interpreted in the weak sense. Thus f — T/(d f) is holomorphic.
Also f — [f — T(3f)] is orthogonal to holomorphic functions by design. This
establishes the identity (4.4.3). But we have a more useful way of expressing 7 :

namely, 7 = 3" N. Thus we have derived the following important result:
P=1-3 NJ. (4.4.4)

This formula is usually attributed to J. J. Kohn.

Now suppose that our domain is strictly pseudoconvex. Then we know that N
maps W* to H*T! for every s (see [FOK, KRA4]). Recall that dand 9 are first-
order differential operators. Then a trivial calculation with (4.4.4) shows that

P:WS— H!

for every s. By the Sobolev embedding theorem, a strictly pseudoconvex domain
therefore satisfies Condition R. Thus thanks to the program of Bell and Ligocka (see
[BEL1, KRA1]), we know that biholomorphic mappings of strictly pseudoconvex
domains extend to be diffeomorphisms of their closures.

It is often convenient, and certainly aesthetically more pleasing, to be able to
prove that P : W® — W?¥. This is known to be true on strictly pseudoconvex
domains. We now describe the proof, due to J. J. Kohn [KOH1], of this assertion.

Theorem 4.4.5. Let §2 be a smoothly bounded, strictly pseudoconvex domain
in C". Then, for each s € R, there is a constant C = C(s) such that

1Pfllws <C -l fllws. (4.4.5.1)

Remark 4.4.6. In fact the specific property of a strictly pseudoconvex domain that
will be used is the following: For every € > O there is a C(¢) > 0 so that the
inequality

I$]I> < €Q(g. ) + C(e)|$lI%, (4.4.5.2)

forall¢p € D = /\0’1 Ndomd N domd . We leave it as an exercise for the reader
to check that property (4.4.5.2) is equivalent to the norm @ being compact in
the following sense: If {¢;} is bounded in the O norm, then it has a convergent
subsequence in the L2 norm.

The theorem that we are about to prove is in fact true on any smoothly bounded
domain with the property (4.4.5.2). Property (4.4.5.2) is known to hold for a large
class of domains, including domains of finite type (see [CAT1,CAT2,DAN1,DAN2,
DAN3]) and, in particular, domains with real analytic boundary [DIF2].

O
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Proof of the Theorem: We have already observed that the Bergman
projection of a strictly pseudoconvex domain maps functions in C *(£2) to functions
in C*°(£2). Thus it suffices to prove our estimate (4.4.5.1) for f € C®(£2).

Let r be a smooth defining function for £2. Let { € d§2 and let U € C" be a
neighborhood of . We may select a smooth function w on U such that v" = w - dr
satisfies |w"| = 1 on U. We select ', ..., "' on U such that ', ..., »" forms
an orthonormal basis of the (1, 0) forms on U. Thus any ¢ € D%! can be expressed,
on £2 N U, as a linear combination

$=7 &
j

Of course ¢ € D*! if and only if ¢, = 0 on 952.

Let A be the tangential Bessel potential of order s (see [FOK]. If n is any
real-valued cutoff function supported in U, then, whenever ¢ € D%!, we have
nAs(ng) € D! as well. The identity Q(Na,¥) = (a, ¥), with @ = df and
¥ = P A¥ N f, yields that

QNIf, P A¥yNAf) = (0 f. P A*nNIf). (4.4.5.3)
Now we apply the compactness inequality (4.4.5.2) with ¢ = nA(nN 9 ) to obtain
InA;NBf)* < eQA;(INDS), nAT(INIf)) + C(&)InA; (1N f)]1Z,
< cQ(NIS, P AP NNIf) + €C|INDf|2 + C'()INS|,.

Of course in the last estimate, we have done two things: First, we have moved 7 and
A7 across the inner product Q at the expense of creating certain acceptable error
terms (which are controlled by the term e C | N3 f [?). Second, we have used the
fact that || ASg|l2 < |lg||? by definition. Now, using (4.4.5.3), we see that the last

line is majorized by
—x — — —
(£ PAFINIS) + €CINDS|Z + C'OINDSIZ,. (4.45.4)
Now we may cover £2 with boundary neighborhoods U as above plus an interior
patch on which our problem is strongly elliptic. We obtain an estimate like (4.4.5.4)

on each of these patches. We may sum the estimates, using (as we did in the solution
of the d- Neumann problem) the fact that 952 is non-characteristic for Q, to obtain

IN3f(? < eCld NafI2+C' U SI1?+ INafIP)).

Applying this inequality, with s replaced by s — 1, to the last term on the right of
(4.4.5.4), and then repeating, we may finally derive that

IN3fI? < eClld NOfI2+C' @S>+ INafIZ). (4.4.5.5)
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We know that 39 N9 f = 0f. Asaresult,
InASnd NOfI? = (N3 S A28 Naf) + O(INIfIlInAsnd NofIl)
= (NOL.PAFndf) + O(INIfsInAind Naf|)
= O (IN£ 1+ L1 1.)Iln Az N 11 ).
Summing as before, we obtain the estimate
10" Naflls < CANIS NIy + IL.£1ls)-
Putting (4.4.5.5) into this last estimate gives
18" NDf s < eClT NaFI2+C' UL+ INTLIR).

If we choose € > 0 small enough, then we may absorb the first term on the right
into the left-hand side and obtain

17 Nafl, < C - (nfux + ||N5f||o). (445.6)

But the operator 3" is closed since the adjoint of a densely defined operator is always
closed. It follows from the open mapping principle that

INOfI < Cld NIf].

On the other hand, 3 N is projection onto the orthogonal complement of A2(£2).
Thus it is bounded in L2, and we see that

INOSI < CILf lo-

Putting this information into (4.4.5.6) gives
— =
10" Noflls < CIlLf s
If werecall that P =1 —3 N 9, then we may finally conclude that

IPfls = ClIfs-

That concludes the proof. O
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Exercises

10.

. Is there a maximum principle for functions that are annihilated by the invariant

Laplacian on the ball?

The “invariant Laplacian™ on the ball is in fact the Laplace-Beltrami operator
for the Bergman metric. Use the Fefferman’s ideas to produce an approximate
formula for the Laplace—Beltrami operator for the Bergman metric on a strictly
pseudoconvex domain.

Prove that, if a function is annihilated by the invariant Laplacian on the ball,
then it must be real analytic.

Prove that the converse to Exercise 3 is false.

Prove that not every continuous function on the boundary of the ball is the
boundary trace of a pluriharmonic function on B. [Note that this is in contrast
to the situation for harmonic functions on the disc in the complex plane.]

Refer to Exercise 5. Bedford and Federbush [BEDF] have found a fourth-order
partial differential equation that the boundary trace of a pluriharmonic function
must satisfy. Look up that paper to learn what the differential equation is. Verify
that the function u(z) = 2Re z; +23+7; is indeed annihilated by this differential
equation.

What is the bigraded spherical harmonic expansion of the function u(z;,2,) =
21 [* + 12217

A basic result of classical Fourier analysis is that if the Fourier series of a
function sums to the identically zero function, then the function must be the
zero function. Is there an analogous result for bigraded spherical harmonic
expansions? How would you prove it?

A basic result of classical Fourier analysis is that the Fourier coefficients of an
L' function must tend to zero (this is the Riemann—Lebesgue lemma). Is there
an analogous result for bigraded spherical harmonic expansions? How would
you prove it?

A basic result of classical Fourier analysis is that the Fourier coefficients of
an L? function in fact form an L? sequence. Is there an analogous result for
bigraded spherical harmonic expansions? How would you prove it?



Chapter 5
Further Geometric Explorations

5.1 Introductory Remarks

A domain §2 in C" is a connected, open set. An automorphism of §2 is a
biholomorphic self-map. The collection of automorphisms forms a group under
the binary operation of composition of mappings. The standard topology on this
group is uniform convergence on compact sets, or the compact-open topology. We
denote the automorphism group by Aut(£2). When £2 is a bounded domain, the
group Aut(S2) is a real (never a complex) Lie group.

Although domains with transitive automorphism group are of some interest, they
are relatively rare (see [HEL, Sect.III.3]). A geometrically more natural condition
to consider, and one that gives rise to a more robust and broader class of domains,
is that of having non-compact automorphism group. Clearly a domain has non-
compact automorphism group if there are automorphisms {¢;} which have no
subsequence that converges to an automorphism. The following proposition of Henri
Cartan is of particular utility in the study of these domains.

Proposition 5.1.1. Let 2 € C" be a bounded domain. Then §2 has non-compact
automorphism group if and only if there are a point X € £2, a point P € 952, and
automorphisms ¢; of §2 such that¢;(X) — P as j — oo.

In fact it is useful to put this result into a more general context:

Theorem 5.1.2. Let 2 be a bounded domain in C". Let {p;} < Aut($2) be
a sequence of automorphisms of §2. Suppose that ¢; converges, uniformly on
compact subsets of §2, to a holomorphic mapping ¢ : 2 — C". Then the following
three properties are equivalent:

(1) ¢ € Aut(£2).
(i) (£2) Z 952.
(iii) There exists a point P € §2 such that the Jacobian matrix (d¢; /9z;(P)), for
¢ = (¢1,¢2,...,¢0,), has a nonzero determinant.

S.G. Krantz, Geometric Analysis of the Bergman Kernel and Metric, 147
Graduate Texts in Mathematics 268, DOI 10.1007/978-1-4614-7924-6_5,
© Springer Science+Business Media New York 2013
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We leave it to the reader to determine why the proposition follows from the
theorem. Now we shall concentrate on proving the theorem.
We begin with three preliminary lemmas.

Lemma 5.1.3. Let 2 C C" and f : 2 — C" be a holomorphic mapping. Suppose
that det(d f)p # O for some P € 2. Then there exist neighborhoods U of P and
V of f(P) suchthat f(U) C V and f|U are analytic isomorphisms onto V.

Of course this lemma is nothing other than a holomorphic version of the inverse
function theorem in several complex variables. We have proved it in Theorem
1.1.12.

Lemma 5.1.4. Let {g;} be a sequence of continuous open mappings of 2 C C"
into C". Suppose that the g; converge, uniformly on compact sets, to a limit
mapping g : 2 — C".

Further suppose that, for some point P € 2, P is an isolated point of g~' (g (P)).
Then, for any neighborhood U of P, there is an index jo such that g(P) € g;(U)
for j > jo.

Interestingly, this lemma is topological rather than analytic.

Proof of Lemma 5.1.4: Seeking a contradiction, we suppose the assertion to be
false. Passing to a subsequence, we may suppose that U is such that

U is compact, g(P) gg; U),forj =1,2,...,and U N g~'(g(P)) = {P}.

Then g(dU) is compact and g(P) & g(dU). Therefore there is a neighborhood V'
of g(dU) and a polydisc Q about g(P) so that

onNnv =49. (5.14.1)

Now, if jo is large enough, then g;(0U) C V for j > jo. Since g; is an open
mapping, we see that dg;(U) C g;(U). Thus g; (U) is a relatively compact-open
setin C" with dg; (U) C V.

We claim that (dg;(U)) N Q # @ if j is large enough. [This would contradict
(5.1.4.1) and end the proof.] Since g(P) € Q and g;(P) — g(P), we see that if j
is large then g; (P) € Q. But g(P) ¢ g;(U) by hypothesis. If {dg;(U)} N Q = 0,
then we would have

Q={g;U)NQU{C"\g;(U)NQ},

and each of the open sets in this last display is nonempty. [Note that g ; (P) belongs
to the first open set and g(P) belongs to the second.] This contradicts the fact that
Q is connected. Hence, {dg;(U)} N Q # @, and the lemma is proved. O

Now our last lemma is this:

Lemma 5.1.5 (Hurwitz’s theorem). Let §2 be an open, connected set in C" and let
{fj} be a sequence of holomorphic functions on §2. We assume that the f; converge
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uniformly on compact sets to a holomorphic function f. Then, if f;(z) # 0 for all
indices j and all 7 € §2, and if f is nonconstant, then f(z) # 0 for all 7 € £2.

Proof. Seeking a contradiction, we suppose that f(P) = 0 for some P € £2. Let
Q be a small open polydisc about P. Then f £ 0 on Q (since, if it were identically
0, then f would be identically 0 on £2 since £2 is connected). Let R € £2 be a point
where f does not vanish. Set

D={AecC:P+AR-P)eQ}.

Then D is a convex and hence a connected open set in C. Set
9j(A) = f; (P + AR - P)),
() = f(P +A(R—P)).

Then ¢(0) = 0, ¢(1) = f(R) # 0. Hence, ¢ is nonconstant on D. Thus for large
values of the index j, ¢; is also nonconstant, hence an open mapping of D into
C. Thus by the preceding lemma, f;(£2) D ¢,;(D) D {0} if j is large. That is a
contradiction. O

Proof of Theorem 5.1.2
(i) = (ii) Obvious.
(i) = (i) If ¢ € Aut(£2) and P € 2 and if we set ¥ = ¢! € Aut(£2), then we
have
Y o ¢ = identity .
Thus (dy),(p) o (d@) p = identity, so that (dg) p is invertible.

(iii)) = (i) If (dp)p has nonzero determinant, then by our first lemma, ¢(§2)
contains a nonempty neighborhood of ¢(P), hence ¢(§2) ¢ 052.

(ii) = (iii) Obviously ¢(£2) C £2. Thus if (ii) holds, then ¢(£2) N 2 # @. Let
P € 2 beapoint such that p(P) = R € 2. Lety; = (pj_l. Choose a subsequence
Jk such that {y/; } converges uniformly on compact subsets of §2 to a mapping
Y : £2 — C". Now we have

Y(R) = lim ¢;l(p(P)).

Furthermore, if k is large enough, then ¢, (P) is close to ¢(P). Hence, ¢;, (P) lies
in a compact subset of £2. Since (pj’kl converges uniformly on compact subsets of £2,
we may conclude that

¥(R) = lim ¢;'(¢;(P)) = lim P =P.
k—o00 k—00
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As aresult, y(R) = P € £2. Let V be a small neighborhood of R. Then ¥ (V) lies
in a compact subset of £2; hence, there is a K compact in 2 so that v; (V) C K
for k large. Then, for z € V, we have (since g;, (V) C K and ¢; — ¢ uniformly
on K) that

(Y (2) = kli)rgo (¥, (2)
= klizgo D (ij (Z))
=Z.

As aresult, (dg)y () o (dy), = identity for z € V. In particular, det((d¢),,) # O for
w € ¥ (V'), which proves (iii).

(iii) = (i) Note that the function g;(z) = det(dy, ), is holomorphic on §2 and
converges to g(z) = det(dg), uniformly on compact subsets of £2. If (iii) holds,
then g(z) # 0. Also g;(z) # O for all j and all z since ¢; € Aut(§2) [refer to
the proof that (i) = (iii)]. If g(z) is constant, then g(z) is obviously never 0, and
if g(z) is nonconstant, then it is again never O by the third lemma above. In either
case, g(z) # 0 for all z € £2. By the first lemma, ¢ : 2 — C" is an open mapping,
and any z € $2 is isolated in ¢~ !(¢(z)). It follows from the second lemma that
¢(2) C Ug;(2) = 2.

Let {jx} be a subsequence of {;} so that ¥; converges uniformly on compact
subsets of £2. Then, for z € £, {¢;, (z)} converges to ¢(z) € £2, hence lies in a
compact subset of §2. Therefore

V(p(z) = kll% Vi (e, (2) =z

for all z € £2. In particular, det(dy),, # 0 for w € ¢(§2). As a result, repeating the
preceding argument, we conclude that ¥ (§£2) C §2. Hence, v/, (z) lies in a compact
subset of 2 for any z € £2. We conclude that

(Y (2) = Jm o, (V) (2) = z.

Therefore ¢ o ¢ = identity, ¥ o ¢ = identity, and we find that ¢ € Aut(£2). O

We say that a domain £2 € C" has C k boundary, k > 1 an integer, if it is possible
to write

2 ={z€C":p(z) <0}

for a function p that is C¥ and which satisfies Vp # 0 on 9£2. This definition
is equivalent to a number of other natural definitions of C¥ boundary for a domain
(see the Appendices in [KRA1]). Below we shall define a topology on the collection
of domains with C* boundary.
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Domains with compact automorphism group exhibit certain rigidities which
are of interest for our studies. We begin this section by showing that, for certain
smoothly bounded domains with compact automorphism group, the convergence
of automorphisms will take place in a much stronger topology than the standard
one specified in the first paragraph. This fact has intrinsic interest but is also of
considerable use for further studies in complex function theory. It is even new in the
context of one complex variable.

As an application of the ideas in the last paragraph, we offer a new result about
the semicontinuity of the automorphism group under perturbation of the underlying
domain. This generalizes results of [GRK1]. We also offer a direct generalization
of the result of [GRK1, Theorem 0.1] to finite-type domains. Some of the proof
techniques presented here are new.

5.2 Semicontinuity of Automorphism Groups

Symmetry is easily destroyed but not so easily created. To turn a symmetric object
into an asymmetric one requires only an arbitrarily small effort, while to turn an
asymmetric object into a symmetric one requires a distinct push.

These intuitions that symmetry is unstable but an increase in symmetry requires
a substantial change hold with precision in a variety of circumstances. The goal
of this section is a result of this type for the automorphism groups of C*° strictly
pseudoconvex domains. This result will depend for its proof on a theorem in the
context of the compact Riemannian manifolds that is similar in spirit. [EBI1,EBI2]:

Theorem 5.2.1 (Ebin). If (M, gy) is a C* compact Riemannian manifold, then
there is a neighborhood G of g in the C*° topology on the C*° Riemannian metrics
such that: If g € G then there is a diffeomorphism F : M — M (C° close to the
identity) such that the set

{FoaoF™': a:M — M is an isometry for g}
is a subset of and hence a subgroup of
{B: B:M — M is an isometry for gy} .
In particular, the group of isometries of M relative to g is isomorphic to a subgroup

of the group of isometries of gy.

Ebin’s original proof of the theorem just stated involved infinite-dimensional
manifolds and the construction of “slices” in the Lie group sense for the action
of the diffeomorphism group on the manifold M. However, the result can in fact
be established by finite-dimensional methods and ordinary Lie group theory. See
[KIMYW] for the details.
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The possibility of averaging over compact groups gives a useful corollary about
group actions as such. For the statement of the corollary, we say that a sequence of
C® group actions G; x M — M sub-converges in the C > topology to an action
Go x M — M if every sequence «; of G ;-action elements has a subsequence o,
which converges in the C * topology to a Gy-action element.

Corollary 5.2.2. If G; x M — M is a sequence of actions on a compact manifold
M by compact Lie groups G; and if the Gj-actions sub-converge in the C*
topology to a compact Lie group action Gy x M — M, then for all j sufficiently
large, there is a diffeomorphism F; : M — M such that the conjugation by F; of
the G -action is a subgroup of the Gy-action. Moreover, the F; may be chosen to
converge to the identity map of M in the C*° topology.

This corollary follows from the proof of Ebin’s theorem (Theorem 5.2.1) by
averaging a fixed Riemannian metric over the group actions to produce G ;-invariant
metrics g; converging in the C* topology to a Gy-invariant metric g.

Generically, that is for a dense open set of metrics, the isometry group is in fact
the identity alone (see [EBI1, EBI2]). Our interest here, however, is in the metrics
which have a nontrivial isometry group.

The main goal of this section is to prove the statement analogous to Ebin’s
theorem (Theorem 5.2.1) for C*°, strictly pseudoconvex domains:

Theorem 5.2.3 ([GRK2]). If 2 is a bounded, C*°, strictly pseudoconvex domain
in C" that is not biholomorphic to the ball, then there is a neighborhood U of §2 in
the C*° topology (on bounded domains with the C*° boundary) such that it 2 € U,
then there is a real diffeomorphism F : 2 — 2 such that F is C* close to the
identity and

{F oaoF l:ace Aut(ﬂ)} C Aut(£2y).

In particular, Aut($2) is isomorphic to a subgroup of Aut(£2y).

The essential idea of the proof of this theorem is to note, from the Lu Qi-Keng
theorem (Theorem 5.8.1), that the Bergman metric of £2y does not have constant
holomorphic sectional curvature, while at the same time the holomorphic sectional
curvature is asymptotically constant at the boundary. So far, this is just a recapitu-
lation of the curvature proof of Bun Wong’s theorem (Sect. 3.4). Noting further that
these curvature estimates are stable under C*° perturbations of 3§29, one expects
to find that the smooth extension to the closure cl(§2y) of Aut(£2y), guaranteed by
Fefferman’s result on smoothness to the boundary, [FEF1, Part I] will also be stable
under perturbation of d£2; in the following sense: If £2 is C* close to £2, then
Aut(£2) on cl(£2) is C° close to Aut(§2y) on cl(£§2y) in the sense that each element
of Aut(£2) belongs to some pre-chosen C*° neighborhood of Aut(£2) on cl(£2y).
Of course cl(£2y) is a compact manifold with boundary so that Ebin’s theorem
(Theorem 5.2.1) as just stated and proved (for manifolds without boundary) does
not apply as such. But, by passing to the “metric double” and introducing suitable
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automorphism-invariant metrics, we can apply Ebin’s theorem on manifolds without
boundary. We now turn to a more detailed version of the outline just given.
The detailed proof will be based on two propositions:

Proposition 5.2.4. If £2y is a C* strictly pseudoconvex domain and if §2¢ is not
biholomorphic to the unit ball, then there is a point p in §2¢, a compact set Ky C £2,
and a C* neighborhood V of £2y in the C* topology on domains such that, if
£2 €V, then 2 D Ky U {p} and the Aut(§2)-orbit of p lies in K.

Proposition 5.2.5. If 2 is a C*° strictly pseudoconvex domain not biholomorphic
to the unit ball then, for each { = 1,2, ..., there is a C*° neighborhood V of £2
and a positive constant Cy such that, for each £2 € V and each f € Aut(S2), the
Euclidean derivatives of order < { of f at points p € §2 have absolute value < C;.

For brevity, we shall summarize this last statement by saying that

The derivatives of order < £ of elements in Aut(§2) are stably uniformly bounded
(where “stably” refers to variation of §2 near §2¢ and “uniformly” refers to variation
over the points of the domain £2).

This proposition, which is in effect a stable version of smoothness-to-the-
boundary theorem by Fefferman, will be established later.

Armed with these propositions, we can now establish the following lemma of
normal families type.

Lemma 5.2.6. If £2;, j = 1,2,..., converge in the C* topology to §2o (with
£2y being C*°, strictly pseudoconvex, and not biholomorphic to the ball), and if
gj € Aut(£2;), then there are subsequences £2,, g, k = 1,2,..., such that g;,
converges in the C* topology to an element gy € Aut($2y).

Hereinafter, we write G; = Aut(£2;) and Go = Aut(§29). The lemma then says
in effect that, for j large, the action of each element of G; is close to the action of
an element of Gy.

Proof of the Lemma: Fix a point p and a compact set K, as in Proposition 5.2.4.
Then, for j large, g;(p) € Ko C §2;. By normal families, there is a subsequence
gj, which converges uniformly on each compact subset of £2;. And the limit
of this subsequence is an element gy of Gy (this follows from a straightforward
modification of Theorem 4, page 78 of [NAR]). A standard result of Cartan then
implies the C > convergence of {g, } on cl(£2;,) [respectively to gy on cl(£2o)].

To check this last assertion in detail, it suffices to show that {g, } on cl(£2},) is
a Cauchy sequence in the C“*! norm for each fixed £ = 1,2, .... For this, suppose
that € > 0 is given. Choose a compact set K C §2y such that, for all £2 which
are C* close enough to £2p and x € 052, there is a polygonal arc in £2, of length
not exceeding €/[3C¢+,], from some point s € K to the point x. [Here Cy4, is the
constant from Proposition 5.2.5.] The possibility of choosing K in this fashion is
elementary: Simply let the set K be the € /[4C;] normal “push-in” of £2y.

Now choose k so large that (from Cauchy estimates), g 2 — 80 and g; kg, — 80

have C* norm on K bounded above by €/3 if Ko, Ko, > ko. For such Kg,, Kp,,
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the C* norm of the difference kg, ~&ikg, is < e on cl(£2¢,, ), cl(2k,, ) provided
that K,, K¢, are also required to be so large that £2x,, , £k, are sufficiently C*>
close to £2p and hence to each other. O

Lemma 5.2.7. There is a neighborhood V of §2y in the C*° topology on domains
and a family g, §2 € V, with g a C® Riemannian metric on cl(§2) such that (1)
if Aut(£2) acts isometrically on g and (2) if {§2;} is a sequence in V converging
C™ to §20, then {gg, } converges C™ to gg,.

Proof. Set gg, equal to the average with respect to Aut(£2y) of the Euclidean metric
on cl(£2y). For each 2 # £2), choose diffeomorphisms Fg : cl(£2) — cl(£2)
such that Fp, converges as £2 tends to §2( in the C*° topology. Set g, equal to the
average over the compact (for V small enough) group Aut($2) of the pullback metric
F} g0, By arguments in [GRK3], each element of Aut(£2) acts nearly isometrically
on Fg ga,, in the C* sense of “nearly,” on cl(£2). This is because g, is Aut(§2)-
invariant and each element of Aut(£2) is C* close to an element of Aut(£2)). The
convergence conclusion of the lemma follows. O

Lemma 5.2.8. The metrics g¢; in Lemma 5.2.7 can be chosen to be product metrics
near the boundary.

Here “the product metric” near the boundary of §2 means precisely that, for each
boundary point x of cl(£2), there is a real local coordinate system (xp, X7, ..., X2,)
in a neighborhood of x with:

e The boundary cl(£2) \ £2 equaling {(x1, x2, ..., X2,—-1,0)}
¢ The points of £2 in the neighborhood of x satisfying x,, < 0 (and vice versa)
¢ The metric in the given neighborhood having at (x1, x2, ..., X2,,) the form

dx3 + (a positive definite quadratic form
indxy,dx,, ..., dxy,—; with coefficients

depending only on (x1, xp, ... ,xZn_l))
Proof of Lemma 5.2.8: An Aut(§2) product metric of this sort at and near the
boundary is easily obtained using the map
02 x [0,6) > 2
defined by
(b,1) > exp,(IN),
where N is the inward-pointing normal at b relative to the previous g metric

and exp, is the ge-exponential map. Choose § so small that the map is a
diffeomorphism and define the metric by declaring this diffeomorphism to be
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isometric for [(the metric on 3£2) + dt?]. This construction is Aut(§2)-invariant.
Using an Aut(£2)-invariant partition of unity to make a transition to the previous
gq will provide all properties: The partition of unity function is taken to depend
only on the ¢ variable. O

The proof of Theorem 5.2.3 can now be completed as follows: With the metrics g
chosen as in Lemma 5.2.8, in particular as product metrics near the boundary, we
form the compact Riemannian manifolds (.Q £2) by taking £2 to be the manifold
“double” of §2 and &g, to be the natural metric on 2, equal to g, on each copy of §2
and fitting together to form a C °° metric across the (one copy of) d£2 on account of
the product metric. Let G, be the group generated by Aut(§2) and the interchange
operation I, that interchanges the two copies of §2 that are “glued” to form 2.
We now apply Ebin’s theorem (Theorem 5.2.1) to deduce that the isometry group
of 2 is diffeomorphism-conjugate (via a diffeomorphism close to the identity) to
a subgroup Hy of the isometry group of 2. Now, by our previous analysis via
normal families, Hy, lies in a small neighborhood of Gy, in the isometry group
of QO. This isometry group is a compact Lie group and Gg, is a compact, hence
closed, subgroup and H, is also compact and therefore closed. Standard Lie group
theory yields that H, is conjugate to a subgroup of G o, by way of an isometry of SAZO
close to the identity. Thus the diffeomorphism conjugation together with this second
conjugation gives a close-to-the-identity diffeomorphism F : £2 — £2) conjugating
GQ to Gf}o'

Now G 9, contains /g,. Also the only possible fixed points of an element of Gos
that is not preserving each copy of §2 are lying in 952. It follows that F' in fact maps
a2 diffeomorphically to d£2, and thus F', being close to the identity, maps £2 to £2.
As a result,

F|c1(.(z) ccl(2) — cl(£20)

is the conjugating diffeomorphism called for in the theorem. O

The reader with a mind towards maximum generality will have noticed that
complex analysis really played no role in the latter part of this proof. In particular,
the proof technique gives rise to the following results:

Theorem 5.2.9 (Ebin’s Theorem for Manifolds with Boundary). If (M, g) is a
compact, the C*° Riemannian manifold with boundary, then there is a neighborhood
U of gy in the C*° topology on the Riemannian metrics such that, for each g € U,
there is a diffeomorphism F : M — M (which can be chosen to be C*° close to
the identity) such that, for each g-isometry f : M — M, the mapping F~'o f o F
is a g isometry.

Theorem 5.2.10. If Gy is a compact subgroup of the diffeomorphism group of a
compact manifold (possibly with boundary), then there is a neighborhood V of Gy
in the C*° topology on the diffeomorphism group such that every compact subgroup
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G of the diffeomorphism group, with G C V), is conjugate to a subgroup of G via
a diffeomorphism (which may be taken C *° close to the identity).

The proofs of these results are obtained by extracting suitable portions of the proof
of Theorem 5.2.2.

5.3 Convergence of Holomorphic Mappings

Throughout this section, and in subsequent parts of the chapter, we shall use
the concept of finite type as developed by Kohn—Catlin—-D’Angelo. See [KRAI,
Sect. 11.5] for an explication of these ideas. For completeness we supply the relevant
definitions here.

Next we shall develop in full generality both the geometric and the analytic
notions of “type” for domains in complex dimension 2. In this low-dimensional
context, the whole idea of type is rather clean and simple (misleadingly so).
In retrospect we shall see that the reason for this is that the varieties of maximal
dimension that can be tangent to the boundary (i.e., one-dimensional complex
analytic varieties) have no interesting subvarieties (the subvarieties are all zero
dimensional). Put another way, any irreducible one-dimensional complex analytic
variety V' has a holomorphic parametrization ¢ : D — V. Nothing of the kind is
true for higher-dimensional varieties. 8

5.3.1 Finite Type in Dimension Two

We begin with the formal definitions of geometric type and of analytic type for a
point in the boundary of a smoothly bounded domain §2 € C2. The main result of
this subsection will be that the two notions are equivalent. We will then describe, but
not prove, some sharp regularity results for the d problem on a finite-type domain.
Good references for this material are [KOH2,BLG, KRA1].

Remark 5.3.3: The idea of commutator is an essential concept from symplectic
geometry. You will see that it fits the context here very nicely.

Definition 5.3.3. A first-order commutator of vector fields is an expression of the
form

[L.M]=LM—-ML.
Here the right-hand side is understood according to its action on C * functions:
[L.M](¢) = (LM — ML)(¢) = L(M(¢)) — M(L(9)).
Inductively, an mth order commutator is the commutator of an (m — 1)st order

commutator and a vector field N. The commutator of two vector fields is again a
vector field.
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Definition 5.3.4. A holomorphic vector field is any linear combination of the
expressions

)
dzi = 0z

with coefficients in the ring of C*° functions.
A conjugate holomorphic vector field is any linear combination of the expres-
sions

0 0

0z 0
with coefficients in the ring of C*° functions.

Definition 5.3.5. Let M be a vector field defined on the boundary of 2 = {z €
C? : p(z) < 0}. We say that M is tangential if Mp = 0 at each point of 352.

Now we define a gradation of vector fields which will be the basis for our definition
of analytic type. Throughout this section 2 = {z € C? : p(z) < 0} and p is C°.
If P € 052 then we may make a change of coordinates so that dp/dz(P) # 0.
Define the holomorphic vector field

Both L and L are tangent to the boundary because Lp = 0 and Lp = 0. They are
both nonvanishing near P by our normalization of coordinates.

The real and imaginary parts of L (equivalently of L) generate (over the ground
field R) the complex tangent space to 052 at all points near P. The vector field
L alone generates the space of all holomorphic tangent vector fields and L alone
generates the space of all conjugate holomorphic vector fields. Again we stress that
we are working in complex dimension two.

Definition 5.3.6. Let L denote the module, over the ring of C*° functions,
generated by L and L. Inductively, £, denotes the module generated by £,,_; and
all commutators of the form [F, G] where F € £, and G € £, ;.

Clearly £; € £, C ---. Each £, is closed under conjugation. It is not generally
the case that U, L, is the entire three-dimensional tangent space at each point of
the boundary. A counterexample is provided by
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Q=1{eC: |y +2 2" < 1y

and the point P = (1, 0). We invite the reader to supply details of this assertion.

Definition 5.3.7. Let 2 = {p < 0} be a smoothly bounded domain in C?, and let
P € 082. Let m > 2 be an integer. We say that 92 is of finite analytic type m at
P if (dp(P), F(P)) = O for all F € L,,— while (dp(P), G(P)) # 0 for some
G € L,,. In this circumstance we call P a point of type m.

Remark 5.3.8. A point is of finite analytic type m if it requires the commutation
of m vector fields to obtain a component in the complex normal direction. Such a
commutator lies in £,,.

If P is a point of type m, then the module £,, is precisely equal to the full,
3-dimensional real tangent space at P. This is because there is an element G with a
nontrivial complex normal component.

There is an important epistemological observation that needs to be made at this
time. Complex tangential vector fields do not, after being commuted with each other
finitely many times, suddenly “pop out” into the complex normal direction. What is
really being discussed in this definition is an order of vanishing of coefficients.

For instance, suppose that, at the point P, the complex normal direction is the z;
direction. A vector field

a0 0
F(z) = a(z)a—Zl + b(z)a—zz,

such that b vanishes to some finite positive order at P and a(P) # 0 will
be tangential at P. But when we commute vector fields, we differentiate their
coefficients. Thus if F is commuted with the appropriate vector fields finitely many
times, then b will be differentiated (lowering the order of vanishing by one each
time) until the coefficient of d/0dz, vanishes to order 0. This means that, after finitely
many commutations, the coefficient of 9/dz, does not vanish at P. In other words,
after finitely many commutations, the resulting vector field has a component in the
normal direction at P. O

Notice that the condition (dp(P), G(P)) # 0 is just an elegant way of saying that
the vector G (P) has nonzero component in the complex normal direction. Any point
of the boundary of the unit ball is of finite analytic type 2. Any point of the form
(e/?,0) in the boundary of {(z1,22) : |z1|> + |z2|*" < 1} is of finite analytic type 2.
Any point of the form (e?, 0) in the boundary of 2 = {z € C? : |z;|> + 2e V2l <
1} is not of finite analytic type. We say that such a point is of infinite analytic type.

Now we shift gears and turn to a precise definition of finite geometric type. If P is
a point in the boundary of a smoothly bounded domain, then we say that an analytic
disc ¢ : D — C? is a nonsingular disc tangent to 92 at P if $(0) = P, ¢'(0) # 0,
and (0o ¢)'(0) =0:
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Definition 5.3.9. Let 2 = {p < 0} be a smoothly bounded domain and P € 952.
Let m be a nonnegative integer. We say that 052 is of finite geometric type m at P if
the following condition holds: there is a nonsingular disc ¢ tangent to 952 at P such
that for small ¢,

lpod(O) = CIEI"

BUT there is no nonsingular disc ¥ tangent to 2 at P such that, for small values
of ¢,

lpo¢(0)| < Clg|"*h.

In this circumstance we call P a point of finite geometric type m.

We invite the reader to reformulate the definition of geometric finite type in terms
of the order of vanishing of p restricted to the image of ¢. The principal result of
this section is the following theorem:

Theorem 5.3.10. Let 2 = {p < 0} C C? be smoothly bounded and P € 352. The
point P is of finite geometric type m > 2 if and only if it is of finite analytic type m.

Proof. We may assume that P = 0. Write p in the form
p(z) = 2Rez + f(z1) + O(z1z2| + |22]?).

We do this of course by examining the Taylor expansion of p and using the theorem
of E. Borel (see [HIR]) to manufacture f from the terms that depend on z; only.
Notice that

af d d
= - t .
52 05 72 + (error terms)

Here the error terms arise from differentiating O(|z122| + |z2/?). Now it is a simple
matter to notice that the best order of contact of a one-dimensional nonsingular
complex variety with d£2 at 0 equals the order of contact of the variety ¢ — (£, 0)
with 0£2 at O which is just the order of vanishing of f at 0.

On the other hand,
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2 £ r 2
[L,z]:[ il i}_ SN

02,02, 02, | 970z 0z

+ (error terms)
P2f 97
821 3Z1 822 i

4+ (error terms).

:2iIm|:

Inductively, one sees that a commutator of m vector fields chosen from L, L will
consist of (real or imaginary parts of) mth order of derivatives of f times d/dz, plus
the usual error terms. And the pairing of such a commutator with dp at 0 is just the
pairing of that commutator with dz,; in other words it is just the coefficient of /9z,.
We see that this number is nonvanishing as soon as the corresponding derivative of f
is nonvanishing. Thus the analytic type of 0 is just the order of vanishing of f at 0.
Since both notions of type correspond to the order of vanishing of f, we are done.

O

Remark 5.3.11. Itis worth noting that a strictly pseudoconvex boundary point (such
as in the boundary of the unit ball B) is of finite type 2. This is easily calculated with
either definition of finite type, and we encourage the reader to do so.

Likewise a boundary point P = (1,0) of the domain 2 = {(z1.22) : |z1|> +
|z2|?™ < 1} is of finite type 2m. This is easily calculated with either definition of
finite type, and we encourage the reader to do so. O

Remark 5.3.12. The value of this last theorem may be appreciated in the following
context. It is useful to know that if P € 952 is a point of finite type, then nearby
boundary points are also of finite type. Further, one would like to be able to say
something about the type of those nearby points in terms of the type of P. These
goals are quite difficult to achieve in the language of geometric finite type. But, in
the argot of analytic finite type, they are quite easy. For, if G is an element of £, so
that (dp(P), G(P)) # 0, then also (dp(P), G({)) # 0 for ¢ near P. Thus such ¢
will be of finite type at most m.
The example

R={z,2)eC: |lal+|n"<1}, 0<meZ,

illustrates the idea. Consider the boundary point P = (1,0). It is of course of
finite type 2m. The nearby boundary point (e/¢, 0) for € small is also of finite type
2m. But the nearby boundary point (1 — €, /2 —€2), € > 0 small, is strictly
pseudoconvex, hence of finite type 2. O

From now on, when we say “finite type” (in dimension two), we can mean either
the geometric or the analytic definition.
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We say that a domain £2 € C? is of finite type if there is a number M such that
every boundary point is of finite type not exceeding M.

The definition of finite type in higher dimensions (due to J. P. D’ Angelo) is more
complex. We give it in three steps.

Definition 5.3.13. Let f be a scalar-valued holomorphic function of a complex
variable and P a point of its domain. The multiplicity of f at P is defined to be the
least positive integer k such that the kth derivative of f does not vanish at P. If m
is that multiplicity then we write vp (f) = v(f) = m.

If ¢ is instead a vector-valued holomorphic function of a complex variable, then
its multiplicity at P is defined to be the minimum of the multiplicities of its entries.
If that minimum is m, then we write vp(¢) = v(¢p) = m :

Definition 5.3.14. Let ¢ : D — C" be a holomorphic curve and p the defining
function for a smoothly bounded domain 2. Then the pullback of p under ¢ is the

function ¢*p({) = po ¢({).

Definition 5.3.15. Let §2 be a smoothly bounded domain in C" and 92 its
boundary. Let P € 952. Let p be a defining function for £2 in a neighborhood
of P. We say that P is a point of finite type (or finite 1-type) if there is a constant
C > 0 such that

v(¢*p) _
W@ =

whenever ¢ is a nonconstant (possibly singular) one-dimensional holomorphic
curve through P such that ¢ (0) = P.

The infimum of all such constants C is called the type (or 1-type) of P. It is
denoted by A(M, P) = A;(M, P).

Again, the reference [KRAI, Sect. 11.5] provides a thorough treatment, with
examples, of the concept of point of finite type.

It is a basic fact—see, for instance, [BEL1, Main Theorem, p. 103] and the
discussion in [KRA1, Sect. 11.5]—that any automorphism of a smoothly bounded,
finite-type domain £2 extends to be a C*° diffeomorphism of the closure of
the domain £2 to itself.! Thus it is natural in the present context to equip the
automorphism group with a different topology which we shall call the C* topology.
Fix k a positive integer. Let € > 0. If ¢y € Aut(£2), then a subbasic neighborhood
of ¢y is one of the form

'In fact the standard condition to guarantee such an extension to a diffeomorphism of the closures
is Bell’s Condition R—see [KRAI, Sect. 11.5] and also our Sect. 4.4. Condition R is guaranteed by
a subelliptic estimate for the d-Neumann problem, and that condition is known to hold on domains
of finite type.
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aOt
p <eforallz e 2

Ur.e(po) = {fp € Aut(£2) : ‘ Z (¢ — o) (2)

and all multi-indices a with || < k} .

It is easy to see that, with this topology, Aut($2) is still a real Lie group (see [KOB2,
Sect. V.2]) when §2 is a bounded domain.
Our first result of this section is as follows:

Proposition 5.3.16. Let 2 € C" be a bounded domain with compact automor-
phism group in the C* topology, k > 0 an integer. Let « be a multi-index such that
|a| < k. Then there is a positive, finite constant K, such that

o

0
@w(z) < K, (5.3.16.1)

sup
ZER

for all p € Aut(£2).

The point here is that we have a uniform bound on the «th derivative of all
automorphisms of §2, that bound being valid up fo the boundary. A result of this
kind was proved in [GRK1, Proposition 5.1] for the automorphism group of a strictly
pseudoconvex domain considered in the compact-open topology. That proof was
rather complicated, using the Fefferman’s asymptotic expansion for the Bergman
kernel of a strictly pseudoconvex domain [FEF1, Theorem 2] as well as the concept
of the Bergman representative coordinates [GKK, Sect. 4.2]. The proof presented
here—for the C* topology—is much simpler and works in considerably greater
generality:

Proof of Proposition 5.3.16: Suppose to the contrary that, for some fixed multi-
index o, there is no bound K. Then there are a sequence ¢; of automorphisms of
£2 and points P; € §2 such that

80{
‘@%‘(Pj) — +00.

But Aut($2) is compact, so there is a subsequence ¢;, that converges in the C k
topology to a limit automorphism ¢,. Let

o

~—¢0(2)

Ly = sup Py

ZER

Let € > 0. Choose K so large that

o

d
oo ik (ij)

aa >L()+2E
Z
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for k > K. Choose M so large that

<€

9 8
’ @), (2) — Pl (2)

aot

forallm > M, z € §2. It then follows that, for £ > max(K, M),

aOt

> Lo+
oz 0TE:

(pO(P]/()

This is impossible. O

The next result relates our different topologies on the automorphism group in an
important new way.

Proposition 5.3.17. Let k be a positive integer. Let §2 be a smoothly bounded
domain on which

(5.3.17.1)

‘—w(Z)

for all ¢ € Aut(£2), all z € £2, and all multi-indices « such that |«| < k. Then any
sequence ¢; of automorphisms that converges uniformly on compact sets to a limit
automorphism g, in fact converges in the C*~! topology to .

Remark 5.3.18. As the previous result shows, the converse of this proposition is
true as well. O

Proof of the Proposition: From (5.3.17.1), there is a constant K, so that
Vi ()| < Ko,

forall ¢ € Aut(£2), all j,andall 7z € £2. Lete > 0. Choose a compact set K C 2 so
large that if w € £2 \ K, then there is a line segment £,, connecting w to an element
k,, € K (and parametrized by y,,(¢) = (1 —t)w + tk,,) which has a length less than
G/K_Q] .

Now choose j so large that

0j (@) —@(2)| <€ (5.3.17.2)
for all z € K. Choose a point w € £2 \ K. Then

|§0j (W) - (pO(W)| = |(p_/' (W) —@j (kw)| + |(pj (kw) - (pO(kw)i + |§00(kw) - ¢0(W)|
=l+11+111.

Now we know that /] < € by (5.3.17.2). For I, notice that
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1
|§0j(w) —¢j(kw)| = ‘/(; %[% ng(t)] dr

€

=Ko g
1

= €.

A similar estimate obtains for //1.
In summary,

0j (W) — @o(w)| < 3e.

This gives the uniform convergence estimate that we want for all points of §2. That
proves the result for k = 1.

Of course similar estimates may be applied to [(0%/dz%)¢; (W) — (3% /0z%)po(w)|
for any |a| < k. Thus we get convergence in the C¥~! topology. O

Corollary 5.3.19. Let £2 € C" be a smoothly bounded domain on which automor-
phisms satisfy uniform bounds on derivatives as in (5.3.17.1). Let ¢; € Aut(£2) be
a sequence of automorphisms that converges uniformly on compact sets to a limit
automorphism ¢g. Then in fact ¢; — ¢o uniformly on Q2.

Proof. This is a special case of the preceding result. O

Remark 5.3.20. Let £2 be a strictly pseudoconvex domain with real analytic
boundary which is not biholomorphic to the ball. Then the results on uniform bounds
of derivatives of automorphisms are particularly easy to prove. For Aut(§2) must be
compact (see [WON, Main Theorem, p. 253]). It is further known—see [GRK3]—
that there is an open neighborhood U of §2 such that every automorphism (and its
inverse, of course) analytically continues to U. It then follows directly from Cauchy
estimates that, if « is a multi-index, then

o

d
—€0(Z) = Kot
az¥

for all ¢ € Aut(§2) and all z € £2. O

It is possible to use the Bergman representative coordinates (see our Sect.3.1) in
a new fashion to obtain the uniform-bounds-on-derivatives result for finite type
domains in C? in the compact-open topology. More precisely,

Theorem 5.3.21. Let 2 C C? be a smoothly bounded, finite-type domain in C?
with compact automorphism group in the compact-open topology. Let « be a multi-
index. Then there is a constant K, > 0 so that

o

d
_QD(Z) =< Ka
a7

for all p € Aut(§2) and all 7 € 2.
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Proof. For a fixedw € £2, let §,, denote the Dirac delta mass at w. Then of course
K(z,w) = P(6,)(2) (5.3.21.1)

for all z € §2, where K is the Bergman kernel for £2 and P the Bergman projection.
Now, by a well-known formula of Kohn (see Sect. 6.6),

P=1—-9NJ.

Here N is the 3-Neumann operator. It follows that P is pseudolocal up to the
boundary (again see [KRA2, Sects. 7.8 and 7.9]).

Let U be a tubular neighborhood of 9§2. Let L CC 2 be a compact set so that
dL € U. Now pick w € dL. So there will be an r > 0, with r greater than the
radius of U, so that K(-,w) is smooth on £2 N B(w, r).

Now assume that w € U N £2. Let w be the point of 952 that is nearest to w.
Then, because we are in complex dimension 2 (see [BEF1, Theorem 3.1]), there is a
holomorphic peak function® f; for w. We may replace f;;(z) with [9+ f;(2)]/10 so
that our peak function does not vanish on §2. Continue to denote the peak function
by f;. Then we may write

K(Z’ W) = P(SW)(Z)

- / K(.0)8,(0)
2

1
=/QK(27 ) ;(0‘_/)‘ (m) “ X B (§) AV (E).

Here ys denotes the characteristic function of the set S. In the right-hand part of
this last sequence of equalities, the o; are positive numbers that sum to 1, and £24
is the volume of the unit ball in R* ~ C? (see [KRAI, Sect. 1.4]). [We are simply
invoking here the mean-value property of a holomorphic function on balls.] Also
the 7; is an increasing sequence of finitely many positive radii with the largest of
them equaling the distance 7 of w to 952.

Now this last equals

/9 K@ e fLQdVE) +E@w) = f1 @) +E@w),

2The construction of peaking functions in [BEF1, Theorem 3.1] is quite difficult and technical.
It amounts to a delicate scaling procedure. An alternative approach to the matter, using entire
functions that grow at a certain rate at infinity, appears in [FOM]. The paper [BEF1] proves the
peak point result for domains with real analytic boundary. The paper [FOM] proves the result for
finite-type domains.
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where ¢ > 0 is a constant, j (interpreted as a power) is a suitably chosen positive
integer, and £(z, w) is an error term. Now we know that the first term in this last
displayed expression does not vanish on £2 intersect a ball about w that has radius
larger than t and the error term is negligible in this regard—because the Bergman

projection of Y ;o X Bow.;)(§) is, by inspection, approximated closely in

1
71}1-'94
the uniform topology by the dilated peaking function.

Thus the Bergman representative coordinates (see [GKK, Sect.4.2] for this

concept), which are given by

_ 0 K@D
bj,w(z) - azj log K(é" Z) {=w ’

are well defined on B,, N 2 with B,, = B(w, t’) for some t’ > . And the size
of b;,, may be taken to be uniformly bounded, independent of w, just by the noted
regularity properties of the Bergman kernel. Of course L N ,, # 0.

Now fix a multi-index «. Then certainly |(d%/3dz%)¢(z)| is bounded by some M,
for all ¢ € Aut(§2) and all z € L. But then the Bergman representative coordinates
enable us to realize each automorphism as a linear map (namely, the Jacobian—
again see [GKK, Sect.4.2]) on B,, N £2. And the size of the coefficients of these
linear maps depends only on the Jacobian of the automorphism at the center of the
ball. Of course the center of the ball lies in a compact subset of §2, so these Jacobians
have uniformly bounded coefficients. The conclusion then is that |(9%/9z%)¢(z)| is
uniformly bounded on L U f,,. And the bound is independent of w. Remembering
that w is an arbitrary element of dL, we see that | (0% /9z%)¢(z)| is uniformly bounded
on all of £2, uniformly for all ¢ € Aut(£2). O

5.4 The Semicontinuity Theorem

Now one of the main results of this section is the following:

Theorem 5.4.1. Let §2 be a smoothly bounded, finite-type domain in C> which has
compact automorphism group in the compact-open topology. Let k an integer be
sufficiently large. Then there is an € > 0 so that if 2’ is a smoothly bounded, finite-
type domain with C* distance less than € from §2, then Aut(£2') can be realized
as a subgroup of Aut(§2). By this we mean that there is a smooth diffeomorphism
@ : 2 — 2 so that

(pi—)Cbogood5_1

is a univalent homomorphism of Aut($2’) into Aut(§2).
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Proof. The proof of this result has been indicated earlier in this chapter (see also
[GRK3, Theorem 0.1]), so we only sketch the steps.

Step 1:  There is a Riemannian metric, smooth on 2, which is invariant under any
automorphism of §2. We construct this metric simply by averaging the Euclidean
metric with respect to Haar measure on the automorphism group of £2. In order
for the resulting metric to be smooth to the boundary, we must invoke the uniform
bounds on automorphism derivatives that we proved in Sect. 5.1.

Step 2:  The metric in Step 1 can be modified so that it is a product metric near the
boundary, and still invariant. This is a standard construction from the Riemannian
geometry, and we omit the details.

Step 3: We may form the metric double 2 of 2, and the resulting metric is
smooth on £2.

Step 4:  Any automorphism of £2 can now be realized as an isometry of 2.

Step 5: By a classical result of David Ebin [EBII, Sect. 1], there is a semicon-
tinuity result for isometries of compact Riemannian manifolds. We may apply
this result to the isometry group of 2.In pgiticular, any smooth deformation £2’
of §2 gives rise to a smooth deformation 2’ of §2 and hence to a deformation
of the invariant metric on 2. Thus, we may compare the isometry group of the
perturbed metric to the isometry group of the original metric.

Step 6: We may unravel the construction to see that Step 5 may be interpreted
to say that the automorphism group of £2’ is a subgroup of the automorphism
group of 2 and we may extract the conjugation map & from the conjugation
map provided by Ebin’s theorem.

That completes the argument. O

Since we introduced the C* metric for the space of automorphisms, it is worthwhile
to formulate a result for that topology. We have:

Theorem 5.4.2. Let £2 be a smoothly bounded, finite-type domain in C2. Equip
Aut(£2) with the C* topology, some integer k > 0. Assume that £2 has compact
automorphism group in the C* topology. Then there is an € > 0 so that if 2 is a
smoothly bounded, finite-type domain with C™ distance less than € from 2 (with
m < k), then Aut($2’) can be realized as a subgroup of Aut(§2). By this we mean
that there is a smooth mapping @ : 2’ — £2 so that

(pl—)@ogoo(b_l

is a univalent homomorphism of Aut(£2’) into Aut($2).

Proof. The proof is just the same as that for the last theorem. The main point is to
have a uniform bound for derivatives of automorphisms (Proposition 5.2.5), so that
the smooth-to-the-boundary invariant metric can be constructed. O
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5.5 Some Examples

In this section we provide some examples which bear on the context of Theorems
5.4.1 and 5.4.2.

Example 5.5.1. Let
2 = B(0,2) \ B(0,1).

Then 2 is a bounded domain, but it is not pseudoconvex.

Of course any automorphism of §2 continues analytically to B(0, 2). But it also
must preserve S1 = {z: |z| = 1} and S, = {z: |z| = 2}. It follows that Aut(£2) =
U(n). Now an obvious Lie subgroup of U(n) is SU(n). But SU(n) has precisely the
same orbits as U(n)—in fact the orbit of any point in .S, is S, itself and the orbit of
any point in S is S itself. It follows that there is no domain that is “near” to £2 in
any C* topology and with automorphism group that is precisely SU(n). Therefore
an obvious sort of converse to Theorem 5.2.3 fails in this case. That is to say, not
every closed subgroup of the automorphism group of £2 arises as the automorphism
group of a nearby domain.

We note, however, that with suitable hypotheses (including strong pseudocon-
vexity), there is a sort of converse to Theorem 5.2.3—see [MIN, Sect. 1].

Example 5.5.2. 1f we do not mandate that the domain §2 have smooth boundary,
then Theorem 5.2.3 need not be true. As a simple example, consider

2={zeC":0< |7 < 1}.

Of course this §2 is not pseudoconvex and does not have a smooth defining function
(so does not have smooth boundary by our reckoning). The automorphism group of
2 is U(n). A “small” perturbation of §2 is 2’ = B = {7 € C" : |z] < 1}. But the
automorphism group of £2’ is much larger than U(n) (it includes U(n), but it also
includes the Mobius transformations). So semicontinuity of automorphism groups
fails.

5.6 Further Remarks

The idea of semicontinuity for automorphism groups is an important paradigm that
has far-reaching applicability in geometry. In any situation where symmetries are
considered, one may formulate the idea of semicontinuity. The basic idea is that
symmetry is hard to create but easy to destroy: small perturbations can and will
reduce symmetry, but it takes a large perturbation to create symmetry.

In the present discussion we have taken a fundamental theorem of [GRKI,
Theorem 0.1] in the strictly pseudoconvex setting and extended it in various ways
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to the finite-type setting. It would be interesting to know whether the result is true
in complete generality. Even more interesting would be an example—say in the
infinite-type context—in which semicontinuity fails.

5.7 The Lu Qi-Keng Conjecture

In the paper [BOA1,BOAZ2], Harold Boas gave an example of a strictly pseudocon-
vex, topologically trivial domain on which the Bergman kernel has zeroes (off the
diagonal, of course). This is a counterexample to an old question of Lu Qi-Keng.
We provide the details here.

It should first be noted that, in one complex dimension, any topologically trivial
domain (except for the entire complex plane itself) is conformally equivalent to the
unit disc. Since the kernel for the disc certainly never vanishes, we may conclude
that the kernel for the topologically trivial domain also does not vanish. Such an
analysis is not valid in higher dimensions, for in that context there is no Riemann
mapping theorem.

We note that in [GRK1] it is proved that, in the class of smoothly bounded strictly
pseudoconvex domains, the collection of domains for which the Bergman kernel
function is bounded away from zero is open. Also the collection of domains for
which the Bergman kernel has no zeros is closed. Boas’s example shows that the
second collection of domains is strictly larger than the first.

It is clear that the Bergman kernel for the ball B € C”,

1

K s =Cypr—————— i

8(z.0) = cn 0=z o
has no zeros. This is a useful feature, as many geometric constructions (see [GOL])
entail division by the Bergman kernel. For instance, construction of Bergman
representative coordinates entails division by the Bergman kernel. Thus in 1966,
Lu Qi-Keng conjectured that the Bergman kernel of any bounded domain does not
vanish.

It was shown, by direct calculation, by Skwarczyniski [SKW] and Rosenthal
[ROSE] that the Lu Qi-Keng conjecture fails on the annulus in the plane. By con-
trast, it is clear from conformal mapping, and the usual transformation formula for
the Bergman kernel, that the Bergman kernel of any simply connected domain in the
plane will be nonvanishing.

The operative form of the Lu Qi-King conjecture then became: The Bergman
kernel of any topologically trivial domain in C" has no zeros. Greene and Krantz
[GRK1, GRK2] proved that the Bergman kernel of a strictly pseudoconvex domain
deforms stably under perturbation of the domain. Hence, if £29) € C" is a domain
on which the Lu Qi-Keng conjecture is true, then the conjecture will remain true
on “nearby” domains, where the sense of nearby must be interpreted in a suitable
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topology on domains. Hurwitz’s theorem also shows that the limit of a sequence of
domains (again, in a suitable topology) on which the Lu Qi-Keng conjecture holds
will also have the Lu Qi-Keng property.

Thus it was a bit of a surprise when Boas [BOA1] proved that the Lu Qi-Keng
conjecture is false. We provide the details here. Indeed, consider the unbounded,
logarithmically convex, complete Reinhardt domain

R={zw) eC:|w<d+z)7"}.

Of course §2 is a complete circular domain, so any holomorphic function on £2 will
have a globally convergent power series. Which holomorphic monomials are square
integrable on £2? Consider the calculation

' 2 p(1+z))7! ]
// |/ WP dV(zw) = // / l2|% r? . r drd0dA(z)
zJ0 0
Q2

P2 T
_ 27{/ e dAG)
2k + 2|,
(1 + |z)~22 <
/ s 4G,

Now it is plain that the integrand is integrable near the origin. As |z| — 400, the
size of the integrand is |z| ~2¥=2. In order for this to be integrable at infinity, we
must have k > j (just use polar coordinates). But then we see that any holomorphic,
square-integrable function on £2 will have power series expansion, in terms of
monomials z/ w¥, with k at least 1. Hence, the function will vanish at the origin.

The domain that we have just constructed fails the Lu Qi-Keng property, but it is
unbounded. To find a bounded example, let 2z = £ N B(0, R). Ramadanov’s
theorem (see also [KRAS]) now tells us that the Bergman kernel K, for £2z
converges uniformly on compact sets to the Bergman kernel K, for 2. By
Hurwitz’s theorem, we may conclude that when R is large enough, the kernels K,
will vanish.

The domain §2y, is a bounded, topologically trivial domain on which the Bergman
kernel has zeros. To obtain a smoothly bounded example, we simply exhaust £2z by
smooth, strictly logarithmically convex complete Reinhardt domains. See [KRAI,
Chap. 1] for the details of this process. Then Hurwitz’s theorem and Ramadanov’s
theorem give the result.

In the paper [BOA2], Boas shows that the Lu Qi-Keng conjecture fails “gener-
ically” in the following precise sense. Let H denote the Hausdorff distance on
domains. To describe this idea, first note that if S € RY and x € R", then

dist(x, S) = inf |s — x]|.
SES
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Now, if §£21, §2, are domains in C", then set

H(21, £2,) = max { sup dist(z!, £25), sup dist(z>, £21); .

ZIG.Q[ ZZG.Qz
Following the notation and language of Boas, we now set
p1(821.822) = H (21, 822) + H(3521.082).

The main result in [BOAZ2] is as follows:

Theorem 5.7.1. The domains in C" having the Lu Qi-Keng property are nowhere
dense in the collection of all domains with any of the following secondary
properties:

(a) bounded, pseudoconvex
(b) bounded, strictly pseudoconvex

The proof of this result would take us far afield, and we omit it. Details may be
found in [BOA2].

5.8 The Lu Qi-Keng Theorem

Next we would like to present an application of Bergman representative coordinates
to the proof of a remarkable theorem of Lu Qi-Keng on domains with a Bergman
metric of constant holomorphic sectional curvature. Our presentation here owes a
debt to [GKK].

Theorem 5.8.1 (Lu Qi-Keng). Let §2 be a bounded domain in C". Assume that
the Bergman metric is complete and has constant holomorphic sectional curvature.
Then §2 is biholomorphic to the unit ball.

Notice that this result is certainly specific to the Bergman metric. For example,
the annulus {{ € C : 1 < |{| < R}, R > 1 admits a complete metric of constant
(holomorphic sectional) curvature. But it is not even homeomorphic to the unit disc,
much less biholomorphic to it.

Proof of Theorem 5.8.1:
Background Information

If the curvature ¢ were positive, then §2 would be a complete Riemannian
manifold with all sectional curvatures greater than or equal to ¢/4 > 0. [This is
because of the formula for Riemannian sectional curvature in case the holomorphic
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sectional curvature is constant.] Hence, 2 would be compact by standard Rieman-
nian geometry. [Myers’s theorem—A complete Riemannian manifold with sectional
curvature everywhere > ¢ > 0 has diameter < 7/4/€ and is hence compact [PET].]

If instead the curvature ¢ were zero, then the universal cover of §2 would
be a complete, simply connected Kihler manifold of sectional curvature 0 and
hence would be biholomorphically isometric to C". But then, since §2 is bounded,
the covering map into §2 would be constant by Liouville’s theorem. This would
contradict surjectivity of the covering map.

The only remaining case is that the curvature c is negative. If g, is the Bergman
metric of £2 (with constant negative holomorphic sectional curvature c), then the
metric

_c(n+1)
g = _ng
has constant (negative) holomorphic sectional curvature —4/(n + 1). [Here gg, is,
as usual, the Bergman metric.] Thus the simply connected covering space 2 of
§2 with the pullback g of the metric g is a complete, simply connected Kéhler
manifold with constant holomorphic sectional curvature —4/(n + 1). By standard
Kihler geometry (cf., [KON]), (Q, £) is biholomorphically isometric to B” with its
Bergman metric. Thus we obtain a holomorphic covering map F : B" — §2 which
is locally isometric for the Bergman metric on B” and g on §2, respectively.
To prove the theorem, we need only show that F' is in fact injective.

The Heart of the Proof

For this let ¢ = F(0). Since F is a covering map, it is locally invertible. Namely,
there exists an open neighborhood U of ¢ and a neighborhood V' of 0 such that
F|y : V — U is a biholomorphism. Denote by H), the inverse of F|y .

With z,w € U, let

Ko(z,w) = Kpn(Ho(2), Hy(w)).

Then
2
0z 0Z log Kole.2) = &7 = A B2k
by the condition on F above, where A = —w. This implies that
2 2
log Ko(z,2) — Alog Ko(z.2) =0

0z j 0zZk 0z j 0Zk
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for every z € U, and furthermore that
log Ko(z,w) — Alog Ka(z,w) = ¢(2) + ¢(w)

for every z, w € U, for some holomorphic function ¢ : U — C. For this one may
need to replace U by a smaller, simply connected neighborhood. Consequently one
obtains

d Ko(z, w) d Ko(z,w)

— =
ow; © Kow,w) ow; o8 Ko(w,w)

forevery z,w e U.
This gives rise to a direct computation with the Bergman representative coordi-
nate systems o' : V' — C" and b*> : U — C". One obtains that

Ho(0) = (Fly)™' = () o A0 b*(0) (5.8.1.1)

for every { € U. Here A is the linear map represented by the matrix with the (7, k)-
th entry

OF;
dz; lo’

Now look at the expressions in (5.8.1.1). The map b' is in fact a constant
multiple of the Euclidean coordinate system. Therefore it extends to all of C”
holomorphically. So does the linear map A. The map ¢ — b?({) extends to a
holomorphic mapping of £2 \ Z,, where

Z,={, €| Ka(q) =0}

Since K@ (,q) is a holomorphic function on §2 with Ko(q.q) # 0, the set Z,
is an analytic variety whose complex codimension in §2 is 1. Hence, 2 \ Z, is a
connected, dense, and open subset of §2. Therefore using the expression of Hy in
(5.8.1.1), the map H, extends to a holomorphic mapping of £2 \ Z, into C". Let H
denote this extension.

Now, let X = F~!(Z,). Then one immediately sees that

X ={ze B" | Ko(F(2).q) = 0}.

Since Ko (F(0),q) = Ko(q,q) # 0, we see that X is again a complex analytic
subvariety of B" with complex codimension 1. Thus B" \ X is a connected, dense,
and open subset of B". Furthermore, H o F : B" \ X — C” is holomorphic with
H o F(z) = zforeveryz € V,as H = Hyon V. This means that H o F(z) = z for
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every z € B" \ X. Now, forevery { € 2\ Z,, choose x € B” such that F(x) = ¢.
Then

H(§) = H(F(x)) = x.

This implies that H(2 \ Z,) C B".

We see that / is holomorphic on 2 \ Z,. The removable singularity theorem for
bounded holomorphic maps (the Riemann removable singularities theorem) yields
that H extends to a holomorphic mapping of §2 into C". Since H continues to
play the role of left inverse of F, it follows easily that F' must be injective. That
completes the proof. O

5.9 The Dimension of the Bergman Space

The material in this section has intrinsic interest, but it is also offered as an
introduction to the next section.

It is a fact (which we shall prove below) that a domain in C will have either an
oo-dimensional Bergman space or a O-dimensional Bergman space. As an instance,
the disc or the annulus have infinite-dimensional Bergman space; the entire complex
plane has zero-dimensional Bergman space.

Matters are different in several complex variables. Jan Wiegerinck [WIE] showed
that there is a domain in C? with positive, finite-dimensional Bergman space.
We provide the details here.

We may note that the Bergman space for a bounded domain is immediately
infinite dimensional, for all the polynomials will be in the Bergman space. The same
assertion is true for any domain that is biholomorphically equivalent to a bounded
domain. So Wiegerinck’s example will perforce be unbounded. We have:

Theorem 5.9.1. For every integer k > 0 there is a Reinhardt domain in C* with
k -dimensional Bergman space.

Proof. We work in C? (although there are analogues of these results in any
dimension greater than one). Consider the domains

X1 ={w) € C*:|w| < 1/(zlloglz]) , |z > e}

and
Xo ={(zw) € C*ilz] < 1/(jwllog|w]) . [w] > e}.

Set

Q=X UX,U{(@zw) eC?:|z] <2e,|w| <2e}.
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Lemma 5.9.2. The monomials in A%(£2) are precisely
cwt, k=01,2,....

Here c is some complex constant.
Proof: We calculate
1/rilogr;

(o)
|Z|*P |w|*? dV = (271)2/ / reP 2 dr dr,
X1 ri=e Jrpy=0

5 00 r12p—2q—1
=2 —dry.
) / (log ryy2e72 ™!

This last integral is finite if and only if ¢ > p. Thus

cPwl e A2(X) <=q=>p. (5.9.2.1)

A similar calculation shows that

cPwl € A2(Xy) <= q<p. (5.9.2.2)
The result follows from (5.9.2.1) and (5.9.2.2). O
Now we shall enlarge §2 in the direction of |z] = |w| in order to get rid of the

monomials with high exponents. Set

2.
By =4 (zw) € Ctz] > L w] > 1.Jz] — |w]| < EEa
Also define
2 = 2 U By, k=12,....
See Fig.5.1.

Our goal is to show that £2; has k-dimensional Bergman space.

Lemma 5.9.3. Fork =0,1,2,... we have

Iwl e A2(2) <= p=q<k.
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Fig. 5.1 The domain £2; A Re w

X2

Sy

Proof. We calculate, using the change of variables ry +r, =t,r; —r, = s, that

2 2 2
IV, = [P v
B,

m

= (2n)? rira)?P 1 drydr
(27) Irl—"2|<1/(r1+r2)'”( 172) 172

rp>lr>1
2p+1
) dsdr .

/ /o™

~ (2m)? / (
(l/t)m 2

This last integral converges if and only if m = 4k > 4p + 3. Then Lemma 5.9.2

and the last calculation give Lemma 5.9.3. O

Proof of the Theorem: The logarithmically convex hull of the Reinhardt domain
Q2 is C2. Therefore every f € A%(£2;) has a holomorphic continuation to C2. As a
result, / has a power series expansion

o
§ Am,nZ

m,n

that converges to f uniformly on bounded subsets of C2. As usual B(0, R) denotes
the ball in C? with center 0 and radius R. Then

If 22 z/ | f12dV = Z|amn|2/ |22 w | dV . (5.9.1.1)
2;NB(0.R) Q

«NB(O,R)

This last equality follows from the fact that the monomials z”w? form an orthogonal
set on every bounded Reinhardt domain, as is easily seen using polar coordinates.
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With Lemma 5.9.2, and letting R — oo in (5.9.1.1), we conclude that a,,, = 0
unless n = m < k. Thus

A%(2) = span{l, zw, 22w?, ... KW O

Now, to complete the discussion, we prove the following result:

Theorem 5.9.4. Let 2 be a domain in C. Then the dimension of A%($2) is either 0
or oo.

Proof: After a Mobius transformation, we may assume that §2 contains the point
oo. Let f € A%(£2) and suppose that f is not identically zero. There are now two
cases:

Case 1: The function f is rational. In this case we note that

/|f|2dxdy=oo, /|f|2dxdy<oo.
C 2

As a result, the complement “§2 of £2 in C has positive 2-dimensional Lebesgue
measure. It is known (see [GAR]) that, in this situation, the Cauchy transform

1
g(z)zfﬂmdsdn, {=E+in.

is a nonconstant, bounded, holomorphic function on £ satisfying g(oo) = 0.
Clearly g2, g%, ... will be in L?(£2). Hence, dim(A42(£2)) = oc.

Case 2: The function f is nonrational. We expand f in a Laurent series around the
point co:

oo
f(Z)=ZCkZ_k, p=2, ¢, #0.
P

We shall construct a function g € A?(£2) such that g # 0 and the Laurent series of

g has no terms with 77!, z72, ..., z77. Let 7', 722, ..., z?*! be distinct points in £2.
Take g to be of the form
p+1
bi(f(z)— f(z;
g(Z)=Z i (f(@@) = f(z)) . b ecC.

=1 1—Zj
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Expanding around co we see that

oo
g(2) = Zakz_k,
k=1

with coefficients a; depending on b, z;, and f. Indeed, fork = 1,2,..., p, we
have
p+l1
ar =Y —b; fz)Z".
j=1

Now select the constants b; to be a nontrivial solution of the homogeneous linear
equations

ar =0, k=12,...,p.

Such solutions always exist.

Note that a; = 0 and f € A%(£2) imply that g € A%(£2), and we also see that g
is nonrational (otherwise f would be rational). In particular, g 0. Thus for some
q > p,ay # 0. We can continue this reasoning with g instead of f and see that
dim(A%(£2)) is infinite. O

It is known (see [CAR, GAR]) that A2(£2) for £2 € C has nontrivial functions if
and only if “£2 has positive logarithmic capacity.
5.10 The Bergman Theory on a Manifold

The paper [KOB 1] gives a nice presentation of the theory of the Bergman space, the
Bergman kernel, and the Bergman metric on a complex manifold. We present the
key ideas here.

5.10.1 Kernel Forms

Let M be an n-dimensional complex manifold. Let A%(M) be the set of holomor-
phic n-forms on M such that
foro7
M

< 0.
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The vector space A2(M) is a separable, complex Hilbert space with inner product
given by

i fo) = (1) /M AAT

We remark that the space A2 could be finite dimensional. This happens, for instance,
when M is compact (see the elementary Hodge theory in [KON]). Also refer to our
Sect. 5.9 in which we give the example of Wiegerinck of a Reinhardt domain in C?
on which the classical Bergman space is finite dimensional.

With this inner product, let kg, &1, h2,... be a complete orthonormal basis for
A%(M). Then

K@w) =Y hj@@) Ah;w)

j=0

is a holomorphic 2n-form on M x M, where M is the complex manifold conjugate
to M. Itis a fact that the definition of K is independent of the choice of orthonormal
basis. We call K the (Bergman) kernel form for M.

If Z is the point of M corresponding to a point z € M, then the set of points
(z,7) € M x ‘M is identified, in a natural fashion, with M. Thus K (z,7) can be
thought of as a 2n-form on M.

Theorem 5.10.1. The form K(z,7) is invariant under the group of holomorphic
transformations of M .

Remark 5.10.2. One nice feature of the differential form formalism is that the
Jacobian of the mapping is built in. Whereas our Theorem 1.1.14 had to specify
the Jacobian (twice!) explicitly, we now need not worry about it. O

Proof of the Theorem: Let @ be any one-to-one, onto, holomorphic transformation
of M to itself. If hg, hy, ha, ...is a complete orthonormal basis for A%(M ), then so
is @*hy, @*hy, ®*hy, ...a complete orthonormal basis (calculation for the reader).
Since the kernel form is independent of the choice of basis, we see immediately that

K@z2) =Y @*hj() A D*h;(2) = P*K(z.7).
That completes the proof. O

If f1, /> € A%(M) then, for any point z € M, there are real numbers (c;, c;) #
(0, 0) such that

Afinfi@=cf A f@).

If ¢; = 0orcy/c; > 1, then we say that f; /\?1 > f /\72 at z.
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Theorem 5.10.3. We have that

K@z?) = max f)AfE).
(f.f)=1
If K(z,Z) # 0, then an n-form f € A?(M) satisfying the above identity is
unique up to a constant factor ¢ with |c¢| = 1 and it is characterized by the following
two properties:

@ (f.f)=1
(b) {f. ) =0 forall f' € A>(M) which vanish at 7.

Proof. Fix a point z € M and let A%2(M )’ be the set of n-forms f’ € A*(M) which
vanish at z. If A2(M)’ = A*(M), then our result is trivial.

Suppose instead that A2(M )" # A*(M). Let hg be an element of A%>(M) which
is orthogonal to A?(M )’ and has unit length. Let g be any element of 4%(M) such
that g(z) # 0. Let ¢ be a complex number such that g(z) = chy(z). Then g — chy
is in A>(M)'. Therefore A?(M) is spanned by A>(M )’ and hg. Given z € M, we
can choose therefore a complete orthonormal basis hg, /i1, i3, ... for A%(M) so that
ho(z) # 0 and h;(z) = hy(z) = --- = 0. This immediately implies the theorem. [

Now Theorem 5.10.3 implies the following:
Theorem 5.10.4. Let M’ be a domain (i.e., a connected open subset) in M, and let
Ky and Ky be the kernel forms for M and M’, respectively. Then

KM < KM’
in the sense that there exists a function ¢ on M’ such that Ky; = ¢Kyy and 0 <
c<lonM'.

Remark 5.10.5. If M \ M’ contains a nonempty, open set in M, then either
Ky(z,2) > Kp(z,7) orelse Kp(z,2) = Kp(z,7) = O forevery z € M. O

We have in addition the following result:

Theorem 5.10.6. If M’ is a domain in M and if M \ M’ is an analytic subvariety
of M with complex dimension < n — 1, then

Ky (z2.2) = Ku(z,2) forallzin M’ .

Proof. Let f be a square-integrable holomorphic n-form on M’. We shall show that
f can be continued analytically to M . Let z° be any nonsingular point of the variety
M\ M’ . Letz,z....,z, belocal coordinates on a neighborhood U of z° in M so
that (M \ M') N U is given by z; = 25 = +-+ = zx = 0 and 2 is the origin of the
coordinate system.
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Let f be written in M’ N U as
f=fdanndz,
where f* is a function holomorphic in M’ N U. Let V be the plane defined by
p=p53=-=7,=0.

Then f* is a function holomorphic on V \ {z°} and can be expanded in a Laurent
series in z; about the origin. Since f is square-integrable, the quantity

/ f¥dz; A dz
VA{}

must be finite. [It is of course essential here that f* be holomorphic.] From this fact
we may conclude that f* is a power series in z; about the origin. [See the reasoning
on p. 363 of [BRE].] Thus f can be analytically continued to M"”, where M" is the
union of M’ and the nonsingular points of M \ M’. Since M \ M’ is a subvariety of
M and dim(M \ M") < dim(M \ M), we conclude by induction that our theorem
is true. O

Theorem 5.10.7. Let M and M’ be complex manifolds of complex dimensions n
and n’, respectively. Then

KMXM/ = (_1)nn’KM A\ KM/ .

Proof. In the displayed formula in the theorem, the projections from M x M’ onto
M and onto M’ are omitted. We can think of K, and K,/ as forms on M x M’ in
a natural manner.
Let 2 € M and z°° € M’. From Theorem 5.10.3, we see that there exist forms
h,h',and W on M, M', and M x M’, respectively, so that
(h,hy = (W, 1Yy =(h",n") =1,
Ky = h A Z at ZO s
Ky =h AW atZO’,
Kysxy = AN at (ZO, ZO’) .
If Kjpxp vanishes at (zo,zo’), then our result is trivial. If it does not vanish at
(°,2°%), then A" is characterized by these properties:

(W', h"y = 1and (h", f"") = Ofor every f” vanishing at (z°, z*).

More precisely, i defined by these last two properties is unique up to a constant
factor ¢ with |c| = 1. However, i’ A h” is unique. It is easy to see that the form
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—1)" h AW on M x M’ possesses these two properties. The proof is therefore
p prop: p
complete. O

5.10.2 The Invariant Metric

Let M be a complex manifold of complex dimension n. Suppose that

A1 Given any point z of M , there is a square-integrable holomorphic n-form f such
that f(z) # 0. In other words, the kernel form K(z,7) of M is different from 0 at
every point of M .

Letzy,...,z, be alocal coordinate system on M. Let
K(z.2) = K*(z.2)dz;, Ao Adzy AdZy Ao AdZ,,

where K*(z,7) is a locally defined function. Define a quadratic Hermitian differen-
tial form ds? by

0’log K*
ds? =) —=— dz,dz;.
s aXﬁ: T2 05, zdZ8

It is easily shown that ds? is independent of the choice of coordinates.

Theorem 5.10.8. The quadratic form ds? is positive semidefinite and invariant
under the holomorphic automorphisms of M .

Proof. Let z be any point of M and let zy, . . ., z, be local coordinates around z. Let
hj :h}‘dz] A---Adz,, j=0,1,2,...,
be an orthonormal basis for A%(M) such that
ho() #0. hi(z) = ha(z) =---=0.

Then, from the identity K* = Y H *%’, it follows that

—%
(o)
ds® = X atz.

This shows that ds is positive definite.
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To prove that ds? is invariant under a holomorphic automorphism @ of M, let
Wi, Wwa, ..., w, be a coordinate system around the point @(z). So

W[=¢i(21,...,zn) s j=1,2,...,n.
Let
K =K*dzg A+~ AdZ, = L*(@(2), @() - J T ,

where J is the Jacobian d®;/dz;. Now the invariance of ds? follows from the
definition of ds? and the analyticity of J. O

The last proof shows that ds? is positive definite if and only if the following
hypothesis is satisfied:

A2 For every holomorphic vector Z at z, there exists a square-integrable holomor-
phic n-form f such that f(z) = 0 and Z(f*) # 0, where f = f*dz; A -+ A dg,.
By a holomorphic vector Z at z, we mean simply a complex tangent vector of the
form

Z =Y "¢/(0/0z):.

where the {; s are complex numbers.

The metric ds? obtained in this fashion is Kihlerian and is in fact the Bergman
metric of M.
As an immediate consequence of Theorem 5.10.8, we see the following:

Theorem 5.10.9. Let M and M’ be complex manifolds satistying Al and A2. Let
ds? and ds? be the Bergman metrics of M and M, respectively. Then the Bergman
metric of M x M’ is ds? + ds’.

From Theorem 5.10.6 we obtain:

Theorem 5.10.10. Let M’ be a domain in M such that M \ M’ is an analytic
subvariety of M with complex dimension < n — 1 (where n = dim M ). Then the
Bergman metric of M is the restriction to M’ of the Bergman metric of M.

Let Aut(M) be the automorphism group of M and assume hypotheses Al and
A2. Then Aut(M) is a closed subgroup of the group of isometries of M equipped
with the Bergman metric. Since it is a well-known result of Myers and Steenrod (see
[KON, vol. 1]) that the group of isometries of a Riemannian manifold is a Lie group
with compact isotropy group at each point, we now have the following result:

Theorem 5.10.11. Let M be a complex manifold satistfying Al and A2. Then the
automorphism group Aut(M) is a (real) Lie group. Furthermore, the isotropy group
of Aut(M) at each point of M is compact.
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Now let us specialize down to the case that M is a bounded domain in C". As
we usually do, call it £2. Fix a point P € £2. Then the mapping

Aut(2) — C" x c”
¢ —> (p(P),Vo(P))

is univalent (because an automorphism, being an isometry of the Bergman metric,
is completely determined by its first-order data at a point—see [KON, vol. 1]).
This shows that the automorphism group is locally Euclidean. By the solution of
Hilbert’s fifth problem, we may conclude from this reasoning that Aut(£2) is a Lie
group. The compactness of an isotropy group follows from Montel’s theorem and
Cartan’s classical result about limits of sequences of automorphisms. This gives an
alternative means of thinking about Theorem 5.10.11.

5.11 Boundary Behavior of the Bergman Metric
The Bergman metric on the disc D is given by

2

99 d 0
gjk = ——logK(z,2) = [—logn —2log(l - |Z|2)] - m

0z 07 0z 07
Thus the length of a curve y : [0, 1] — D is given by

L 2o
tev) = /0 a-pop

It is natural to wonder what one can say about the Bergman metric on a more
general class of domains. Let 2 € C be a bounded domain with C? boundary, and
suppose for the moment that §2 is simply connected. Then the Riemann mapping
theorem tells us that there is a conformal mapping @ : 2 — D. Of course then we
know that

|’ (2)|?

Ko(z,2) = |9' Q)P Kp(P(2), @(2)) = T (= |0oQP2

Then the Bergman metric on £2 is given by

_99, [&]
Eik = 520z 8 7-(1—|®(2)]?)?

d 0 ,
= %% [log |D (z)|2 —logm —2log(1 — |€D(z)|2)] .
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Of course |®’(z)| is bounded and bounded from 0 (see [BEK]). So the second
derivative of log|®’(z)|* is a bounded term. The second derivative of log 7 is of
course 0.

The second derivative of the remaining (and most interesting) term may be
calculated to be

9 52 ,
o log Ko(z,2) = p [—21log(1 — |2(2)]})]
0 [ -2 -
-5 (fomr - 0%0))

= a_;w : [—5/&)@(1)] -9’ @®()]

2

iemE PO O]

This in turn, after some simplification, equals

’ 2
& . (5.11.1)
(1—2@)]*)?

As previously noted, the numerator is bounded and bounded from 0. Hopf’s lemma
(see [KRALI, Chap. 11] tells us that (1 — |®(z)|*) & distye(z). So that the Bergman
metric on §2 blows up like the reciprocal of the square of the distance to the
boundary—ijust as on the disc.

In the case that £2 has C? boundary and is finitely connected—not necessarily
simply connected—then one may use the Ahlfors map (see [KRAS]) instead of the
Riemann mapping and obtain a result similar to that in (5.11.1). We omit the details.

Exercises

1. Formulate a semicontinuity theorem for automorphism groups of domains in the
complex plane C!. Could one prove such a result using normal families?

2. Use our results on the Bergman kernel of the annulus in the plane to calculate an
asymptotic formula for the Bergman metric on the annulus.

3. Calculate the Bergman metric on the bidisc. What is the asymptotic behavior of
this metric as z tends to a point (e'?, e’?) of the distinguished boundary? What
about the asymptotic behavior as z tends to a boundary point (e?, 0) that is not
in the distinguished boundary?

4. The Bergman kernel for the annulus has zeros. Where are those zeros located?
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5.

10.

11.

12.

Suppose that we say that a sequence of domains §2; approaches a domain 2 if

lxe, —xel —0

as j — oo. Here yg is the characteristic function of the set E. Is there a
semicontinuity theorem for this topology on domains? Why or why not?

. The Bergman space for the planar domain

R=C\{geC: || =1}

is infinite dimensional. Write down an infinite, linearly independent, set of
elements of the Bergman space on this 2.

. What is the invariant Laplacian on the unit disc in the plane? How is it related to

the usual Laplacian?

. What can you say about the Lu Qi-Keng conjecture for the Bergman kernel on a

Riemann surface?

. Is there a semicontinuity theorem for automorphism groups of Riemann sur-

faces? How would you formulate it? How might one prove it?

Consider open regions in the Euclidean plane. The automorphism group of a
domain is the collection of rigid motions. Can you formulate a semicontinuity
theorem for this context? How would you prove it?

Calculate the Bergman metric for the interior of the unit square in the plane. What
is the asymptotic boundary behavior as you approach a corner of the square?
How does this differ from the asymptotic boundary behavior as you approach an
interior point of an edge?

What can you say about the asymptotic boundary behavior of the Bergman metric
as you approach the boundary point (1, 0) of the domain

2 ={(z1.22) : |Z]|2 + |Z2|2m <1}, 1<meZ?

How does this differ from the boundary behavior as you approach the boundary
point (0, 1). [Hint: Think about the fact that £2 holomorphically covers the ball.]



Chapter 6
Additional Analytic Topics

6.1 The Diederich-Fornaess Worm Domain

The concept of “domain of holomorphy” is central to the function theory of several
complex variables. The celebrated solution of the Levi problem tells us that a
connected open set (a domain) is a domain of holomorphy if and only if it is pseudo-
convex. For us, in the present book, pseudoconvexity is Levi pseudoconvexity; this
is defined in terms of the positive semi-definiteness of the Levi form. This notion
requires the boundary of the domain to be at least C2. When the boundary is not C?
we can still define a notion of pseudoconvexity (called Hartogs pseudoconvexity)
that coincides with the Levi pseudoconvexity in the C2-case. See [KRA1, Chap. 3]
for the details. When the Levi form is positive definite then we say that the domain
is strictly pseudoconvex. The geometry of pseudoconvex domains has become an
integral part of the study of several complex variables. (See [KRA1] for basic ideas
about analysis in several complex variables.)

Consider a pseudoconvex domain §2 € C". Any such domain has an exhaustion
U cc U, cC U3 CC ---2 with U;U; = £ by smoothly bounded, strictly
pseudoconvex domains. This information was fundamental to the solution of the
Levi problem (see [BERS] for this classical approach) and is an important part of
the geometric foundations of the theory of pseudoconvex domains.

It is natural to ask whether there is a dual result for the exterior of §2. Specifically,
given a pseudoconvex domain 2, are there smoothly bounded, pseudoconvex
domains W, D> W, OO W3 DD --- DD --- 2 such that n;w;, = 272 A domain
having this property is said to have a Stein neighborhood basis. A domain failing
this property is said to have nontrivial Nebenhiille.

Early on, in 1906, F. Hartogs produced the following counterexample (which has
come to be known as the Hartogs triangle): Let 2 = {(z1,22) € C*> : 0 < |z| <
|zo] < 1}

Theorem 6.1.1. Any function holomorphic on a_neighborhood of 2 actually
continues analytically to D*(0,1) = D x D. Thus 2 cannot have a neighborhood
basis of pseudoconvex domains. Instead, it has a nontrivial Nebenhiille.

S.G. Krantz, Geometric Analysis of the Bergman Kernel and Metric, 187
Graduate Texts in Mathematics 268, DOI 10.1007/978-1-4614-7924-6_6,
© Springer Science+Business Media New York 2013
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Fig. 6.1 The function n A

Proof: Let U be a neighborhood of £2. For |z;| < 1, the analytic discs

¢ (@8 lail)

have boundary lying in U. But, for |z;| sufficiently small, the entire disc lies in U.
Thus a standard argument (as in the proof of the Hartogs extension phenomenon—
see [KRA1, Chap. 3]), sliding the discs for increasing |z; |, shows that a holomorphic
function on U will analytically continue to D (0, 1) x D(0, 1). That proves the result.

O

It was, however, believed for many years that the Hartogs example worked only
because the boundary of £2 is not smooth—it is only Lipschitz away from the origin,
and the origin is a non-manifold point at which the boundary is a finite union of
Lipschitz surfaces. Thus for over 70 years, mathematicians sought a proof that a
smoothly bounded pseudoconvex domain will have a Stein neighborhood basis. In
1977, it came as quite a surprise when Diederich and Fornass [DIF1] produced
a smoothly bounded domain—now known as the worm—which is pseudoconvex
and which does not have a Stein neighborhood basis. In fact the Diederich—Fornass
example is the following:

Definition 6.1.2. Let )V denote the domain
W = {(ZI,ZZ) eC”: |z —efloslal)? g n(loglzzlz)},

where

(i) n = 0, nis even, 7 is convex.

(i) n7'(0) = I, = [, p].
(iii) There exists a number a > 0 such that n(x) > 1if |x| > a.
(iv) n'(x) # 0if n(x) = 1.

We illustrate the function 7 in Fig. 6.1.
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Notice that the slices of WV for z, fixed are discs centered on the unit circle with
centers that wind p /7 times about that circle as |z,| traverses the range of values
for which n(log |2;|%) < 1.

It is worth commenting here on the parameter p in the definition of V. The
number 1 in some contexts is selected to be greater than 7 /2. The number v =
7 /2 is half the reciprocal of the number of times that the centers of the circles that
make up the worm traverse their circular path.

Many authors use the original choice of parameter 8, where © =  — /2 (see,
e.g., [BAR2,CHS,KRP1]). Here, we have preferred to use the notation u, in accord
with the sources [CHR 1, CHR2].

Proposition 6.1.3. The domain WV is smoothly bounded and pseudoconvex. More-
over, its boundary is strictly pseudoconvex except at the boundary points (0, z;) for
‘ log |Z2|2’ < . These points constitute an annulus in AWV

Proposition 6.1.4. The smooth worm domain VV has nontrivial Nebenhiille.
The proofs of these propositions are deferred to Sect. 6.2.

As Diederich and Forn@ss [DIF1] showed, the worm provides a counterexample
to a number of interesting questions in the geometric function theory of several
complex variables. As an instance, the worm gives an example of a smoothly
bounded, pseudoconvex domain which lacks a global plurisubharmonic defining
function. It also provides counterexamples in holomorphic approximation theory.
Clearly, the worm showed considerable potential for a central role in the function
theory of several complex variables. But in point of fact the subject of the worm lay
dormant for nearly 15 years after the appearance of [DIF1]. It was the remarkable
article of Kiselman [KIS] that reestablished the importance and centrality of the
worm.

In order to put Kiselman’s work into context, we must provide a digression on
the subject of biholomorphic mappings of pseudoconvex domains. In the present
discussion, all domains §2 are smoothly bounded. We are interested in one-to-one,
onto, invertible mappings (i.e., biholomorphic mappings or biholomorphisms) of
domains

@ZQ]-)Qz.

Thanks to a classical theorem of Liouville (see [KRPA1]), there are no conformal
mappings, other than trivial ones, in higher-dimensional complex Euclidean space.
Thus biholomorphic mappings are studied instead. It is well known that the Riemann
mapping theorem fails in several complex variables (see [KRA1, GRK2, GRKY,
ISK]). It is thus a matter of considerable interest to find means to classify domains
up to biholomorphic equivalence.

The Poincaré program for such a classification consisted of two steps: (1) to
prove that a biholomorphic mapping of smoothly bounded pseudoconvex domains
extends smoothly to a diffeomorphism of the closures of the domains and (2) to
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then calculate biholomorphic differential invariants on the boundary. His program
was stymied for more than 60 years because the machinery did not exist to tackle
step (1). The breakthrough came in 1974 with Fefferman’s seminal article [FEF1].
In it he used remarkable techniques of differential geometry and partial differential
equations to prove that a biholomorphic mapping of smoothly bounded, strictly
pseudoconvex domains will extend to a diffeomorphism of the closures.

The Fefferman’s proof was quite long and difficult and left open the question of
(a) whether there was a more accessible and more natural approach to the question
and (b) whether there were techniques that could be applied to a more general class
of domains. Steven Bell [BEL1] as well as Bell and Ewa Ligocka [BELL] provided
a compelling answer.

Let £2 be a fixed, bounded domain in C". Let A%(£2) be the square-integrable
holomorphic functions on £2. Then A%(£2) is a closed subspace of L?(£2). The
Hilbert space projection

P L*(2) — A%(R2)

can be represented by an integration formula

Pf(Z)=/QK(Z,§)f(§)dV(§)-

The kernel K(z,{) = Kgq(z,¢) is called the Bergman kernel. It is an important
biholomorphic invariant. See [BERS, CHS, KRA1, Chap. 1] for all the basic ideas
concerning the Bergman kernel.

Clearly, the Bergman projection P is bounded on L?(£2). Notice that, if £2 is
smoothly bounded, then C*°(£2) is dense in L2(£2). In fact, more is true: If £2 is a
Levi pseudoconvex and smoothly bounded, then C °°(£2) N {holomorphic functions}
is dense in A2(£2) (see [CAT3]).

Bell [BEL1] has formulated the notion of Condition R for the domain 2. We
say that £2 satisfies Condition R if P : C*°(22) —> C*(£2). It is known, thanks
to the theory of the d-Neumann problem (see Sect. 6.6), that strictly pseudoconvex
domains satisfy Condition R. Deep work of Diederich—Fornass [DIF3] and Catlin
[CAT1, CAT2] shows that domains with real analytic boundary, and also finite
type domains, satisfy Condition R. An important formula of Kohn, which we shall
discuss in Sect. 6.6, relates the d-Neumann operator to the Bergman projection in
a useful way (see also [KRA4, Chap. 8]). The fundamental result of Bell and Bell—-
Ligocka is as follows.

Theorem 6.1.5. Let §2; C C" be smoothly bounded, Levi pseudoconvex domains.
Suppose that one of the two domains satisfies Condition R. If @ : £, — §2, is a
biholomorphic mapping, then @ extends to be a C *° diffeomorphism of §2; to §2;.

This result established the centrality of Condition R. The techniques of proof
are so natural and accessible that it seems that Condition R is certainly the “right”
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approach to questions of boundary regularity of biholomorphic mappings. Work of
Boas—Straube in [BOS2] shows that Condition R is virtually equivalent to natural
regularity conditions on the d-Neumann operator.'

For later reference, and for its importance in its own right, we mention here that
the above Theorem 6.1.5 can be “localized.” To be precise, we say that a given
smoothly bounded domain §2 satisfies the Local Condition R at a point py € 052 if
there exists a neighborhood U of py such that P : C®°(2) — L*(2)NC>®(2 N
U). Then Bell’s local result is as follows; see [BEL2].

Theorem 6.1.6. Let £2; C C" be smoothly bounded, pseudoconvex domains, j =
1,2. Suppose that §2, satisfies Local Condition R at py € d82,. If @ : £, — §2;,
is a biholomorphic mapping, then there exists a neighborhood U of py such that @
extends to be a C* diffeomorphism of 2, N U onto its image.

We might mention, as important background information, a result of David
Barrett [BAR1] from 1984. This considerably predates the work on which we now
concentrate. It does not concern the worm, but it does concern the regularity of the
Bergman projection. We present the details in Sect. 6.13 below.

Theorem 6.1.7. There exists a smoothly bounded, non-pseudoconvex domain §2 C
C? on which Condition R fails.

Although Barrett’s result is not on a pseudoconvex domain, it provides some
insight into the trouble that can be caused by rapidly varying normals to the
boundary. See [BAR3] for some pioneering work on this idea.

As indicated above, it was Kiselman [KIS] who established an important
connection between the worm domain and Condition R. He proved that, for a certain
non-smooth version of the worm (see below), a form of Condition R fails.

For s > 0, let W*(§2) denote the usual Sobolev space on the domain £2 (see,
for instance, [HOR2, KRA4]). Building on Kiselman’s idea, Barrett [BAR2] used
an exhaustion argument to show that the Bergman projection fails to preserve the
Sobolev spaces of sufficiently high order on the smooth worm.

Theorem 6.1.8. For © > 0, let VW be the smooth worm, defined as in Defini-
tion 6.1.2, and let v = m/2u. Then the Bergman projection P on YV does not
map W*(W) to W*(W) when s > v.

The capstone of results, up until 1996, concerning analysis on the worm domain
is the seminal article of M. Christ. Christ finally showed that Condition R fails on
the smooth worm. Precisely, his result is the following (see [CHR1]):

Theorem 6.1.9. Let)V be the smooth worm. Then there is a function f € C (W)
such that its Bergman projection P.f is not in C*° (V).

"Here the d-Neumann operator N is the natural right inverse to the 0-Laplacian [] = 30+ 3.
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We note explicitly that the result of this theorem is closely tied to, indeed is
virtually equivalent to, the assertion that the 3-Neumann problem is not hypoelliptic
on the smooth worm, [BOS2].

In the work of Kiselman et al., the geometry of the boundary of the worm plays
a fundamental role in the analysis. In particular, the fact that for large p the normal
does considerable winding is fundamental to all of the negative results. It is of
interest to develop a deeper understanding of the geometric analysis of the worm
domain, because it will clearly play a seminal role in future work in the analysis of
several complex variables.

We conclude this discussion of biholomorphic mappings with a consideration
of biholomorphic mappings of the worm. It is at this time unknown whether a
biholomorphic mapping of the smooth worm W to another smoothly bounded,
pseudoconvex domain will extend to a diffeomorphism of the closures. Of course
the worm does not satisfy Condition R, so the obvious tools for addressing this
question are not available.

Our discussion is organized as follows:

Section 6.2 gives particulars of the Diederich—Fornass worm. Specifically, we
prove that the worm is a Levi pseudoconvex, and we establish that there is no
global plurisubharmonic defining function. We also examine the Diederich—Fornass
bounded plurisubharmonic exhaustion function on the smooth worm.

Section 6.3 considers non-smooth versions of the worm (these originated with
Kiselman). We outline some of Kiselman’s results.

Section 6.4 discusses the irregularity of the Bergman projection on the worm. In
particular, we reproduce some of Kiselman’s and Barrett’s analysis.

Sections 6.4 and 6.5 discuss the failure of Condition R on the worm domains.

6.2 More on the Worm

We now present the details of the first basic properties of the Diederich—Fornass
worm domain Y. Recall that W is defined in Definition 6.1.2. Some material of
this section can also be found in the excellent monograph [CHS].

We begin by proving Proposition 6.1.3.

Proof of Proposition 6.1.3. Property (iii) of the worm shows immediately that the
worm domain is bounded. Let

) 2
p(z1,22) = |z1 + ¢ log |2 |” _ 1 + n(log |ZZ|2)-

Then p is (potentially) a defining function for W. If we can show that Vp # 0 at
each point of dWV, then the implicit function theorem guarantees that d)V is smooth.

If it happens that dp/dz; (p) = 0 at some boundary point p = (p;, p»), then we
find that
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0
2 (p) =7

4+et log|pa> _ 0
dz;

Now let us look at dp/dz, at the point p. The first term in p differentiates to 0, and
we find that

P>
|Pz|2

9
ap—(p) = n'(log | p2|*) -
Vé)

Since p(p) = 0, we have that n(log |p»|?) = 1. Hence, by property of n (iv),
7’ (log | p2|?) # 0. It follows that 9p/dz>(p) # 0. We conclude that Vp(z) # 0 for
every boundary point z.

For the pseudoconvexity, we write

/O(Z) — |Z] |2 + 2Re (Z]e_i loglzz|2) + n(log |ZZ|2) .
Multiplying through by e*® 3, we have that locally W is given by
211%™ % + 2Re (2167 %8 %) 4 y(log [22)e™ % < 0.

The function e~ 8% is locally well defined and holomorphic, and its modulus is
%23 Thus the first two terms are plurisubharmonic. Therefore we must check that
the last term is plurisubharmonic. Since it only depends on z,, we merely have to
calculate its Laplacian. We have, arguing as before, that

A(n(log |zZ|2)e”gZ%) = (antog |zZ|2>)e“‘°’Z% + n(log|z2?) A2 > 0.

Because 7 is convex and nonnegative [property (i)], the nonnegativity of this last
expression follows. This shows that WV is smoothly bounded and pseudoconvex.

It may be worth noting explicitly that we have proved that the (locally defined)
defining function for the worm is plurisubharmonic. This does not contradict the
fact (proved by Diederich and Fornass) that the worm has no globally defined
plurisubharmonic defining function.

In order to describe the locus of weakly pseudoconvex points, we consider again
the local defining function

p(z1,22) = |21 6“3 + 2Re (z1e7°¢2) + p(log |za]?)e™e% .

This function is strictly plurisubharmonic at all points (z1,z) with z; # 0 because
of the first two terms or where |10g |z2|2} > [, because of the last term. Thus
consider the annulus 4 C 0V given by

A={(z1,22) € W : 7y =0and |log|o’| < p}.
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A direct calculation shows that the complex Hessian for p at a point z € A acting
onv = (vi,1,) € C?is given by

ei log |Z2|2
2 -
|V1| + 2Re <V1V2 Z )
2

By pseudoconvexity, such an expression must be nonnegative for all complex
tangential vectors v at z. But such vectors are of the form v = (0, v,), so that the
Levi form £, = 0 on A. This proves the result. O

It is appropriate now to give the proof of Diederich and Fornass that the worm
has nontrivial Nebenhiille. What is of interest here, and what distinguishes the worm
from the older example of the Hartogs triangle, is that the worm is a bounded,
pseudoconvex domain with smooth boundary.

We now show that )V does not have a Stein neighborhood basis.

Proof: What we actually show is that if U is any neighborhood of W, then U will
contain

K ={(0,20) : —<log|z|*<n}U{(z1,22) : log |z2|* = m or —7 and |z;—1] < 1}.

In fact, this assertion is immediate by inspection.
By the usual Hartogs extension phenomenon argument, it then follows immedi-
ately that, if U is pseudoconvex, then U must contain

K = {(O,Zz) c—mw <log|nl <mand |z — 1] < 1}.

Thus there can be no Stein neighborhood basis. O

We turn next to a few properties of the smooth worm )V connected with potential
theory. The significance of the next result stems from the article [BOSI1]. In that
article, Boas and Straube established the following:

Theorem 6.2.1. Let §2 be a smoothly bounded pseudoconvex domain that admits a
defining function that is plurisubharmonic on the boundary. Then, for every s > 0,

P W) = W (R)

is bounded. In particular, §2 satisfies Condition R.

For the sake of completeness, we mention here that if the Bergman projection P
on a domain §2 is such that P : C®(2) — C>(£2) is bounded (i.e., §2 satisfies
Condition R), then P is said to be regular, while if P : W*(£2) — W*(£2) for
every s > 0 (and hence, 2 satisfies Condition R a fortiori), P is said to be exactly
regular.
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Thanks to the result of Christ [CHR1], we now know that VV does not satisfy
Condition R; hence, a fortiori it cannot admit a defining function which is
plurisubharmonic on the boundary. However, it is simpler to give a direct proof
of this fact.

Proposition 6.2.2. There exists no defining function p for VW that is plurisubhar-
monic on the entire boundary.

Proof: Suppose that such a defining p exist. Then, there exists a smooth positive
function % such that p = hp. A direct calculation shows that the complex Hessian
for p at a point z € A acting on v = (v,,) € C? is given by

ih , :

Eﬁ(Z; (vi,12)) = 2Re [f’lvz(——i-a@h)e’ log|z2|2:|+[h+2Re (amh el loglzz\2)] v |2 .
2

Since this expression is assumed to be always nonnegative, we must have

(ﬂ + 3zzh)ei gl _ 5 (he 1 weaP) = 0
22

on A. Therefore the function g(z,) = h(0,z,)e™ log |2l jg o holomorphic function
on A. Hence, g(z)e'°el2" = h(0,z,)e?™22 is locally a holomorphic function.
Thus it must be locally a constant, hence a constant ¢ on all of A.

Therefore on A,

h(0,7;) = ce 2¥e=

which is impossible. This proves the result. O

We conclude this section with another important result about the Diederich—
Fornaess worm domain V. In what follows, we say that A is a bounded plurisubhar-
monic exhaustion function for a domain §2 if:

(a) A is continuous on 2.

(b) A is strictly plurisubharmonic on §2.

(¢c) A =0o0nas2.

(d A <Oon 2.

(e) Forany ¢ < 0, the set 2. = {z € §2 : A(z) < c} is relatively compact in £2.

A bounded plurisubharmonic exhaustion function carries important geometric
information about the domain §2.

Now Diederich—Fornass have proved the following [DIF3] (see also [RAN] for
a simpler proof when the boundary is smoother):

Theorem 6.2.3. Let §2 be any smoothly bounded pseudoconvex domain, 2 = {z €
C : 0(z) < 0}. Then there exists §,0 < § < 1, and a defining function ¢ for 2 such
that —(—p)? is a bounded strictly plurisubharmonic exhaustion function for 2.
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The importance of this result in the setting of the regularity of the Bergman pro-
jection appears in the following related result, proved by Berndtsson—Charpentier
[BEC] and [KOH1], respectively.

Theorem 6.2.4. Let §2 be a smoothly bounded pseudoconvex domain, and let P
denotes its Bergman projection. Let p be a smooth defining function for §2 such that
—(—p)? is strictly plurisubharmonic. Then there exists so = 5o($2, 8) such that

P W) = W (R)

is continuous for all 0 < s < 5.

Remark 6.2.5. The sharp value of sy is not known, and most likely the exact
determination of such a value might prove a very difficult task. The two sources
[BEC] and [KOH1] present completely different approaches and descriptions of so,
that is of the range [0, o) for which P is bounded on W*, with s € [0, s¢). In [BEC]
it is proved that such a range is at least [0, §/2), i.e., they show that 5o > §/2, while
in [KOH1] the parameter s, is not so explicit, but it tends to infinity as § — 1. The
value found in [BEC] has the advantage of providing an explicit lower bound for
the regularity of the Bergman projection on a given domain, while the value given
in [KOHI1] is sharp in the sense given by Boas and Straube’s Theorem 6.2.1. O

The domain W serves as an example that the exponent § may be arbitrarily small.
To illustrate this point, the following result is essentially proved in [DIF1]. Here we
add the precise estimate that such an exponent § is less than the value v.

Theorem 6.2.6. Let §y > 0 be fixed. Then there exists (1o > 0 such that, for all
W > o, the following holds. If ¢ is a defining function for W = W,,, with i > 1o
and § > 0 is such that —(—g)° is a bounded plurisubharmonic exhaustion function
for W, then 6 < &.

More precisely, we show that, in the notation above, § < v = /2.

Proof: We may assume that p = hp, where p = p,, is defined in Proposition 6.2.2
and & is a smooth positive function on W. Then, by hypothesis —h%(—p)? is strictly
plurisubharmonic on W.

Let
1 2 § i0 i0 s
oGn) = =5 | e n)(p.e) df
1 2 s i0 §
=5 i h°(z1.¢'"22) dO(—p(z1. 22))

—h2)(~p(z1.22)) .

Obviously, o is also strictly plurisubharmonic on W, and his strictly positive and
smooth on W. We can also write /(z1,22) = h*(z1, |22|?), where h* is defined for
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(z1,1) € Cx RY such that if |z,|> = ¢ then (z1, z2) € W. For simplicity of notation,
we rename such a function 4 again.
Thus we have that

0(z1.22) = —h(z1. |22?) (021, 22))

is strictly plurisubharmonic on W.
Now consider the points in W of the form p = (z1.22) = (se 1022 7)) with
e #/2 < |z,| < e"/2. For these points one has that

dp(p) = ((1—e)e' 22" 0) .

A straightforward computation shows that, at such points p = (ge' 212 7,), the
Levi form £, of o calculated at vectors v = (v1,v,) € C? equals (all the functions
are evaluated at the point p and we write ¢ in place of ef 10¢ 2"

Lo(pi (1,12) = 22— ) 22— ) (—e2(2 — )2,
+ 28e(1 — ¢)Re (§8Zlh) + 8eh

Y
+50 —8)(12 _‘? h)|v1|2

+2we(2 — &)Re [(—8(2 —€)d-h

2122

(1 —e)d,h + 8£h)v1\72]
22

26
L8202 — 5)(—(2 — 802, h + @h)hzzf} .

Next, we evaluate the above Levi form at vectors of the form (vi,v2) = (uy, eup).
Making the obvious simplification, we see that the necessary condition in order for
o to be strictly plurisubharmonic is that and 0 < ¢ < 1 and, for all (uy, u;) € C?,

(—82(2 — &) h + 28e(1 — )Re (£0.,h) + Seh

2
+5(1— 5)%};)%2

2122

+2Re [(—s(z )P h+8(1—e)d,h + 8%h)u1ﬁ2]

28
2 2
+ (—(2 — &) h + —|Zz|2h)|u2| >0. (6.2.6.1)
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Since h € C° (W) this inequality must hold also for ¢ = 0 and (0, z,) € .A. Then
we have

(%8(1 — 8)h>|141|2 + 2Re [(8{312}1 + 5%}1)1/!1&2]

28
n (—(2 —)d2 h + @)wz > 0. (6.2.6.2)

Next, we substitute for & the function h defined on C x R* such that h(zi,z2) =
h(z1, |z2|?). Then

05,1(0.22) = 20:h(0. [22]) and 92,5, h(0.22) = |22 7 2(0. e2]) + 8, 0. [2af?) -
Plugging these into (6.2.6.1) we then obtain the differential inequality for the
function A:

1 - S
S8(1 = 8)jur? + 2Re [sz(a,h + @h)uluz]

- .28 -
292 2
+ (2AealPBR = 20 + )l 2 0

for all (uy, us) € C2, e™*/? < |z,| < /% (and the function / being evaluated at the
point (0, |z2]%)). Now if we choose (i1, u») of the form (2¢!? /|z,], 1) in such a way
that the second term in the above display becomes nonpositive, we obtain that the
function o is plurisubharmonic only if

§(1—=25) ~ N AN B
h—28(0,h)*+ —) " —|0*®h—dh+ —h=>0
|Z2|2 (( t ) |22|4) |Z2| t t |Z2|2 -
which in turn gives
— 82h — || * 02 — |z2]*0,h > 0 (6.2.6.3)

for all points (0, |z2]?) with e M2 < |z| < et
We now set g(s) = h(0,¢e*) for s € [—u, u]. Notice that |z,|?> = e° and that

g =ed,h and g =0 h +e*%h. (6.2.6.4)
From (6.2.6.2) we obtain the differential inequality

g”—l—52g§0,
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for s € [—u, u], where g is a smooth strictly positive function. From the strict
positivity of g, it follows that, for all 0 < §’ < §, it must be that

g”—i—é’zg <0,

again for all s € [—pu, u]. Setting g(s) = g(s/8’) the differential inequality above
can be rewritten as

g//+g<o

for all s € [—ud’, u&’]. Finally, by translation (calling the new function g again),
i.e., setting g(s) = g(s + ud’), we obtain that

g +g<0 (6.2.6.5)

for a smooth strictly positive function g, for all s € [0,2u8'].
We now claim that there exists a smooth strictly positive function ¢ such that

"+ <0 and ¢ <0 (6.2.6.6)

for s € [0, u8’]. For notice that if g as above is such that g’(a) < 0, then g’(s) < 0
for s € [a,2ud’], while if instead g’(a) > 0, then g’(s) > 0 for s € [0,a), since
g” < 0on[0,28]. In this latter case, making the substitution s + 2ud’ — s that
preserves (6.2.6.6), we obtain a function with negative derivative on [a,2ud"). By
the arbitrariness of §' < § we establish the claim.

Now, the argument at the end of the proof of Theorem 6 in [DIF1] shows that the
differential inequalities (6.2.6.3) above are possible only if ué’ < 7 /2, i.e.,

§ <X =y,
21

This proves the result. O

6.3 Non-Smooth Versions of the Worm Domain

In order to perform certain analyses on W/, some simplifications of the domain turn
out to be particularly useful.

In the first instance, one can simplify the expression of the defining function p
for W by taking 7 to be 1 minus the characteristic function of the interval [—pu, u].
This has the effect of truncating the two caps and destroying in part the smoothness
of the boundary. Precisely, we can define

W' = {(21712) eC*: |Zl —e“oglzz‘ziz <1, |10g |z2|2| < /,L}.
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We remark that W' is a bounded pseudoconvex domain with boundary that is C*°
except at points that satisfy

1. |Zz| = eM/Z and |Zl _e_i10g|22|2| =1.
: 12
2. |z2] = e #? and |z —e Tl = 1,

Of interest are also two non-smooth, unbounded worms. Here, in order to be
consistent with the results obtained in [KRP1], we change the notation a bit. (In
practice, we set u = f — 7 /2.)

For 8 > m/2 we define

Dy = {g € C2:Re (G 2F) > 0, [ log|&)?] < B — %}

and

/4 /4
Dy = {z € C?: [Imz —loglz|*| < > |log|z)*| < B — E}
It should be noted that these latter two domains are biholomorphically equivalent
via the mapping

(z1,22) 3 D > ("', 22) > Dg..

Neither of these domains is bounded. Moreover, these domains are not smoothly
bounded. Each boundary is only Lipschitz, and, in particular, their boundaries are
Levi flat.

We notice in passing that the slices of Dy, for each fixed {5, are half planes in the
variable {;. Likewise the slices of D//S, for each fixed &5, are strips in the variable ;.

The geometries of these domains are rather different from that of the smooth
worm W, which has smooth boundary, and all boundary points, except those on a
singular annulus (0, e/ 1°2 |12|2) in the boundary, are strictly pseudoconvex. However,
our worm domain Dy is actually a model for the smoothly bounded W (see, for
instance, [BAR2]), and it can be expected that phenomena that are true on Dg or D/g
will in fact hold on W as well. We will say more about this symbiotic relationship
below.

6.4 Irregularity of the Bergman Projection

We begin this section by discussing the proof of Barrett’s result Theorem 6.1.8 in
[BAR2]. Now let us describe these ideas in some detail. We begin with some of
Kiselman’s main ideas.

Let the Bergman space H = A? be the collection of holomorphic functions
that are square integrable with respect to Lebesgue volume measure dV on a
fixed domain. Following Kiselman [KIS] and Barrett [BAR3], using the rotational
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invariance in the z-variable, we decompose the Bergman space for the domains
Dg and Dj as follows. Using the rotational invariance in z, and elementary Fourier
series, each f* € H can be written as

f=> f-
j=—00

where each f; is holomorphic and satisfies f;(z1,e"z2) = € f(z1,22) for 0 real.
In fact, such an f; must have the form

fiGiz2) =gz, 12z ,

where g; is holomorphic in z; and locally constant in z,.
Therefore

H=EPn,

jez
where
H/ = {f € L*: f is holomorphic and f(wi,e%w;) = e’ f(wi, wy)}.

If K is the Bergman kernel for 7 and K ; the Bergman kernel for 7/, then we may
write

oo
K = E: K;.

j=—00

Notice that, by the invariance property of H/, with z = (z1,22) and w = (wy, w»),
we have that

K;(zw) = Hj(z1, w) 2w, .

Our job, then, is to calculate each H; and thereby each K. The first step of this
calculation is already done in [BAR3]. We outline the calculation here for the sake
of completeness.

Proposition 6.4.1. Let 8 > /2. Then

| /Oo el 1=k g (é;- _ m)

2
Hj(zi,wi) = 5— —oo sinh(rr£) sinh [(2/3 — ) (5 - %)] ¢

6.4.1.1
T ( )
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The articles [KIS] and [BAR2] calculate and analyze only the Bergman kernel for

H~! (i.e., the Hilbert subspace with index j = —1). This is attractive to do because
certain “resonances” cause cancellations that make the calculations tractable when
j = —1. One of the main thrusts of the work [KRP1] is to perform the more difficult

calculations for all j and then to sum them over j.

We begin by following the calculations in [KIS, BAR3] in order to get our hands
on the Bergman kernels of the /. Let /i € H/ and fix w,. Then filwi,wa) =

h ; (wi)w3 (where we of course take into account the local independence of /; from
wy). Now, writing w; = x +iy, w, = re?, and then making the change of variables
log r? = s, we have

it = [ TGP iwaP? v
B

00
= / / 2m|hj(x + iy)|2[ rH drdydx
—oo J|y—logr?|<% [logr2|<f—%

= n/ / |hj(x + iy)|2f e’V dsdydx
R J|y—=s|<% [s|<p—%

o0
= / Iy (x + iy)2 / U5y (3 — 5)2p—nsals) dsdxdy
|y|<B, x€R —00
= /S |hj(W1)|2(Xn/2 * [e(f“)(')x,sn/z(-)])(y) dxdy; (6.4.1.2)
B

here we have set
Sg={x+iyeC:ly|<B}
and used the notation

Lif |y| <«

For 8 > % we now set
A() = (xm " [e<f+'><'>x,s_ﬂ/z(-)])(y).
So line (6.4.1.2) equals

g |7 (w2 (v) dxdy .
B
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Thus we have shown that, if f; € H/, f; = h; (w])wé, then
150 = [ 1y 000P2, ) vy
;

Now let ¢ € A*(Sg,A; dA). That is, ¢ is square integrable on Sg with respect to
the measure A; dA (here dA = dxdy is two-dimensional area measure). Note that
A ; depends only on the single variable y. Let ¢ denote the partial Fourier transform
of ¢(x + iy) in the x-variable. Then (by standard Littlewood—Paley theory)

&) = / o(x + iy)e ™ dy = e G E)

where ¢y(x) = ¢(x + i0). Therefore denoting by Bg = Blgj ) the Bergman kernel
for the strip Sg with respect to the weight A ; and writing @ = s + it and denoting
by & the variable dual to s, we have

/ Go(E)e'E dE = 2mg(r) = 27 / 9(@)Bs (6. ), (Imw) dA(w)
R S‘g
B .
- / [ G50 Bs(C. (E.0)A, (1) dEdt
- JRr

~ B
- / By(c. (£.0)) / Go(E)e 12, (1) dr dE .
R —B

Notice that there is a factor of e’ from each of the Fourier transform functions in
the integrand.
This gives a formula for Bg:

it il
[l A28

By(L.(£.0)) =

Amalgamating all our notation, and using the fact that the (Hermitian) diagonal in
C? is a set of determinacy, we find that

1 ei(z—W)S
Baow) = — | S 4t
plew) =50 /R 3 (—2i¢) J

But of course ()(,,/Z)A(S) = (e/67/2 —e7167/2) /£ 50 that

(tny2) " (<260) = é sinh()
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Furthermore,
(0¥ 0)) " = B DE = ).
§— 5
Thus
A . sinh( &) sinh((28 — m)(§ — ﬂ))
and
: £ (e- )

i, (—2i&)  sinh(x€)sinh(2f — m)(5 — 1))

In conclusion,

| oo (efm—20%) £ (g - %)
Hj(Zl,w1)=2—/ 9
7 J—s0 sinh(£) sinh ((2/3 —7) (g — fT))
thus proving Proposition 6.4.1. O

At this point we sketch the proof of the main result of Barrett in [BAR4]. Namely,
we show that the Bergman projection on the worm does not act continuously on the
Sobolev space W*.

Proof: The proof starts from the observation that the Bergman projection P on W
preserves each /. Therefore in order to show that P is not continuous on W?¥,
for some s, it suffices to show that P fails to be continuous in this topology when
restricted to some H/ .

The first step is to calculate the asymptotic expression for the kernel when j =
—1. Recall that we are working on the non-smooth domain D % Using the method
of contour integrals, it is not difficult to obtain that

K ((z,w) = (e_”f‘lz‘_w + O(e_"‘ReZ‘_Rewll)) (W) !

as |[Rez; — Rew;| —> +00, uniformly in all closed strips {|Imz;|, [Imw;| < A},
with v > vp.

By applying the biholomorphic transformation between Dg and D /g, one obtains
an asymptotic expression for the kernel K_; relative to the domain Dg:

i |77

|81 ["

Ko1Go) = (llo)™ - (1 + e /16 1")™) - (@)™
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with v > vg, as |¢| — |@1| —> 0T. The proof of these two assertions can be found
in [BAR4] (or see [CHS]).

The next step is a direct calculation to show that K_; (-, w) & W*(Dg) fors > vg.
This assertion is proved by using the characterization of the Sobolev norms for
holomorphic functions on a domain §2: For —1/2 < t < 1/2, m a nonnegative
integer, the norm

Z |||p|t8?h“L2(.Q)

la|<m

is equivalent to the H™~'-norm of the holomorphic function /. The proof of such a
characterization can be found in [LIG2].

Next, one notices that the reproducing kernel K_;(-,w) can be written as the
projection of a radially symmetric smooth cutoff function y, translated at w. That is,
if we denote by P_; the projection relative to the subspace 7', then

K_i(,w) = Poi(x(-—w)).

Therefore since K_(-,w) ¢ W*(Dpg) for s > vg, then P_;, and therefore Pp, is
not continuous on W*(Dg).

The final step of the proof is to transfer this negative result from Dg to W. This is
achieved by an exhaustion argument—see [BAR2]. We adapt this kind of argument
to obtain a negative result in the L”-norm for the Bergman projection on the smooth
worm of Diederich and Fornass. We refer the reader to the literature for all the
details. O

6.5 Irregularity Properties of the Bergman Kernel

We now examine the boundary asymptotics for the Bergman kernel on the domains
Dg and D ;3 and determine various irregularity properties of the corresponding
Bergman kernels.

Begin with the asymptotic formula in the discussion above of Barrett’s result.
We point out particularly that there are two kinds of behavior: one kind at the “finite
portion of the boundary” and the other one as |[Rez; — Re w;| —> +o0.

These two different behaviors are expressed by the first and second terms in the
expansion. For the former type, we notice that the lead terms have expressions in
the denominator of products of two terms like

(@ £w)+26)7, (2w —e™ D) and  (giwy — e lE@TmET2)2,
These singularities are similar to the ones of a Bergman kernel of a domain in C?

which is essentially a product domain. It is important to observe that the kernel
does not become singular only when z, w tend to the same point on the boundary.
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For instance, it becomes singular as (i (z; £ w;) + 28) —> 0, while there is no
restriction on the behavior of z, and w,. We will be more detailed below in the case
of the domain Dg. For the case of this domain, we finally notice that the main term
at infinity, that is, when |Re z; —Re ;| —> 400, behaves like e 78141711 . (z,7,) !,

Next, we consider the case of Dg. The mapping (z1,22) € D,’g = ((1,8) =
(e*',z2) € Dg sends the point at infinity (in z;) into the origin (in {;). Keeping into
account the Jacobian factor, when |;|—|w;| —> 0T, the kernel on Dg is asymptotic
to

|w1|v5—l
[S1kas

(Gwy) "

Recall the inequalities that define Dyg:
Dg = {§ € C?:Re (g,e—“"g'lez) >0, [log|&l*| < B — %}

If we take {, @ € Dy and let w; tend to O, then clearly o — 0Dg and {;, {», w, are
unrestricted. Therefore Kp, (-, w) & C*(Dg) for w € {(0, 1)}, with |log lwa|?| <
B —n/2.

Notice that this is in contrast, for instance, to the situation on the ball or, more
generally, on a strictly pseudoconvex domain. On either of those types of domains
2, the kernel is known to be smooth on £ x 2 \ (A N [02 x 3£2]). See [KER2]
and [KRAI, Chap. 1].

By the same token (by almost the same calculation), it is easy to conclude that
the Bergman projection on Dg cannot map functions in C oo(5,3) to functions in
C C>o(5;;). This, of course, is the failure of Condition R on these domains.

In Sect.6.1 we have seen that Py, : C®(W) A C®(V), that is, that W
does not satisfy Condition R. A philosophically related fact, due to Chen [CHE]
and Ligocka [LIG1] independently, is that the Bergman kernel of W cannot lie in
C®(W x W\ A) (where A is the boundary diagonal). In fact, in [CHE] it is shown
that this phenomenon is a consequence of the presence of a complex variety in the
boundary of W.

The proof of the general result of So-Chin Chen follows a classical paradigm for
establishing propagation of singularities for the d-Neumann problem and similar
phenomena.

Theorem 6.5.1. Let 2 C C" be a smoothly bounded, pseudoconvex domain with
n > 2. Assume that there is a complex variety V', of complex dimension at least 1,
in 052. Then

Ko(zw) € C®(R2 x 2\ A0R)),

where A(082) = {(z,z) : z € 9§2}.
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Proof: Let p € V be a regular point. Let 1, be the unit outward normal vector
at p. Then there are small numbers 8, &9 > 0 such that w —en, € 2 forall w €
32 N B(p,8) and all 0 < ¢ < g;. Let d be an analytic disc in 2 N B(p,§) N V.
We may assume that this disc is centered at p. In other words, d is the image of the
unit disc in the plane mapped into C" with the origin going to p.

Seeking a contradiction, we assume that Kq(z,w) € C®(2 x 2 \ A(982)).
Then we certainly have

sup |[Ko(p,w)| <M < 400 (6.5.1.1)
wead

for some positive, finite number M. On the other hand, we know (see [BLP]) that

lim Ko(p —enp,, p—en,) = +00. (6.5.1.2)
e—>0
By the maximum modulus principle, we then obtain

sup |Ko(p—en,,w)| > Ko(p—¢en,, p—enp),

WEId,
where d, = d —en, C §2. We conclude that

sup [Ke(p.w)| = lim sup |Ke(p —eny w)| = +oo.

wead wEd,

This gives a contradiction, and the result is established. O

6.6 The Kohn Projection Formula

In the 1960s, Kohn produced an elegant formula that relates the Bergman projection
to the d-Neumann problem. We refer the reader to [FOK] or [KRA4] for details of
this important topic. Here we only briefly review the key concepts.

In studying the d operator, it is convenient to treat the second order, self-adjoint
operator given by

0=299 49 0.
It is shown that this partial differential operator has a right inverse N, which is
known as the 9-Neumann operator.

Let 2 CC C" be a fixed domain on which the equation u = ais always
solvable when « is a 9 closed (0, 1) form (i.e., a domain of holomorphy—in other
words, a pseudoconvex domain). Let P : L?(£2) — A?(£2) be the Bergman
projection. If u is any solution to ou = a, then w = w, = u— Pu is the
unique solution that is orthogonal to holomorphic functions. Thus w is well defined,
independent of the choice of u. Define the mapping

T : 0= wy,.
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Then, for f € L?(£2), it holds that

Pf=f—-T@Of). (6.6.1)

To see this, first notice that d[f — T(@f)] = of — df = 0, where all
derivatives are interpreted in the weak sense. Thus f — T/(d f) is holomorphic.
Also f — [f — T(3f)] is orthogonal to holomorphic functions by design. This
establishes the identity (6.6.1). But we have a more useful way of expressing 7 :

namely, 7' = 3" N. Thus we have derived the following important result:
P=1-9 Nd. (6.6.2)

This is the Kohn’s formula.

Formula (6.6.2) is particularly useful for studying Condition R. For if £2 is
a strictly pseudoconvex domain, or a finite type domain in the sense of Kohn—
D’ Angelo—Catlin, then it is known that N satisfies a regularity estimate. In the
strictly pseudoconvex case, the estimate is

[Nallpst1 < Cllellws -

Here W*¥ is the standard Sobolev space of order s (see [KRA4]). It immediately
follows from (6.6.2) that the Bergman projection P maps W* to W*~2. And that is a
form of Condition R (we actually prove something stronger elsewhere in the book).
We conclude, then, that a biholomorphic mapping of smoothly bounded, finite type
domains extends to a diffeomorphism of the closures.

We can also learn something from applying formula (6.6.2) to the Dirac § mass at
a point w of the domain. For the Bergman kernel K(z, w) = P($,,). Thus according
to (6.6.2),

K(z,w) = P(8,) = 8, — N5, .

By the pseudolocality of N on a finite type domain, we may conclude that the
kernel is smooth—up to the boundary—away from w. (Here an operator 7T is said
to be pseudolocal if T ¢ is smooth wherever ¢ is smooth. Thus partial differential
operators are trivially pseudolocal. What is interesting, and nontrivial, is when an
integral operator is pseudolocal.)

6.7 Boundary Behavior of the Bergman Kernel

The earliest work on the boundary behavior of the Bergman kernel was done by S.
Bergman himself [BER2]. A more modern approach, based on estimates for the 0-
Neumann problem, appears in [HOR1]. Hérmander’s results later were given some
technical refinements in [DIE1, DIE2]. Here we present the statements and proofs
of Hormander’s results.
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We will see that the main tool used in the proof is a comparison technique. We
determine information about the Bergman kernel for the domain §2 under study
by comparing that kernel with the kernel of another (nearby) domain for which the
kernel is more accessible. This is a very powerful idea and is used pervasively in this
field. Even Fefferman’s decisive result about the boundary behavior of the Bergman
kernel uses a (rather sophisticated) comparison technique.

6.7.1 Hormander’s Result on Boundary Behavior

Theorem 6.7.1. Let 2 € C" be a bounded domain of holomorphy with defining
function given by

—distyo(z) if z€ 2

PO =\ distan (o) if 2 ¢ 2.

Assume that the operator5 : L(ZO’O) (£2) — Lé.l(.Q) has closed range. Let P be a
point of 382 such that 382 is C? in a neighborhood of P. Also suppose that 352 is
strictly pseudoconvex at P. Let k(P) be the product of the n — 1 eigenvalues of the
Levi form at P. Then

n!
4mn

lim |p(2)[""!|Ka(z,2)| = k(P) -
25— P

The proof will be broken up into a sequence of lemmas and will occupy most of
the rest of this section. At the end we shall comment on the Fefferman’s asymptotic
expansion and how it trumps the work of Bergman, Hérmander, and Diederich. We
note that, by the main theorem of [HOR1], the hypothesis of closedness of the F]
operator is automatically fulfilled on a bounded domain of holomorphy.

Lemma 6.7.2. If §2 is as in the theorem and §2' C 2 is another domain, then

Ko (z,2)| = |Ka(z,2)].

Proof: This is obvious from the characterization

2
ulz
|Ko(z,z) = sup | ()2| . (6.7.2.1)
ueA2Q ”u”Az
IIItHA2=l
O

Lemma 6.7.3. Let §2 be a bounded, pseudoconvex domain. Let P € 0§2 and
suppose that, for some neighborhood U of P, there is a holomorphic function ug
on 2’ = 2 N U such that |ug] < 1 in £’ and |ug(z)] — 1 when z — P. We
also suppose that |ug(z)| has an upper bound less than 1 in 2’ N ‘U, for some
neighborhood Uy of P with compact closure contained in U . Then we have
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|Ko(z,2)|
=P |Koi(z,2)]

Remark 6.7.4. Certainly a holomorphic peaking function will suffice for the func-
tion ug in this lemma. It is known (see [KRA1]) for example, on strictly pseudocon-
vex domains, that holomorphic peaking functions always exist. O

Proof of Lemma 6.7.3. Let y be a C* function with compact support in U which is
identically equal to 1 on Uy. Assume that 0 < y < 1 everywhere. If v/ € L%(),O)(.Q/ )
and is holomorphic there, then (for an integer v to be specified later) we set
u=y-u-uy—v.
Our goal is to choose v so that du = 0 on £2’. Thus we must solve the equation
v = 0y)uuy.
Of course the right-hand side is 9-closed and supported in U N £2. We solve this F]

problem on the domain £2. Hérmander’s theorem in [HORI1] tells us that there will
be a solution v satisfying

/ *dV < c/ W' uh|*dV = c/ |u/u|* dV (6.7.3.1)
2 2 22'N¢Uy

because 5)( = 0 on Uy.
If € > 0, then we have

lu—u'u)*dV <2(C +1) dud)*dvV < 62/ W' |>dV
Q' 2'Ncly fold

provided that v is chosen so large that |ug|* < €?/[2(C + 1)] in £2’ N ¢U,. From
the definition of the kernel function in £2’ and (6.7.3.1), we see now that for z € 2’
we have

)~ Q@) < € 1Ka G| [ WP av.

Thus

1/2
@) = W@ @ ~ ¢ (Kaeol [ wrav) .
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Since the supremum in (6.7.2.1) is clearly attained, we can, for every z € §2’, choose
u' # 0 so that

QP = Kol [ WPy,
Q/
For the corresponding function u, we then obtain the estimate
W@ = KaGal (0@l -o? [ WPV, (6732
Q/

as long as z € 2’ and |uy(z)|” > €. Now the triangle inequality and (6.7.3.1) tell us
that

/ |u|2dV§(1+e)2/ W' |>dV .
2 2/

Together with (6.7.3.2), this last estimate implies that
Ko (2,2 = [Ke (@) - (uo@)" —€)> (1 +€)77 ifz€ 2" and [ug(2)]" > €.

Thus

> (1—€)?(1+¢)?

—n Kor(z.2)] (1=e)% )

and, since € > 0 is arbitrary, this (together with the preceding lemma) proves the

current lemma. O
This last lemma will enable us to reduce the proof of our main result to the study

of a special domain on which the kernel function is relatively easy to compute.

Lemma 6.7.5. Let E be the ellipsoid in C" defined by
Ey=1{zeC":aila]* + nlnl* + -+ ai|z.|* < ao}

where ay, ay, a,, ... are positive numbers. Then

|KE,(z,2)| = nlmr™"ag-ay ----- an - (@o — ailzi1]* — azlza* — -+ — anlz,[H ™"

Proof: We may assume that ap = 1. After a linear change of variables, we may
also suppose that a; = a, = ---a, = 1. Because of the unitary invariance of
the kernel K, we may let z = (0,0,...,0,¢). If u is an element of A?(E)), then a
unitary transformation A of the variables 71, 22, . . . , z,—1 leaves Ey, u(0,0,...,0,¢),
and f |u|?>dV, and f |u|?dV invariant. Let 2 = (21,22, . .., 2Zs—1). If we form

() = / WO 20) gt
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where du is normalized Haar measure on the unitary group, we then obtain a
function u; € A%(Ey) so that

u1(0,0,...,0,¢) = u(0,0,...,0,).

By Minkowski’s inequality, we now see that

/|u1|2dV§/ lu>dv .
Eo Eo

But u; is invariant for unitary transformations of z;, z, . . ., z,—1 and therefore must
be a function of z,, only. In determining the supremum in the proof of the first lemma,
we may therefore assume that u is a holomorphic function of z, for |z,| < 1.

Now put

o0
u@) = ¢;z).
0

Since the volume of the unit ball in R?"~2 is 7"~ /(n — 1)!, we find that

nn—l 2 1 )
/ u*dV = —/ / u(re' Pr(1 — r?)"~" drd6
Ep (n—=1!Jo 0

LR~ 2 l2'+1 2yn—1
= — |c-|27r/ rd T (1 =) dr
(”—1)!20: ! 0

ni e )!
=T
G+ m!

By the Cauchy—Schwarz inequality, it follows now that

(J+)

u(0.0.....0.0 <77 Z ¢ | luPav,
Eo

where equality is attained for some u. Since the sum of the series is n!(1 —||?) ™!,
the lemma is now proved. O

The following variant of the last lemma will be particularly useful in the proof of
our main result:

Lemma 6.7.6. Leta i (j,k = 1,...,n) be a positive definite Hermitian symmetric
matrix. Set

n
Fo=4qz€C":Img, > Z ajkz;Zk
jhke=1
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Then

—n—1

n
|Kp o)l =ond™'n ™ [ Imz, — > ajuzjZ :
Jk=1

where 0 = det(ajk);’.zll.

Proof: By a unitary transformation of the variables z;, z, . . . , z,—1, We may reduce
the matrix (a jk)’},/:1=1 to diagonal form; and the statement of the theorem remains
invariant. Assuming this reduction to have been made, we can introduce new
variables

ZnQnj .
w;=a;+ . j=12...,n—1
ajj

and w, = z,. The determinant of this transformation of variables is equal to 1, so
again the statement of the theorem is invariant. So we may assume that the entire
matrix (a ;) has diagonal form. If we write

. 2
l

—Ann |Zn — 5

Imzn — Upnp |Zn |2 ==

4a,, 2a,,

then the lemma now follows from Lemma 6.7.3. O

Proof of Theorem 6.7.1. It is a standard fact (see Lemma 3.3.3 of [HOR1]) that
there is a real-valued function ¥ € C? which is strictly plurisubharmonic in a
neighborhood of P so that §2 is defined by the equation ¢ < 0 and grady
is the exterior unit normal to 0§2 at P. We choose local coordinates at P so
that P is the origin and the differentials dz; are orthonormal at P. Thus we
have that the Riemannian element of integration has density 1 with respect to the
Lebesgue measure in the coordinate space. We further choose our coordinates so
that ¥ (z) + Imz, = O(|z|?) at P. By the Taylor’s formula, £2 is thus defined in a
neighborhood of P by an inequality of the form

", 9%y (0
Imz, > I//—(_) 2% + Re A(2) + o(|2]%),
= 0z 0%

where A is an analytic, homogeneous, second-degree polynomial. If we replace the
coordinate z,, by z, — i A(z), the differential at P is not affected. So we may assume
without loss of generality that A = 0 from the outset. Put a;x = 9%y (0)/0z; 9%,
which is a Hermitian symmetric, positive definite matrix at P.

For any € > 0, we set

n
2. =13z:Imgz, > Z ajkz;% + €lal
jk=1
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Then
2 =02.N{z:]z <8
is contained in £2 if § is sufficiently small. We now see, using Lemma 6.7.2, that
|Ka(z.2)| < e |Kgs(z.2)] .

If we let z — 0 so that Imz, /|a| has a positive lower bound, then it follows from
Lemmas 6.7.3 and 6.7.6 applied to £2° and £2, that

limsup(Imz,)" | Ko (z, 2)| < e€ limsup(Imz, )" ™" |K s (z,2)]
z—0 z—>0

= ef limsup(Imz,)" ™| Ko (z,2)]
z—)O

= n!4"'n"edet(a k. + e8jk)ﬁlzl )

Since € is arbitrary, this last proves (with the notation from our main theorem) that

. ., k(P)n!
limsup [p(z)|" Ko (z,2)| < .
P 4

, (6.7.1.1)

assuming that z approaches P inside a small cone in the coordinate space around
the normal to 02 at P. But we can see that in fact the result is valid uniformly in
P, so it remains true for arbitrary approach to P.

Let € be positive but smaller than the least eigenvalue of the matrix (a ). For
sufficiently small § > 0, we have

2 ={z:2€2,|z] <8 C 2_..

Hence, Lemma 6.7.3 can be applied with U = {z : |z| < 8} and uo(z) = €'*. From
Lemma 6.7.3 and the monotonocity in Lemma 6.5.2, we then find, for § sufficiently
small, that

limsup(Imz,)"*'|K (2. 2)| = limsup(Im z,,)" " | K s (2. 2) |

z—P z—>P

A%

e “limsup(Imz,)" Ko (z,2)|
z—P

when z — P and remains in a small cone about the normal to d§2. Arguing exactly
as in the proof of (6.5.1.1), we conclude now that

k(P)n!
4gn

limi}pfl,o(z)l"+1 Ko (z,2)| >
7—>

Details are left to the reader. And that completes the proof. O
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6.7.2 The Fefferman’s Asymptotic Expansion

The 1974 result of Fefferman [FEF1] subsumes all the earlier work. For Fefferman
shows that, near a boundary point of a smooth, strictly pseudoconvex domain,” the
Bergman kernel for £2 can be written (in suitable local coordinates) as

K.Q(Zs W) = KB (Zv W) + g(z’ W) .

Here Kp is the Bergman kernel for the unit ball, and £ is an error term which is of
measurably lower order than Kg. So we see that this theorem is much more explicit
than Theorem 6.5.1 that we proved above, and it is also valid off the diagonal.

The Fefferman’s argument is quite lengthy and complicated, and we cannot
present it here. What we can do, however, is to explicate the approximation part
of his reasoning. This is a nice piece of logic and shows how to approximate a
strictly pseudoconvex point by (the image of) the unit ball.

We shall exploit the following fact:

FACT: Given p € 052 strictly pseudoconvex, we can find a region 2 internally tangent to
052 to third order at p and an explicit biholomorphic change of coordinates F' mapping a
neighborhood of p in 2 twa neighborhood of F(p) in the boundary of the unit ball. Of
course we can then pull back the Bergman kernel from the unit ball to obtain an explicit
formula for the kernel K of Q2.

Now we will give a more formal enunciation of this fact and provide a proof.

Proposition 6.7.7. Let p € 052 be a strictly pseudoconvex point. Then there is a
neighborhood V' of p with the following property: For any point Q € V there is a
biholomorphic mapping {o sending V' to a neighborhood of the origin, sending Q
to the point (Y (Q),0,...,0), and sending §2 N V to a region of the form

Rel; = |U')? — p4(¢', Im &) + (fifth- and higher-order terms in Z’,ZI, Im¢y)

with (£1,¢) € ¢, (V). Here p4(¢',Im¢,) is a real-valued, fourth-order polynomial
in {",Z/,Im ¢ satisfying p4(¢',Im¢;) > C(|¢'|* + [Im ¢ |*). Furthermore, we can
make {o(-) depend smoothlyon P € V.

Here we may think (refer to the FACT above) of {Re {; = [’ |2} as the boundary
of 2.

Proof: Let g be the point of 052 that is closest to Q. Then Q — ¢ is normal to 952.
After a suitable translation and rotation of C", we may suppose that ¢ = 0 and that

%At the time that Fefferman wrote his paper, it really was necessary to assume that the entire domain
was strictly pseudoconvex in order to get certain global estimates for the d-Neumann problem.
However, more recent results of Catlin [CAT1, CAT2] and others show that one need only assume
that the boundary is strictly pseudoconvex near the boundary point in question. The more global
hypotheses can be something considerably weaker—Ilike finite type.
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the tangent plane to 92 at ¢ is {z : Rez; = 0}. In particular, in the new coordinate
system, we have Q = (z,0,...,0) with 7 real and positive. In the complex part of
the tangent space, specified by {z : z; = 0}, make a linear change of coordinates
so that the Levi form at Q becomes the identity matrix. As a result, we have a new
coordinate system, (z;,7’), in which Q = (z,0) and 052 takes the form

n n
Rez; = Re a(iImzl)z + Zb_/ <(iImzy)-z; + Z CikZjZk
=2 jk=2

+|7/|> + (third- and higher-order terms) .

We can make the coefficient a real. Here |7/|?> appears as the Levi form (', 7).
If we set

n n
2
{1 =2z —az —ijmzj - Z CikZjZk »

j=2 jk=2
é-/ — Z/
then, in the new ({1, {’) coordinate system, 052 takes the form

Re () = |¢')? + (third and higher terms) (6.7.7.1)

and Q still has the form (z, 0) for 7 real. If we write out the most general real-valued
—/

homogeneous third-degree polynomial in Im ¢y, {’, ¢, then we find that (6.7.7.1) is

equivalent to

n

Rel) = |§/|2+Re{ 37 apliGle+ D beiGly Y cpriImEng;

jk4=2 jk=2 jk=2

n

+ Z djk(ilmfl)szkZé’j(ilmfl)zf/’ —i—f-(iIm§1)3} , (6.7.7.2)

jik=2 j=2

where the as, bs, cs, ds, es, and f's are complex numbers. We may take f to be
purely imaginary. In the new coordinates then

a=8-f8-) e = D cbillo— Y aetiGide,
j=2 jk=2 k=2

1 & 1 =
& =§r+5 Z bjkré'jé'k+§zdjr§1§j,
=2

jk=2

the surface (6.7.7.2) is transformed to Rez; = |7/|*+ (fourth and higher r-order
terms), while Q is mapped to (z +if73,0).
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The rest of the proof depends on the following claim:

Claim: There is a linear fractional transformation of the Siegel upper half-space
{(z1.7) : Imz; > |/|*} taking O to O and taking (t + if7>,0) to (z,0). Moreover,
the transformation is biholomorphic in a fixed neighborhood of (0, 0).

To see this, it is enough to check the case of the upper half plane in
C'={z=(z21.7):7 =0}.

For, because of the explicit formulas for linear fractional transformations of the
Siegel upper half-space, we see that every linear fractional transformation of the
upper half plane to itself extends to a linear fractional transformation of the full
Siegel domain to itself. Moreover, the property of being biholomorphic in a fixed
neighborhood of 0 is preserved. The easy one-dimensional case of the claim is left
for the interested reader.

Therefore we can make a holomorphic change of coordinates transforming 952
to the surface

Re¢; = |¢'|? — (fourth-order terms) + (fifth- and higher-order terms) . (6.7.7.3)

It remains to show that the fourth-order terms can be made positive. However, the
reader may easily check that the form (6.7.7.3) of the surface is preserved, while the
fourth-order terms are forced to be nonnegative if we simply make the change of
coordinates

7=0+Cql
u=0-Ct,

for C > 0 large enough. The reader may check that all the above changes of
coordinates depend smoothly on Q. O

So we see quite explicitly with this proposition that a strictly pseudoconvex point
has defining function which (after suitable modifications of the local coordinates)
agrees with the ball up to the fourth order. This result is tricky but elementary. It is
noteworthy that it is a decisive improvement over earlier results of this type (see, for
instance, [HOR1]). Now we proceed to the guts of the approximation argument.

Fix a domain £2 and a point P in the boundary which is strictly pseudoconvex.
This means that the boundary near P is C? and that the Levi form at P is positive
definite. Of course an obvious implication is that boundary points near to P are also
strictly pseudoconvex. Now we consider 42(£2) and the orthogonal space A%(£2)~.
For a fixed point w € £2, the Dirac mass §,, breaks up uniquely into 4 and (A42)+
components by the equation

S = Ka(-,w) + (8 — Ko (-, w)). (6.7.8)
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We approximate the Bergman kernel K, by producing an explicit K° € A% and
K+ e (4?)* which add up to a small perturbation of §,,. Let p be the point of
52 which is nearest to w. We apply Proposition 6.7.7, setting K°(-) = K5(-,w),
K*(-) = 8, — Kg(-,w) on 2. We have K* € A*(£2), KT € (A%)*, and §, =
K®+ K* on 2, s0that§,, = Kx5 + K* x5 on 2. Clearly, since K+ € (AE)J-
and 2 C 2, we know that KT = K+ 15 € (A%)L. Furthermore, from the explicit
formula for K, it follows immediately that K° continues analytically from £2 to
all of £2. (For fixed w in the unit ball, (1 —z-w)~"*+D continues analytically beyond
the unit sphere.) Thus we may write

Sw+ K'xpnpg = K+ K* (6.7.9)

on £2, with K € A% and K+ € (A?Z)J- given by explicit formulas in terms of
(z,w).

In a sense that can be made precise, the term K°y o\¢ on the left-hand side is
small, since £2 \ 2 is such a thin subset of 2 (recall that 382 is highly tangent to
d£2). To make this idea precise and quantitative, we associate to each kernel A(z, w)
on §2 x 2 the operator A f(z) = [, A(z,w) f(w)dV(w) on L?($2)A. Thus (6.7.9)
becomes an operator equation

1+&=K"+Kt,

where K%, K*, € are given by kernels with explicit formulas and K’ f e A%(R2),
Ktfe (A%)1 forall f € L*(£2). The thinness of £2 \ £2 shows that £ has small
norm as an operator on L?(£2), so that for f € L?(£2),

f=A+8A+&67"'f
=K' -Ke +K'2— .. f + (Kt —KYe+-)f
=F+G

with F € A% and G € (A?Q)J-. Comparing this result with (6.7.8), we see that the
Bergman kernel for £2 must be given by the operator equation

Po =K'— K% + K% ... (6.7.10)

the series converging in the norm topology of operators on L?(£2). Note that P
is the Bergman projection on §2. We can obtain an asymptotic expansion for the
Bergman kernel itself by applying both sides of this last operator equation to the
Dirac delta mass. It is actually rather difficult to evaluate the right-hand sides of
(6.7.10). Fefferman needs to develop an entire calculus of integral operators in
order to do it. We cannot provide the details here but instead refer the reader to
[FEF1, Part I]. We note that a consequence of these calculations (and this should be
compared to the result of Hormander discussed in the earlier part of this section) is
that
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Ko(z.2) = D(2)85" " (2) + P (2) log 8 (2)

for z near 352. Here &, @ € C®(£2), 8o (z) is the distance of z to 352 and ®(z) # 0
for z € 052. This is in fact the corollary on page 45 of [FEF1].

It is worth noting here that Boutet de Monvel and Sjostrand [BOS] show
(Corollary 1.7) that, for the Szegd kernel,

Koz w) = @z, w)85" " (z,w) + ®(z, w) log8a(z, w)

for some &, ¢ € C (2 x £2). They are then able to relate their formula to
Fefferman’s.

A word of explanation is needed for our last statement. Where did the logarithmic
term come from? This was one of the dramatic results of the Fefferman’s work—
that the Bergman kernel of a strictly pseudoconvex domain can (at least in principle)
contain a logarithmic term. And in fact Fefferman provides in his paper an
explicit example of domain for which the logarithmic term actually occurs (see
Example 6.7.11 below).

It is a noted conjecture of Ramadanov (see [RAM?2]) that a strongly pseudocon-
vex domain with no logarithmic term for the Bergman kernel asymptotic expansion
at any boundary point must be spherical. Dan Burns (unpublished) in fact proved
such a result. Boutet de Monvel [BOU] in dimension two and Robin Graham
[GRA3] in general gave rigorous proofs of the result. See also the work of Hirachi
[HIR1]. There are unbounded domains and also roughly bounded domains on which
the analogue of this result for the Szegd is known to fail—see [HIR2].

The logarithmic term arises in the Fefferman’s calculations because he is
analyzing certain integral expressions—which are in effect negative powers of a
nonisotropic distance function—using integration by parts. When the power of the
nonisotropic distance is —1, then the next integration gives rise to a log term.

One of the nice features of the work of Boutet de Monvel and Sj6strand is that
they derive their asymptotic expansion for the Szegd kernel in a rather natural
fashion from the explicit formula on the ball using the theory of Fourier integral
operators (see [HORS]). From this study they obtained the formula (see Theorem 1.5
in [BOS])

o0
K(z,¢) =/ 92 p(z w, 1) dr,
0

where b € C®(2, 2,R™).

We conclude this section with a presentation of the Fefferman’s example of a
domain whose Bergman kernel has a logarithmic term. We will exploit this form of
the asymptotic expansion:

Ko(z,w) = C|gradSo (w)|PdetL(w) X~V (z,w) + K(z, w),
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where K is an admissible kernel of weight > n — 1. Here L is the Levi form. Also
“weight” is a concept that Fefferman introduces as part of his integral calculus. We
can safely take it for granted.

Example 6.7.11. Let 2 be the connected component of
{@,2) €Clal + [l —clal® < 1}

containing the origin, where ¢ is small and positive. Note that this £2 is highly
tangential to the unit ball B at the point (1, 0). Also B C £2. Now set

Y(w) =1—|wi|> = [wa]” + clws[®

and w® = (7,0) with 0 < 7 < 1. Now the above formulation of the asymptotic
expansion for the Bergman kernel tells us that

M
Ko@zw) = o) (1 —1z1) 7 + thj (w1 —1z)™™
j=1
+ @z w) log(1 — 7z1) + O(1), (6.7.11.1)

with @o(w’) # O and weight(p;) — m; > —5/2. We shall show that
lim, - g(w°, w®) # 0. To do so, we apply the reproducing property of Ko to
the anti-holomorphic function F(w) = Kz(w®,w) = ¢;(1 — tw;)> to obtain
c(l—-1)73 = FW’)
- [ FOKae" v
2
— [ @l - ) Kaw) av
Q2
— [ =) Kaw av )
B

+ / 11— 12) Ko ew®) dV(2)
2\B

=Kg(w0,w0)+/ (1 —172) Ko w®)dV(z) (6.7.11.2)
2\B

(since ¢1(1 — 77))™2 = KgWP,z) and Ko (-,wP) is holomorphic on B C £2).
Substituting (6.7.11.1) into (6.7.11.2), we find that
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M
(1= =)A= =) ;" w1 =)™
j=1

—gw° w¥) log(1 — %) + 0(1)

= clgoo(wo)/ 11 —1z,7°dV(z)
2\B

M
+cy % /:2\13(1 —17)7° |:Z 9w’ (1 —7z)™™

J=1

+@(z, w') log(1 — t21) + 0(1)} dV(z) }

= clgz)o(wo) /9\3 |1 — ‘L’Z1|_6dV(Z) + 0(1)

~ log(1 — %) as T —> 17,

We see immediately that lim,_,;— @(w", w®) could not be zero. Therefore the term
@(z) is really present in K (z, 7).

We conclude this section by noting that Fefferman developed his ideas further
by formulating a program for studying the geometry and analysis of strictly
pseudoconvex domains. The main idea is to consider the Bergman and Szegd kernels
as analogues of the heat kernel of a Riemannian manifold. In Riemannian geometry,
the coefficients of the asymptotic expansion of the heat kernel can be expressed in
terms of the curvature of the metric. Integrating the coefficients, one may obtain
index theorems in various settings. See [BEG, HIR3] for some of the details.

We also mention that, in his famous problem list, Yau [ YAU] raises the question
of classifying pseudoconvex domains whose Bergman metrics are Kéhler—Einstein.
Cheng [CHENG] conjectured that, if the Bergman metric of a strictly pseudoconvex
domain is Kéhler-Einstein, then the domain is biholomorphic to the ball. This
conjecture was proved by Fu—Wong [FUWT] in the case of a simply connected,
strictly pseudoconvex domain with smooth boundary.

6.8 The Bergman Kernel for a Sobolev Space

We may define the Bergman kernel for the Sobolev space W' and it appears to be
(up to a bounded error term)

llog(l —ZE).
T

Specifically, set ¢; () = ¢/. We calculate that
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/D[ 9 (O dA =/D fFad=

and

[[16©0raa= [[ 17 Fan = ja.
D D

Thus

JP+j+1
. = T - —_—
loill = V[ =5

Thus the full Bergman kernel for W! is given by

Jj+l1 ._,~ 1 X1 j+1 ~—j QR —
> T = L e T = e
iz — 7 +Jj+ T +j+ T

where £ is an error term which is bounded and has one bounded derivative. So £ is
negligible from the point of view of determining where the kernel has singularities
(i.e., where it blows up).

We look at
1 1T X1 1 1
N Y L
b T b T 4
j=1 j=1
o0
_ 1 l/za/—l
T T -
j=1
1 11
e — — J
S P
j=1
1 11|
—_ _ _ J _
T n/oz jgoa !
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Thus the Bergman kernel for the order 1 Sobolev space is given by

1
K(z,§) =—— —10g(1 —20).

Also the kernel for the space generated just by the monomials with even index
seems to be given by (up to a bounded error term)

1 - 1 — 1 _
—(log(z{) + > log(1 —z¢) — > log(1 + z{)) .
s

To see this, we look at
oo . o0
1 2j +1 1 1 1 5.2
P LN PR S
P (2/)*+2j +1 w2

Here, as in the first calculation, F is a bounded term with one bounded derivative.
So it is negligible from the point of view of our calculation.
Thus we wish to calculate

- _a2j:_ L /2/1
T ow 2j /Z_:l

1 1
+

I
2|
2
—
S
S
&

j=0
_1+1/1 L
T n) al|ll—a?
_1 1 o
T n) 1-0a2

In conclusion, the Bergman kernel for the order 1 Sobolev space using only the basis
elements with even index is

1 1
K'0)= — — 5 log(l~2-0) 5 —log(1 +2-0).

In short, there are singularities as z and ¢ tend to the same disc boundary point and
also as z and ¢ tend to antipodal disc boundary points.
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6.9 Regularity of the Dirichlet Problem on a Smoothly
Bounded Domain and Conformal Mapping

We begin by giving a precise definition of a domain “with smooth boundary.”

Definition 6.9.1. Let U C C be a bounded domain. We say that U has smooth
boundary if the boundary consists of finitely many curves and each of these is
locally the graph of a C*° function.

In practice it is more convenient to have a different definition of domain with a
smooth boundary. A function p is called a defining function for U if p is defined in
a neighborhood W of dU, Vp # Oon dU,and W NU = {z € W : p(z) < 0}.
Now we say that U has smooth (or C¥) boundary if U has a defining function p
that is smooth (or C¥). Yet a third definition of smooth boundary is that it consists
of finitely many curves y;, each of which is the trace of a a smooth curve r(¢) with
nonvanishing gradient. We invite the reader to verify that these three definitions are
equivalent.

Our motivating question for the present section is as follows:

Let £2 € C be a bounded domain with smooth boundary. Assume that f € A,(d£2). If

u € C(R) satisfies (i) u is harmonic on £2 and (ii) ”|a.q = f, then does it follow that

U € Ay(2)?

Here A, is the usual Lipschitz space (see [KRA12]). Here is a scheme for
answering this question:

Step 1: Suppose at first that U is bounded and simply connected.

Step 2: By the Riemann mapping theorem, there is a conformal mapping ¢ :
U — D. Here D is the unit disc. We would like to reduce our problem to the
Dirichlet problem on D for the data f o ¢~!.

In order to carry out this program, we need to know that ¢ extends smoothly to the
boundary. It is a classical result of Carathéodory [CAR] that, if a simply connected
domain U has boundary consisting of a Jordan curve, then any conformal map of
the domain to the disc extends univalently and bicontinuously to the boundary. It is
less well known that Painlevé, in his thesis [PAI], proved that when U has smooth
boundary, then the conformal mapping extends smoothly to the boundary. In fact
Painlevé’s result long precedes that of Carathéodory.

We shall present here a modern approach to smoothness to the boundary for
conformal mappings. These ideas come from [KER1]. See also [BEK] for a self-
contained approach to these matters. Our purpose here is to tie the smoothness-to-
the-boundary issue for mappings directly to the regularity theory of the Dirichlet
problem for the Laplacian.

Let W be a collared neighborhood of dU. Set 0U’ = oW N U and let 0D’ =
¢(dU’). Define B to be the region bounded by dD and dD’. We solve the Dirichlet
problem on B with boundary data
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_ | lif¢eadD
/@ = {OifgeaD’
Call the solution u.
Consider v = uo¢ : U — R. Then of course v is still harmonic. By the
Carathéodory’s theorem, v extends to 052, d§2’, and
| lif¢edU
T |oif¢cedU’”

Suppose that we knew that solutions of the Dirichlet problem on a smoothly
bounded domain with C* data are in fact C ®° on the closure of the domain. Then,
if we consider a first-order derivative D of v, we obtain

|Dv| = |D(uo¢)| = [Vul|[V¢| < C.
It follows that

C
V| < Val’ (6.9.2)

This will prove to be a useful estimate once we take advantage of the following:

Lemma 6.9.3 (Hopf). Let 2 cC RY have C? boundary. Let u € C(£2) with
u harmonic and nonconstant on §2. Let P € §2 and assume that u takes a local
minimum at P. Then

9
2epy<o.
av

Proof: Suppose without loss of generality that u > 0 on §2 near P and that u(P) =
0. Let By be a ball that is internally tangent to £2 at P. We may assume that the
center of this ball is at the origin and that P has coordinates (R, 0, ..., 0). Then, by
Harnack’s inequality (see [GRK12]), we have for 0 < r < R that

R2_ 2
u(r,O,...,O)zc-Rz—_i_r2
hence
u(r,O,...,Oi::;(R,O,...,O) < <.
Therefore

9
8—”(P) < <0.
Vv

This is the desired result. O
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Now let us return to the u from the Dirichlet problem that we considered prior to
line (6.9.2). Hopf’s lemma tells us that |Vu| > ¢’ > 0 near dD. Thus from Corollary
6.9.2, we conclude that

[Vo| < C. (6.9.4)

Thus we have bounds on the first derivatives of ¢.
To control the second derivatives, we calculate that

C = |V = [V(VW)| = [V(V(uo¢))l
= [V(Vu(¢) - V)| = |(V2u- [V4]*) + (Vu- V9)|.

Here the reader should think of V as representing a generic first derivative and V2 a
generic second derivative. We conclude that

[Vul [V?¢] < C +|V2ul |[(V9)*| = C".

Hence, (again using Hopf’s lemma)

V29| < |§—| <c”
u

In the same fashion, we may prove that |Vk¢| < Cy,any k € {1,2,...}. This
means (use the fundamental theorem of calculus) that ¢ € C®(£2).

We have arrived at the following situation: Smoothness to the boundary of
conformal maps implies regularity of the Dirichlet problem on a smoothly bounded
domain. Conversely, regularity of the Dirichlet problem can be used, together with
Hopf’s lemma, to prove the smoothness to the boundary of conformal mappings.
We must find a way out of this impasse.

Our solution to the problem posed in the last paragraph will be to study the
Dirichlet problem for a more general class of operators that is invariant under smooth
changes of coordinates. We will study these operators by (1) localizing the problem
and (2) mapping the smooth domain under a diffeomorphism to an upper half-space.
It will turn out that elliptic operators are invariant under these operations. One can
then (we shall not actually do this) use the calculus of pseudodifferential operators
to prove local boundary regularity for elliptic operators.

There is an important point implicit in our discussion that deserves to be brought
into the foreground. The Laplacian is invariant under conformal transformations
(exercise). This observation was useful in setting up the discussion in the present
section. But it turned out to be a point of view that is too narrow: We found ourselves
in a situation of circular reasoning. We shall thus expand to a wider universe in
which our operators are invariant under diffeomorphisms. This type of invariance
will give us more flexibility and more power. See [KRA4, Chap. 3] for background
to this discussion.
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Let us conclude this section by exploring how the Laplacian behaves under a
diffeomorphic change of coordinates. For simplicity we restrict attention to R? with
coordinates (x, y). Let

¢)(X,y) = (¢1(x,y),¢2(x,y)) = ()C/,y/)

be a diffeomorphism of R?. Let

92 92
w2 g

In (x’, y") coordinates, the operator A becomes

, & 2 0
«(A) = |V + |V
¢( ) | ¢l| ax,2 | ¢2| ay,z
ax’ dy’  ox' 9y’ 92
2| ——+ —— first-order t .
+ [8x 8x+8y 8yi|8x8y+(rs order terms)

In an effort to see what the new operator has in common with the old one, we
introduce the notation

0

D= Zaaax_a,

where

0 g 0 0

oxe  oxy' axyr Oxy"

is a differential monomial. Its “symbol” is defined to be

o(D) =) ag(x)E", £ =EE £

The symbol of the Laplacian A = % + a‘r’y—zz is
o(8) =& + 8.

Now associate to 0(A) a matrix Ax = (a;j)1<i j<2, Where a;; = a;;(x) is the
coefficient of &;&; in the symbol. Thus

10
An = :

The symbol of the transformed Laplacian (in the new coordinates) is
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o ($«(A)) = [VIIPE] + [Va’E;

ox’ dy"  dx’ dy’
+2 |: r oy i li| £1& + (lower-order terms).

ax dy | 9y dy
Then
2 ax’ oy’ | ax' 9y
o@r @A) = | Tax oy | o @y 2
[+ ] vl

The matrix Ag+(a)) is positive definite provided that the change of coordinates
¢ is a diffeomorphism (i.e., has nondegenerate Jacobian). It is this positive
definiteness property of the symbol that is crucial to the success of the theory of
pseudodifferential operators (see [KRA4, Chap. 3]). For our study of the boundary
regularity of conformal mappings, the transformation properties of the Laplacian
under holomorphic mappings were sufficient.

6.10 Existence of Certain Smooth Plurisubharmonic
Defining Functions for Strictly Pseudoconvex Domains
and Applications

6.10.1 Introduction

In classical analysis, an important theorem of Painlevé [PAI] and Kellogg [KEL]
states that any conformal mapping between two smoothly bounded domains in the
complex plane C can be extended to be a diffeomorphism on the closures of the
domains. This theorem was generalized by Fefferman [FEF1, Part I] in 1974 to
strictly pseudoconvex domains in C". Fefferman’s original proof of this theorem is
very technical, relying as it does on deep work on the boundary asymptotics of the
Bergman kernel and on the regularity of 3-Neumann operator that is due to Folland
and Kohn [FOK]. Bell-Ligocka [BELL], and later Bell [BEL1], gave a simpler
proof which deals with more general domains, including pseudoconvex domains
of finite type, by using regularity of the Bergman projection and the d-Neumann
operator as studied by Folland and Kohn [FOK], Catlin [CAT2], Boas—Straube
[BOS1], and others.

We know from [KER3] that Painlevé and Kellogg’s theorem can be proved by us-
ing the regularity of the Dirichlet problem for the Laplacian in a smoothly bounded
planar domain, where the property of the Laplacian being conformally invariant
plays an important role in the proof. (See [BEK] for another point of view, and also
the discussion in the last section.) The natural generalization of the Laplacian in one
complex variable to several complex variables, with these considerations in mind, is
the complex Monge—Ampere equation. In [KER3], Kerzman observed that the proof
of the Fefferman mapping theorem would follow from the C* global regularity of
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the Dirichlet problem of a degenerate complex Monge—Ampere equation. However,
counterexamples in Bedford—Forness [BEF2] as well as in Gamelin—Sibony [GAS]
show that, in general, the degenerate Dirichlet problem for the complex Monge—
Ampere equation does not have C? boundary regularity. Thus Kerzman’s idea does
not work in the sense of its original formulation.

The main purpose of the present section is to construct a plurisubharmonic
defining function p for a smoothly bounded strictly pseudoconvex domain in C”"
with det H(p) vanishing to higher order near the boundary, where H(p) denotes the
complex hessian of p. In other words, we shall prove the following theorem:

Theorem 6.10.1. Let 2 be a bounded strictly pseudoconvex domain in C" with
C® boundary 2. For any 0 < € << 1 and any positive integer ¢, there is a
plurisubharmonic defining function p, € C*°(£2) for §2 so that

det H(p,)(z) < Cdist(z. 62)7, z€ . (6.10.1.1)

Combining Theorem 6.10.1 with a result of Caffarelli et al. [CKNS] on the
Dirichlet problem for the complex Monge—Ampere equation, we provide a new
proof for the following result, which was proved in [BEC, DIF4]:

Corollary 6.10.2. Let £2;,j = 1,2 be two bounded strictly pseudoconvex do-
mains in C" with C* boundary. Let ¢ : §2, — £2, be a proper holomorphic
mapping. Then for any € > 0 we have

(1) ¢ can be extended as a Lip, (£2,) mapping.
(ii) det(¢’) € Lip;/,(£21).
(iii) There is a C? defining function p for §2, so that, forany k = 1,...,n, we have
S0, .=
> [f% o ¢] % ¢ Lip, (2)).
As a corollary of (ii) and of a theorem in [FOR,NWY,PIH, WEB2], we may give

a new proof of the Fefferman mapping theorem.

Our presentation is organized as follows. In the next section, Theorem 6.10.1 is
proved. In the following section, some applications are given.

6.11 Proof of Theorem 6.10.1

We now supply the proof of the first theorem.

Proof of Theorem 6.10.1. Let §(z) denote the (signed) distance function from z
to 052 (positive inside and negative outside). Since §2 is a bounded domain in C"
with C* boundary 352, then §(z) € C*(£2) (after modification of the distance
function on a compact set in the interior). By a rotation we see that, for any fixed
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point z° € £2 near the boundary, we may assume that the z,, direction is the normal

direction (337‘51, o %) at the point 2°. Let

928
- (Z)}
aZ[ 3Zf1 1<l,g<n—1

Since §2 is strictly pseudoconvex, there is an € > 0 so that

H(8)n—1(2) = [

_H(S)n—] (ZO) 2 Eln—l

for all z € £2 with §(z) < €. We may assume that H(8),_; is diagonalized at z°.
Note that

—H(8),— 0
H(—a’)(z)=[ Crr@ _m].
BZnaZz

If it happens that ), ; % % % = 0, then p,(z) = —8(z) + 8(z)*T4 is the desired

defining function. (In fact it is these terms that distinguish the study of the real
Hessian from the more subtle study of the complex Hessian. In particular, we know
that 3°§/dx? equals 0, but the term 9%§/dz, 0z, may not be zero. Therefore estimate
(6.10.1.1) is much easier to check for the determinant of the real Hessian of §;
matters are much trickier for the complex Hessian.)

Now we let

p(2) = =8(2)

and

(D) = p) + ) ar(@)8R)* ze K.
k=2

We will prove inductively that
det(H(r")(2) = bp—1(2) - p"7",

where b,,_; is some smooth function. In particular, det(H (r!) vanishes to order
m — 1 at the boundary.
Now

m

3ir!"(2) = 9;3p(2) + Z[aijak p(2)* + k(k — l)akaipajp)]p“

k=2

m
+ Z k[aiakajp + 0; pdjay + akpij:| pkil.
k=2
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02 .[m]
Let H(r"),_1(2) = [&£=]u—1)x(n—1), and let B(z)* = [r,1, ..., 7= be a row

82i 67
vector. Then

H(r[m])(z) — |:H(r[m])n—l(2) B(Z) :| '

B* @)
Then

det(H (r"™)(2)) = det(H(r!™), 1 ()[r) — {B*H(r™),-1 ()} ' B()].
We know that

H(r™),_1(z) > el

for all z € £2, where € is a positive number depending only on £2 and ||a; [|c2(g)-
At first, we let

dp)(2) = Y pipypis
i.j

then we define

@)
2(dp)@) + [0l

ax(z) =

Thus we have

rui(@) = pun + Y _[0wmarp* + k(k — Dag|op|*p ]
k=2

+ ) k[daardmp + 0npdrar + arpurlp’ !
k=2
= D _1map’ + k(k + Dagy19p 0 ']
k=2

+ ) k[duardmp + 0npdrar + aipurlp !
k=2

= 0(p).

Therefore

det(H(r™)(2)) = b1 (2)p(2).
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Assume that we have constructed " = p(z) + S, akp(z)* such that
det(H(r™)(2)) = bu—1 ()", z € L.
We consider
rlrt =l g, o)t
Since

H(r" ) (2) = HEM™) + p)" T H(am11) @) + (m + Dans1p(2)"™ H(p)
+(m + Dmay11p" " 9p(z) ® Ip
+(m + 1)p(2)"[p @ dap+1 + dam+1 ® Ip),

it is easy to see that
det(H(r"+1)(2)) = bu(2)p(2)") + det[ Hr™) + (m + Dmay410"")].

By a rotation, we may let z, be the complex normal direction of 92 at z. Thus
det(H(r[m])(z) + (m 4+ Dmp(2)" ' 9p(z) ® %) = det M,

where

_ | HEM),L ) B(m)(2)
Bm)@* @) + (m + DHmp™ ppr |

But this

= det(H(r"),_ @ [r"™ + B(m)* H(r"),_1 ()™ B(m)(z)

+(m + Dymp" ™" p, pr]
= det(H (r"™)(2)) + det(H (r")),—1(2))(m + Dymp, pzp(z)" "
= by—1(2)p(@)" " + det(H (r'™),—1(2)) (m + Dmp, prp(2)™ "

We need to choose a,,+; such that
bn-1(2) + (m + Dym det(H (r"™),_1(2)) pupr(z) = 0.
From this it will follow that

det(H(@r" 1) (2)) = b (2)p2)".
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From the construction, we know that H(rI™),_,(z) is positive definite with least
positive eigenvalue €, for all z € £ \ £2,. Thus if ¢, is large enough so that
|V8|>¢,n = 2|b(2)], then, by choosing €, small enough, we will easily see that the
function

pm(2) = r" (@) + ¢, 8(x)" 2 (6.10.1.2)

is strictly plurisubharmonic in §2 \ £2, and (6.10.1) holds on £2 \ £2,,. Here 2, =
{z € £2 : §(z) < t}. Then we use arguments in [CKNS,LI] to extend p,, to be defined
on £2 and strictly plurisubharmonic on £2. The proof of the theorem is complete. [

6.12 Application of the Complex Monge—Ampere Equation
In this section, we shall prove Corollary 6.10.2. Let us recall a theorem of Caffarelli

et al. [CKNS].

Theorem 6.12.1. Let £2 be a bounded, strictly pseudoconvex domain in C" with C*
boundary 3S2. Let f be a nonnegative function on §2 such that f(z)"/" € C'1().
Let H(u) denote the complex Hessian matrix of the function u. Then there is a
unique plurisubharmonic function v € C ' (82) satisfying

det HWv)(z) = f(z) for z € £2;
v=0 for z€482. (6.12.1.1)
Proof of Corollary 6.10.2. Let ¢ : £2; — £2, be a proper holomorphic mapping,

and let pg4,, be the plurisubharmonic defining function for §2,, with m = 4n, that we
constructed in Theorem 6.10.1. We let

rz) = pan(p(@), z€ 8.
Then we have
det H(r)(z) = det(H (psn)(¢(2))|det@’(2)]* = f(2). z¢€ L.
Since det(H (psn(9(z)) < O(p(p(x)* < Cdist(z, 982))*n and |det¢’(z)|* <
Cdist(z, 32)7>". We have f(z)'/" € C'1(2)) and f > 0. Theorem 6.12.1 implies
that 7 € C1'(22)) N C%(£2)). So

Irlcui, < C.

It is obvious that exp(ps,) is strictly plurisubharmonic in £2, and that there is a
constant € > 0 so that
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H(exp(pan)(w) > €l,, forall we £2;.
Thus

0%exp(r(z)) _ 2”: 326Xp(p4n)( ())3% w()

0z¢0Z¢ oy w , 0w

S

This shows that

12, < CAa lexp)lcria,.

Thus we have det(¢’(z)) € L*®(§2).
If we apply T & - 1o r(z) and use the above result, then we have

a:0411
( ())az 5 <C. (6.10.2.1)

p=1

Let z° € £2; be sufficiently near to 3£2;. Without loss of generality, by applying a
rotation, we may assume that z{, ..., z0_, are complex tangential at z° and also that
at the point ¢(z¢) the directions wy, ..., w,_; are complex tangential. Thus

%mwwmm
<p

n

¢
_ Im m

{m=1
m a (pm nn 82()Dl‘l
=2 "y @+Z @+ @),
l<n n

where (¢%) is the inverse matrix of ¢’(z). Since ¢ € Lip,(£2}), we have

< Cdi(z)™"?

)8¢m

0z¢0

foralll <f <n-—1land1 <m,p <n.By(6.10.2.1), we have

32

<C.
02,02,

(z0)
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Now we consider the terms with 1 < m < n — 1. Since (0, ...,0, ¢,) is normal at
¢(z0) and 7, . .., z,—1 are complex tangential to §§2; at zo, we have

5

< C8r(p(20))"? < C81(20) 2.
0z¢

Since det(¢’(z)) is bounded and
| det(¢(2)¢"" ()] < C,

we see that

| det(¢'(2)¢"" (z0)

%O
3 (z0)|

Zn BZn
-1 dpp
< Ci(z0) det(%)lg[fn—l,p#m)

< Coi)™
Combining all the estimates, we have proved that
|V det(¢(2))| = | det(¢'(2))V det(¢’ (z) log det(¢'(2))| < C8(z)™'/2,

for all z € 2. Hence, det(¢’(z)) € Lipl/z(ﬁl). The proof of Corollary 6.10.2 is
complete. O

Note: Combining Corollary 6.10.2 and results in [FOR,NWY,PIH,WEB1,WEB2],
we obtain a new proof of the Fefferman’s mapping theorem in [FEF1]. Fefferman’s
theorem is treated in some detail in Sect. 3.3, 6.7.

6.13 An Example of David Barrett

As discussed in Sects. 2.1 and 6.1, Bell’s Condition R is a matter of some interest.
While there was originally hope that Condition R would hold on any smoothly
bounded, pseudoconvex domain, we now know (see [CHR1]) that Condition R
fails on the worm domain of Diederich and Fornzass. Before Christ’s result, David
Barrett [BAR1] exhibited a smoothly bounded, non-pseudoconvex domain on which
Condition R fails. We treat that example now.

We begin by defining three real-valued functions, ry, 7, and ¢, on the interval
[1, 6]. Each of these is smooth on (1, 6). They are given by
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Fig. 6.2 The function 4

y =ri(x) I
\__J

v

Fig. 6.3 The function 4
y = r2(x)

v

3—V/x—1 for X > 1 near 1

decreasing for 1<x<2
rx)=141 for 2<x<5
increasing for 5<x<6

3—46—x for x <6near6.

The function is exhibited in Fig. 6.2.
Second,

3++/x—1 for X > 1near1

increasing for 1<x<2
rx)=144 for 2<x<5
decreasing for 5<x<6

34+446—x for x <6near6.

The function is exhibited in Fig. 6.3.



6.13  An Example of David Barrett

Fig. 6.4 The function

y=c(x)

Finally, for a positive integer k,

c(x) =

The function is exhibited in Fig. 6.4.

Now define

2{@zw) € C*: 1 < |w| <6,|z| <ra(w]).|z—c(w])] > ri(jw])}.

Let

0

decreasing
(x—=3)%*—1
increasing

—(x =4 +1
decreasing

0

for
for
for
for
for
for
for
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1<x<2

2<x<3
3—e<x<3+4+¢€,e>0small
3<x<4
4—e<x<44¢€,e>0small
4<x=<5

5<x<6.

2, ={z€C:(z,w) € 2}

be the cross section of §2 at w.
‘We note the following:

(a) If 2 < |w| < 5, then £2,, consists of the disc |z| < 4 minus a unit disc of varying

center.

(b) If 1 < |w| <2o0r5 < |w| < 6, then the slices §2,, are annuli collapsing towards
the circle |z| = 3 at the limiting values |w| = 1 and |w| = 6.
(¢) The domain £2 is smooth near the limiting values |w| = 1 and |w| = 6 since it
is defined there by the inequalities (|z] —3)?> < |w| — 1 and (|z| — 3)* < 6 — |w|,

respectively.

(d) The union of the £2,, for 1 < |w| < 6 is the punctured disc 0 < |z] < 4.

We now have three key lemmas. In what follows, we let P denote the Bergman
projection on £2 and O($2) the space of all holomorphic functions on £2. Further
we let C2°(£2) be the C* functions with compact support in §2.
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Lemma 6.13.1. The space P(C2°(£2)) is dense in L*(£2) N O(£2).
Lemma 6.13.2. The function 1/z lies in L*>(£2) N O(£2).

Lemma 6.13.3. Let p > 2 + 1/k. Any function g € L?(£2) N O(§2) which is
independent of the variable w extends to a holomorphic function of z on the disc
|z| < 4.

These three lemmas will imply the main result. We now prove the lemmas.

Proof of Lemma 6.13.1. Let 1 € L?(£2) N O(£2) be orthogonal to P(C>(£2)).
Then, for every n € C°(£2),

/n.|h|2dV(z,w):/(nh).EdV(z,w):/ P(nh)-hdV(z,w) =0.
2 2 2

If n is taken to be nonnegative, then we must conclude that 2 = 0 on the support of
n. Since the choice of 7 is otherwise arbitrary, we see that # = 0. That concludes
the proof. O

Proof of Lemma 6.13.2. We calculate that
1/, = [ 1/ dVEw)

6
:2n/ |w|d|w|/ 1/|z> dA(z) . (6.13.2.1)
1 2

Iwl

Now define
1(;)::/ 1/|z> dA(z)
D,

for ¢ real. Clearly, in view of (6.13.2.1), our job is to show that flé I(t)dt < oo.
It is plain that, for ¢ away from 3 to 4, I(¢) is well behaved (indeed bounded). So
we must examine the behavior for ¢ near 3 and for ¢ near 4. For ¢ near 3,

2, ClzeC:(t-3)%* <zl <4}.
Hence,
I(t) = t/ 1/)2)* dA(z)
(t—3)%* <|z|<4

= 27t log[4/(r — 3)%].
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Certainly the logarithm function is integrable. So /(¢) is integrable near 3. A similar
argument can be applied to analyze the situation for ¢ near 4. Thus 1/|z| is in L? and
the result is proved. O

Proof of Lemma 6.13.3. This is the trickiest of the three lemmas.

First observe that if p = oo, then the result follows from the Riemann removable
singularities theorem. So assume that p < oo, and let h € L?(§2) N O(S2) be
independent of w. Write

h(z,w) = h(z) = Z ajzj.

j==00

Certainly this series converges for 0 < |z| < 4. We calculate that

6
117, ) = 27 /1 wldwi /Q ()17 dAE)

[wl

> 271/ dt[ h()|? dAG) .
—€ 2341 U244+

For small ¢, we see that

230Uy ={z€Clzl <4\ {zeC:|z—1+%| < 1,|z+1-1%*| < 1}

D {zeC: 2/t < |z < 4}.

As a result,

1801250 = 471[ dtf 1h(2)]? dA() . (6.13.3.1)
0 2tk <|z|<4

Since h € L?(£2) N O(£2), we may use line (6.13.3.1) to calculate that

€
o0 > 471/ dt/ a;z
0 2tk <|z| <4 ; !
€ .
- 4nZ|aj|2f dt/ 21 dA(2)
j 0 2tk <|z|<4

2
dA(z)

4Jt1

€
=82 {|a_i)? | log(2t™)ds |2
7 la 1|[0 oxi ™y dr 3 lay P

€
/ (47 H1_20+Dky g
. 0
j#—1

We see then that a; = 0 when 2(j + 1)k < —1, in other words when j < —2. Thus
h may be written as h(z) = b/z + g(z), where g is holomorphic in the disc |z| < 4.
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Certainly g € L”(£2) (because 1/z & L?). But line (6.13.3.1) now tells us that

€
11/zllLr2) = 471/ dt/ 2|77 dA(z)
0 2tk <|z|<4
22

= 8n?2.
2—-p

/ 6(22‘” — 1@ Pk) g
0

=+OO

if 2— p)k < —1, thatis, if p > 2 + 1/k. Thus, the only way that & can be in
L?(82) isif b = 0. That proves the lemma. O

Theorem 6.13.4. Let p > 2 + 1/k. Then the space P(C°(S2)) is not a subset of
L7 (£2).

Proof: Lemma 6.13.1 tells us that it suffices to show that L?(£2) N O(£2) is not
dense in L2(£2) N O(2) when p > 2 + 1/k. By Lemma 6.13.2, it thus suffices to
show that the function 1/z cannot be approximated in the L? topology by functions
in L?(£2) N O(£2).

Seeking a contradiction, let us then suppose that we have functions {h;}72, in
LP(£2) N O(£2) with h; — 1/zin L*(£2). Set

1 2 ;
gj(zw) = 5 ), hj(z,ew)do.

Then g; € LP(2)NO(£2) and g; — 1/zin L?(£2). Moreover, each g; is constant
on circles of the form {(z, e®w) : 0 < 6 < 27}; thus each g; is locally independent
of w.

We claim that actually each g; is globally independent of w. We already know
that g; is independent of w in a neighborhood of the product set

{(zw) eC:1<|w <6z =3} C 2.

Thus for any two points wy, w, in the annulus 1 < |w| < 6, the functions g; (-, w1)
and g; (-, w>) have as common domain of definition the connected open set £2,,, N
£2,,,. Since the two functions agree near the circle |z| = 3, we have that g; (z, w;) =
g (z,w>) whenever (z, w;) and (z, w,) are in §2, as we wished to show.

As a consequence, Lemma 6.13.3 tells us that the g; extend to holomorphic
functions of z on the disc |z| < 4, so that the residue

1
— gj(2)dz
2mi lz]=3 /

must vanish. But g; — 1/z uniformly on compact subsets of £2, so that
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1 1 1
— i(2)dz - — —dz=1.
211 Jig=3 8@ 2mi Ji=3 2
This contradiction proves the theorem. O

This example of Barrett has the advantage of being elementary and accessible.
But it must be stressed that the domain he produces is not pseudoconvex. As
previously noted, M. Christ has given us the more dramatic and important example
in that he shows that the Diederich-Fornass worm domain does not satisfy
Condition R (see [CHS] for information about the worm). Y.-T. Siu [SIU] has
offered another proof of Christ’s result. Neither proof is easy.

Here we shall offer a few words about why Christ’s proof works. We begin with
a quick review of the properties of the worm. Refer to Sects. 6.1 and 6.2 for basic
properties of worm domains.

Now we turn to Christ’s theorem. In order to discuss the failure of Condition
R on the Diederich-Fornass worm domain, we recall the basic facts about the 0-
Neumann problem.

Let £2 C C” be a bounded domain with smooth boundary and let p be a smooth
defining function for 2. The 3-Neumann problem on £2 is a boundary value problem
for the elliptic partial differential operator

0=099 +00.

Here 9 denotes the L2-Hilbert space adjoint of the (unbounded) operators 9. Of
course [] acts componentwise, just as a multiple of the Laplacian.

In order to apply [J to a form or current u, one needs to require that u, du €
dom(g*). These conditions translate into two differential equations on the boundary
for u and they are called the 9-Neumann boundary conditions [FOK] or [TRE].
These equations are

u.@p =0, and 5u_|§p =0, on ds2 . (6.13.5)
Thus the equation O u = f becomes a boundary value problem.

Ou=f onf2
u1dp =0,0usdp =0 onas2. (6.13.6)

This is an equation defined on forms. The significant problem is for (0, 1)-forms,
and we restrict to this case in the present discussion. B

It follows from Hormanders’ original article on the solution of the d-equation
[HORI1] that the d-Neumann problem is always solvable on a bounded pseudocon-
vex domain £2 in C* with smooth boundary for any data f € L2(£2). We denote by
N —the Neumann operator—such a solution operator. Moreover, N turns out to be
continuous in the L2-topology:
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INullp2 < cllullz> -
An important formula of Kohn (see Sect. 6.7) says that
— =
P=1-0 Noa.

The proof of this is a formal calculation—see [KRA4]. Important work by Boas and
Straube [BOS2] essentially established that the Neumann operator N has a certain
regularity (i.e., it maps some Sobolev space W* to itself, for instance) if and only
if P will have the same regularity property. In particular, if N is continuous on a
Sobolev space W* for some s > 0 (of (0, 1)-forms), then the Bergman projection P
is continuous on the same Sobolev space W* (of functions).

Such regularity is well known to hold on strictly pseudoconvex domains [FOK,
KRA4]. In addition, Catlin proved a similar regularity result on finite type domains
(see [CAT1,CAT2,KRATL]).

Michael Christ’s milestone result [CHR1] has proved to be of central importance
for the field. It demonstrates concretely the seminal role of the worm and points to
future directions for research. Certainly the research program being described here,
including the calculations in [KRP1], is inspired by Christ’s work.

Christ’s work is primarily concerned with global regularity or global hypoellip-
ticity. A partial differential operator L is said to be globally hypoelliptic if whenever
Lu = f and f is globally C°, then u is globally C *°. We measure regularity, here
and in what follows, using the standard Sobolev spaces W*, 0 < s < oo (see
[KRA4,HOR?2]).

Christ’s proof of the failure of global hypoellipticity is a highly complex and
recondite calculation with pseudodifferential operators. We cannot replicate it here.
But the ideas are so important that we feel it worthwhile to outline his argument.
We owe a debt to the elegant and informative article [CHR2] for these ideas.

As a boundary value problem for an elliptic operator, the 9-Neumann problem
may be treated by Caldéron’s method of reduction to a pseudodifferential equation
on d£2. The sources [HOR3, TRE] give full explanations of the classical ideas about
this reduction. In the more modern reference [CNS], Chang et al. elaborate the
specific application of these ideas to the -Neumann problem in C?. (Thus in the
remaining part of this discussion, £2 will denote a smoothly bounded pseudoconvex
domain in C2.) The upshot is that one reduces the solution of the equation Ju = f
to the solution of an equation (] v = g on the boundary. Here, u and f are (0, 1)-
forms, while v and g are sections of a certain complex line bundle on 952. (The fact
that this bundle is one dimensional is a consequence of the inclusion £2 C C2.)
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To be more explicit, the solution u of (6.13.6) can be written as u = G f + Rv,
where G is Green’s operator and R is the Poisson operator’ for the operator (] and
v is chosen in such a way as to satisfy the boundary conditions. In fact,

O@f+Rv)=f4+0=f on 2
Gr+ Rv)_ﬁp =v,0p =0 on 052
ﬁ(gf + Rv)Jg,o = 3G|dp + dvadp =0 on 52 .

The section v has two components, but one of these vanishes because of the first 0-
Neumann boundary condition. The second 9-Neumann boundary condition may be
written as an equation ] Tv = g on 052, where (1 T is a pseudodifferential operator
of order 1. Also we note that g = (3G f Ldp) restricted to 952.

Christ’s argument begins with a real-variable model for the 9-Neumann problem
that meshes well with the geometry of the boundary of the worm domain V.

Let M be the two-torus T2 and let X, Y two smooth real vector fields on M . Fix
a coordinate patch 15 in M and suppose that V; has been identified with {(x,?) €
(=2,2) x (—28,-28)} C R%. Let J = [—1,1] x {0} C V.

Call a piecewise smooth path y on M admissible if every tangent to y is in the
span of X, Y. Assume that:

1. The vector fields X, Y, [X, Y] span the tangent space to M at every point of
M\ J.

2. InVy, X =0,and Y = b(x,1)0,.

3. Forall |x| < 1and |t| < §, we have that b(x,t) = a(x)t + O(t?), where a(x)
is nowhere vanishing.

It follows then that every pair x, y € M is connected by an admissible path.
Theorem 6.13.7. With X, Y, M as above, let L be any partial differential operator
on M of the form L = —x* — Y? 4+ a, wherea € C*®(M) and

lu||> < C(Lu, u) (6.13.7.1)

for allu € C?(M). Then L is not globally regular in C®.

We note that our hypotheses, particularly inequality (6.13.7.1), imply that L has
a well-defined inverse L~ which is a bounded linear operator on L>(M).

The following theorem gives a more complete, and quantitative, version of this
result:

3Thus G is the solution operator for the elliptic boundary value problem (1 (Gf) = f on £
and Gf = 0 on 052, while R is the solution operator for the elliptic boundary value problem
O (Rv) =0on 2 and Rv = v on 0£2.
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Theorem 6.13.8. Let X,Y, M, L be as above. Then L has the following global
properties:

(a) There is a positive number s such that, for every 0 < s < sy, L™ preserves
Ws(M).

(b) Foreachs > so, L™ fails to map C*®(M) to W*(M).

(c) There is a sequence of values s < r tending to infinity such that ifu € W*(M)
satisfies Lu € H" (M) thenu € H";

(d) There are arbitrarily large values of s with a constant C = Cs such that if
u € W*5(M) is such that Lu € W*(M), then

lullws < C||Lullws . (6.13.8.1)

(e) For each value of s as in part (d),{f € WS(M) : L™ f € W*(M)} is a closed
subspace of W* with finite codimension.

The proof of Theorem 6.13.8.1 breaks into two parts. The first part consists of
proving the a priori inequality (17). The second part, following ideas of Barrett
in [BAR?2], shows that, for any s > sy, the operator L cannot be exactly regular on
W*(M). We refer the reader to [CHR1] for the details. Section 8 of [CHR2] also
provides a nice outline of the analysis.

The next step is to reduce the analysis of the worm domain, as defined in our
Sects. 2.1 and 6.1, to the study of the manifold M as above. With this idea in mind,
we set L = ), and L its complex conjugate. The characteristic variety* of L is a
real line bundle X' that splits smoothly as two rays: ¥ = X+t U X,

The principal symbol of (1 * vanishes only on X% that is half the characteristic
variety. We may compose (] with an elliptic pseudodifferential operator of order
+1 to change 0 * to the form

L=LL+ B/L+ B,L+ B; (6.13.9)

microlocally in a conical neighborhood of Xt, where each B; is a pseudodifferen-
tial operator with order not exceeding 0. Since [1 * is elliptic on the complement
of X¥'F, our analysis may thus be microlocalized to a small conical neighborhood
of .

For a worm domain W, there is circular symmetry in the second variable. This
induces a natural action on functions and on forms (as indicated in Sect.6.1).
As indicated earlier, the Hilbert space of square-integrable (0, k)-forms has the
orthogonal decomposition @ ; 7—[,]( The Bergman projection and the Neumann

operator preserve ’Hé and 'H{ . We now have the following key result:

4The characteristic variety of a pseudodifferential operator is the conic subset of the cotangent
bundle on which its principal symbol vanishes.
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Proposition 6.13.10. Let VW be the worm. Then there is a discrete subset S C Rt
such that, for each s ¢ S and each j € Z, there is a constant C = C(s, j) < 00
such that, for each (0, 1) formu € H{ N C*° (W) such that Nu € C®°, it holds that

[Nullwsony < C - lullwsow) -

The operators L, L, L, B j in (6.13.9) may be constructed so as to commute
with the circle action in the second variable; hence, they will preserve each H/ . In
summary, for each j, the action of £ on H/(9/V) may be identified with the action
of an operator £; on L>(dW/S1).

Of course W is three dimensional; hence, dWW/S ' is a real two-dimensional
manifold. It is convenient to take coordinates (x, 6, ¢) on 0}V so that

»=exp(x +i6) and z; =exp(i2x)(e’’ —1);

here |log|z|*| < r and £; takes the form LL + B|\L + B,L + Bj (just as
in (6.13.9)!). In this last formula, L is a complex vector field which has the
form L = 9, + ita(t)d,, where |x| < r/2, a(0) # 0, and each B; is a
classical pseudodifferential operator of order not exceeding O—depending on j in a
nonuniform manner.

We set J = {(x,1) : |x| < r/2,t = 0} and write L = X +iY; then
the vector fields X, Y, [X, Y] span the tangent space to 3VV/S'! at each point of
the complement of J and are tangent to J at every point of J. We conclude that
the operator £; on 3WW/S! is quite similar to the two-dimensional model that we
discussed above.

There are two complications which we must note (and which are not entirely
trivial): (1) There are pseudodifferential factors, and the reduction of the 9-
Neumann problem to £, and thereafter to £;, requires only a microlocal a priori
estimate for £; in a conic subset of phase space; (2) the lower-order terms B\L,
B, L, B; are not negligible; indeed, they determine the values of the exceptional
Sobolev exponents, but the analysis can be carried out for these terms as well.

It should be noted that a special feature of the worm is that the rotational
symmetry in z, makes possible (as we have noted) a reduction to a two-dimensional
analysis, and this in turn produces a certain convenient ellipticity. There is no
uniformity of estimates with respect to j, but the analysis can be performed for
each fixed j.

6.14 The Bergman Kernel as a Hilbert Integral

Perhaps the most important and ubiquitous integral operator in all of analysis is the
Hilbert transform:
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f@)

RX—1

f— dr. (6.14.1)

This integral is interesting because it does not converge in the sense of the Lebesgue
integral. That is to say, the singularity of the function 1/(x —t) is non-integrable. So
the integral (6.14.1) must be interpreted in the sense of the Cauchy principal value.
It is the most classical example of a singular integral. Essential to the understanding
of this integral is that the function 1/(x — ¢) has certain cancellation built into it.
In simplest terms, 1/¢ is odd, so it integrates to 0 on “spheres” (in dimension one a
sphere is just a pair of points centered at the origin) centered at 0. Because of this
cancellation property, the convolution with the kernel 1/¢ induces a distribution.
Thus the integral turns out to be tractable.

The concept of singular integral, at least in its classical form, really only makes
sense on a space with a homogeneous structure. Such a structure arises naturally
from a (Euclidean) group acting on the space. For R or RY, the natural group to
consider is the group of translations (although rotations and dilations also play a
distinctive role). The translations give rise to the notion of convolution, and the
Hilbert transform (6.14.1) is a convolution operator.

The Hilbert transform is important in classical analysis because it governs the
norm convergence (and, in a more subtle form, also the pointwise convergence)
of Fourier series. It also arises in the study of the regularity of important partial
differential operators. It is a fundamental result of M. Riesz that the Hilbert
transform is bounded on L? for 1 < p < oo. It is unbounded on L' and L°.

The Bergman kernel does not fit into the context just described. This kernel is
defined on a domain §2. There certainly is no translation structure and no concept of
convolution. A better model for the Bergman kernel is the classical Hilbert integral.
In its most basic form, the Hilbert integral is the operator given by

A

Hf =
f+—Hf A

Here we think of f as a function with domain [0, co) and the Hilbert integral H f
also has domain [0, 00).

Certainly, on the half line, the kernel 1/(x + ¢) has no cancellation built into it.
Nonetheless, H is bounded on L? for 1 < p < oo. Our treatment of the Hilbert
integral derives from [PHS1], [PHS2].

Proposition 6.14.2. Let1 < p < oo. We have the estimate

/ IHf(x)I"dstp/ | f(x)|dx.
0 0

Proof: Let e > 0 and consider the integral

o0 ,’:76
/ n dr. (6.14.2.1)
0 X T
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The substitution T = xu gives that

o) —

€
(6.14.2.1) = x_E-/ ad
o 1+n

du .

If 0 < € < 1 then the new integrand is clearly integrable at the origin. Also it is of
size ;! 7€ at infinity, so it is integrable there. Thus

(6.14.2.1) =y - x~°.

Here y. is a positive constant whose value can be determined, but is of no intrinsic
interest.
Now we write the Hilbert integral as

_ 00 te/qf([) €l
Hf () ‘A ((x +t)lfp) ' ((x +r)1/q) a

Here p and ¢ are conjugate Holder’s exponents: 1/p+1/g = 1 with1 < p,q < oco.
Now apply Holder’s inequality with exponent p on the first integral and exponent ¢
on the second integral. The result is

([ N e e Y
|Hf<x)|_([0 X—Haz) (/0 tht) .

So we see that

00 sep/
O ,).

H P < yPld . y—erlq . /
T

We integrate both sides with respect to x on the interval [0, co) and apply Fubini.
Of course we must use (6.14.2.1) again (with € replaced by €p/q) to see that

[Tirorar=e, [Tiroler.
0 0

Note that, by the second application of (6.14.2.1), the term 7€”/4 cancels out. This
all works provide 0 < ¢ < 1 and 0 < ep/q < 1. That completes the proof. O

Next we turn to a higher-dimensional version of the Hilbert integral:

Proposition 6.14.3. Let L(x,t) be a nonnegative kernel for (x,t) € RY x Ry
which satisfies:

1. LOAx,At) = A~ WNHD . L(x,t) forall A >0, all (x,7) € RN xR4.
2. fev L(x,1)dx = C < oo.
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Assume that the kernel K(x, y,t,u) for (x,y,t,u) € RY xRY x R, xR, satisfies
|K(x,y.t,u)] < L(x —y.t +u).

Define
o0
Hf(x,t):/ / K(x,y.t,u)f(y,uydydu, (x,1) e RY xR, .
RN Jo
Then

o0 » - o0 »
/RN/O |H(f)(x,1)| dxdth,,/RN/O | w)|Pdydu  (6.14.3.1)

whenever 1 < p < oo and f € LP(RQV_H).

Proof: It is enough to prove (6.14.3.1) with K replaced by L(x — y, ¢ 4+ u) and we
do so. By homogeneity and change of variables in the integral,

/ L(x,r+u)dx=(z+u)—(N+1>/ L(—— 1)dx
RN RN t+u

_ 0!
=(t +u) /RNL(x,l)dx
=C-(t+uw.

Thus our estimate of line (6.14.3.1) gives

o0
/ / L.t +uudu=C-ye-tc. (6.143.2)
RN Jo

Now, just as in the proof of Proposition 6.14.2, we see that

ol = [ [T L v w0 aa

/ [oo [ - f(you) - (L(x =yt +u)''7]
RN Jo
X [u*é/q -(L(x—y,t + u))l/‘]] dydu|

o0
< / / WP £ ()P Lx— vt + u) dydu/?
RN Jo
o0
x/ / u L(x —y,t + u)dydu'/?
RN Jo

o0
< (Cya)e. /1; i /0 WP F ()P L(x — y.t -+ u) dydul/?
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As a result,

o0
HF(x, D) < (Cyer=)?/a - / / WP F(yo)l? - L(x — y.t +u) dydu.
RN Jo

Now we integrate in x and ¢, apply Fubini, and utilize (6.14.3.2). Then, just as in
the proof of Proposition 6.14.2, we get the desired estimate. O

Now let us split RN = R? x RY, where x = (x?,x9), x € RY, x? € R?, and
x? € R?. Of course N = p + ¢. For s > 0 we consider the nonisotropic dilations

(x?, x?) — (Ax?,A°x?), A >0.

We assume that RV is equipped with a group structure so that Lebesgue measure
dx = dxP?dx? is the bi-invariant Haar measure. (An example of such a group
structure is ordinary translation. Another is the Heisenberg group structure, which
we shall consider below.) We denote the group operation by - and the group inverse
of g by g~!. Now a similar proof to that of the last proposition gives the following
generalization:

Proposition 6.14.4. Let L(x,t) be a nonnegative kernel satisfying:

1. L(AXP, A5x4, A5t) = A~PH@tD) [ (xP x4, 1).
2. [ev L(x,1)dx = C < oo0.
3. 1K(x,y,t,u)| < L(y~"-x,t +u).

Then the operator

HOGD = [ [ Ky £ ayan

is bounded on L?.

The papers [PHS1] and [PHS2] apply these results on the Hilbert integral to
derive boundedness theorems for the Bergman integral. The methods are rather
detailed and technical, and we cannot treat them here.

Exercises

1. Show that the smooth worm domain may be exhausted by biholomorphic copies
of the non-smooth worm. [Hint: See [BAR2] for more on this idea.]

2. Let h%(£2) be the real-valued harmonic functions on a domain £2 in RY which
satisfy a natural square integrability property. Show that 4? is a Hilbert space
with reproducing kernel in the sense of Aronszajn. How is the corresponding
kernel related to the Poisson kernel?
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10.
11.

12.
13.

6 Additional Analytic Topics

. Use the Fefferman asymptotic expansion for the Bergman kernel to actually

calculate an asymptotic formula for the holomorphic sectional curvature of the
Bergman metric on a strictly pseudoconvex domain. See [KLE] for details.

. Show that the complex Monge—Ampere operator is invariant under biholomor-

phic mappings.

. Calculate explicitly the Bergman kernel for the Sobolev space W' on the unit

disc in the plane.

. Calculate explicitly the Bergman kernel for the Sobolev space W' on the unit

ball in complex space.

. The Kohn projection formula easily shows that Condition R holds on any

smoothly bounded domain in the plane. Explain.

. Consider the domains

2, ={z€eC:Rez>0,|Imz| < (Rez)"}

for m a positive, even integer. What can you say about Condition R on such a
domain?

The original Diederich—Fornass worm domain is strictly pseudoconvex except
on a boundary set of (2n — 1)-dimensional measure zero. Explain.

Consider the linear space C *(£2) for a smoothly bounded domain £2 in RV,

Is there any smoothly bounded domain in the complex plane on which Condition
R fails?

Show that the Diederich—Forn@ss worm domain is topologically trivial.

Show that the Diederich—Fornass worm domain is not biholomorphic to the unit
ball.



Chapter 7
Curvature of the Bergman Metric

We begin with a little introductory material on the scaling method. Then we use
these ideas to discuss Klembeck’s theorem about the boundary asymptotics of the
curvature of the Bergman metric on a strictly pseudoconvex domain.

7.1 What is the Scaling Method?

See [GKK] for the details behind the discussion here. The presentation here
owes much to that reference. If a bounded domain £2 in C" has a noncompact
automorphism group, then all the orbits of the automorphism group are noncompact.
Thus each orbit must “go out to the boundary” of the domain £2, since orbits are
closed in £2. Boundary orbit accumulation points are pseudoconvex (see [GRK10]).
Under some reasonable hypothesis on the domain as a whole, e.g., that it is a
domain of holomorphy, one expects in general terms that localization properties
of the d-operator would imply that the geometric essentials of the domain would be
localized at boundary points. What does this mean? If a sequence of automorphisms
@; € Aut(£2), j = 1,2,.. ., has, for some X € £2,limg;(X) = P € 042, then the
structure of £2 as a whole should be controlled by the nature of 052 near P.

It has been conjectured by Greene and Krantz that, when such a P is a
C®° boundary point, it must be of “finite type” in the sense of D’Angelo (see
[KRAT1, Sect. 11.5] [DANI1, DAN4]). In this case, rather precise information on
9-localization is also available (cf., [CAT2] and [CAT3)).

It has turned out that, for many purposes, the study of these matters has best
been achieved by way of a renormalized normal families process rather than by
looking at d results as such (although it should be stressed that future work may
give greater emphasis to d methods). The collection of techniques and results
of this sort has become known as the scaling method." This chapter is devoted

'In some geometric contexts this technique is also known as the “method of flattening.” We thank
M. Gromov for this comment.

S.G. Krantz, Geometric Analysis of the Bergman Kernel and Metric, 251
Graduate Texts in Mathematics 268, DOI 10.1007/978-1-4614-7924-6_7,
© Springer Science+Business Media New York 2013
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to exploring this method and its results. In particular, we shall describe a new
result, the asymptotic constancy of holomorphic sectional curvature for C? strictly
pseudoconvex domains. This result improves the result of Klembeck [KLE], which
used the Fefferman expansion and hence required C°° boundary. See [GKK] for
the origin of these ideas, and of this approach. This asymptotic constancy yields
important consequences for automorphism groups.

A good source for basic ideas about the scaling method, together with some
elegant applications, is [PIN].

In the Appendix to this chapter, we describe a one-dimensional scaling technique.
There is nothing new here, but it offers a microcosm of what this chapter is about. In
the next section we offer the fully developed version of scaling in higher dimensions.

7.2 Higher Dimensional Scaling

7.2.1 Nonisotropic Scaling

We now continue our discussion in complex dimension 2. Considerations in
dimension n are analogous but a bit more tedious. We demonstrate the scaling of
the complex two-dimensional ball

B> ={(z1.2) € C* | |z1]* + |o)* < 1}

at the boundary point (1, 0).

Denote by a; a sequence of real numbers satisfying

0<6lj <Clj+1 <1 VJ=1,2,

and
lim a; =1,
] —>00
andletg; = (a;,0) foreach j = 1,2,.... Then consider the translation

T'(z1,22) = (21 — 1, 22).
The domain T'(B?) is now defined by the inequality
5+ 12+ 15 <1
or, equivalently, by

2Rel) < -4 P — &)
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Notice that the mapping
(21.22) = atd l_laj|2z
9jz1, 22 I +az 1+az 2

is an automorphism of B? satisfying ¢, (0) = ¢; for every j. Finally consider

a2
Li(z1,22) = (— )
PPN

where A; = 1 — a; for each j. Imitating the one-dimensional case (see the
Appendix), we consider the scaling sequence

Yi(z1,22) = LjoT o@;(z1,22).

Notice here that L; is a dilation but, unlike the one-dimensional case, it is
nonisotropic in the sense that the eigenvalues are not uniformly comparable.

We now compute the limit map 1}(11, 22) = lim v¥;(z1,22) and the set &(B 2).
J—>00

A direct computation yields the following:
w( ) 1 (Z]+Cl/‘ 1) 1 ,/l—ajz
i) =\—\T—7"""—-1], 2
Jh e Aj 1+aj21 ‘//Xj 1+ajZI ?

_( a—1 x/1+a_/22)

l+ajz’ 1+a;z

Therefore we see immediately that

1/}(21,22) = (Zl ! @)

z+17z1+1

and that ¥; converges to 1/} uniformly on compact subsets of B2.

Observe that the map 1/} : B> — (C? is an injective holomorphic mapping and
that its image coincides with the Siegel half-space

U={(z1.22) € C* | 2Rez; < —|z2|*}.
Therefore 1} : B2 — U is in fact a biholomorphic mapping.

Observe also that one can see the convergence of the sets ¥/, (B?) here. A direct
argument yields
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V(B =Ljoa;op;(B)
=1L, oaj(Bz)
=L;({zeC? ||z + 1> <1—|z*})
=L;(ze C*|2Rez < —|a]’* - [2*})
={z€C*|2Red;z1 < —A;’a1|* — A} |2l

= {Z (S (C2 | 2R€Z1 < —)&j|21|2 - |Zz|2}.
Since A; \ 0, it follows immediately that
Y;(B*) Coj1(B%) Vj=12,...

and

Jwv,3»)=u.

j=1

In this sense, it seems sensible to say that 1/}(32) is in fact the limit domain of the
sequence of domain ¥ ; (B?).

This simple example already illustrates an important aspect of the scaling
technique in complex dimension two (as well as in higher complex dimensions).

In view of the discussion of the one-dimensional scaling (see the Appendix), the
following theorem may be duly noted (see also the discussion in Sect. 3.3):

Theorem 7.2.1 (Wong 1977, Rosay 1979). Let §2 be a bounded domain in C" with
a boundary point P € 952 satistying the following:

(i) 952 is C? smooth and strictly pseudoconvex near P.
(ii) There exists a sequence ¢; € Aut§2 and an interior point X € £2 such that

Then the domain §2 is biholomorphic to the unit ball in C".

We shall present a proof of this result, which illustrates the scaling method in
detail, in subsequent sections. First we shall present a detailed exposition of the
background theory starting with the notion of normal convergence of domains.

7.2.2 Normal Convergence of Sets

We first describe the concept of normal convergence of domains.
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Definition 7.2.2. Let £2; be domains in C" for each j = 1,2,.... The sequence

£2; is said to converge normally to a domain 2 if the following two conditions
hold:

(1) If a compact set K is contained in the interior (i.e., the largest open subset) of
()j=m §2; for some positive integer m, then K C £2.

(ii) If a compact subset K’ lies in .Q, then there exists a constant 72 > 0 such that
/
K’ C ﬂ j>m ‘QJ :

The reason for introducing such ideas of convergence of sets is because these are
what are used for the scaling method and normal families with source and target
domains varying (compare with the idea of convergence in the Hausdorff metric—
see [FED)).

Proposition 7.2.3. If §2; is a sequence of domains in C" that converges normally
to the domain Q, then:

(1) If a sequence of holomorphic mappings ¢; : §2; — §2' from §2; to another
domain §2' converges uniformly on compact subsets of $2, then its limit is a
holomorphic mapping from §2 into the closure of the domain £2'.

(2) If a sequence of holomorphic mappings g; : 2 — £2; converges uniformly on
compact subsets of G, then its limit is a holomorphic mapping from the domain
2’ into the closure of £2.

7.2.3 Localization

Local Holomorphic Peak Functions

Definition 7.2.4. Let £2 be a domain in C". A boundary point p € 92 is said to
admit a holomorphic peak function if there exists a continuous function /2 : 2 — C
that satisfies the following properties:

(i) h is holomorphic on £2.
(i) h(p) = 1. B
(iii) |k (z)| < 1 forevery z € 2\ {p}.

Such a function 4 is called a holomorphic peak function for §2 at p. And p is called
a peak point.

Furthermore, we say that a boundary point p of §2 admits a local holomorphic
peak function if there exists an open neighborhood U of p such that there exists a
holomorphic peak function for £2 N U at p (see [GAM, p. 52 ff.]).

Proposition 7.2.5. Let £2 be a bounded domain in C" with a C*> smooth, strictly
pseudoconvex boundary point p. Let B" be the unit open ball in C". Let n be a
positive real number satisfying 0 < n < 1. Then, for every € > 0, there exists § > 0
such that

|f(z) = pl <€, Vzwithlz| <n,

for every holomorphic mapping f : B" — 2 with | f(0) — p| < 6.
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Proof. Assume to the contrary that there exist holomorphic mappings ¢; : B" — 2
satisfying the following two conditions:

(a) jlij;oqoj(O) =p.

(b) 3¢ > 0 for which there exists a sequence z; € B” such that |z;| < n and
lpj(z;) — p| = eforevery j =1,2,....

Let U be an open neighborhood of p such that there exists a local holomorphic
peak function 7 : 2 N U — C at p. (Here we use the fact that a strictly
pseudoconvex boundary point always admits a local holomorphic peak function—
see [KRAT1, Chap. 5].)

Since £2 is bounded, Montel’s theorem yields that ¢; admits a subsequence that
converges uniformly on compact subsets. By an abuse of notation, we denote the
subsequence by the same notation ¢; and then the subsequential limit mapping by
F:B"— Q.

Take an open neighborhood V' of 0 sufficiently small so that it satisfies the
properties:

(1) V c B". _
(2) There exists N > O such that ¢; (V) C U N §2 forevery j > N.

Consider the sequence of mappings hog;|y : V' — D, where D is the open unit
disc in C. Apply Montel’s theorem again to this sequence. Choosing a subsequence
from ¢; again, we may assume that og; |, converges uniformly on compact subsets
of V to a holomorphic map G : V — D. Since G(0) = 1 and |G(¢)| < 1 for every
¢ € V, the maximum principle implies that G({) = 1 forevery { € V.

By the properties of the local holomorphic peak function / at p, this implies that
F(¢) = pforevery { € V. Since V is open, and since F is holomorphic, it follows
that F'(z) = p for every z € B". Since the convergence of ¢; to F is uniform on
compact subsets, it is impossible to have z; with |z;| < 7 such that ¢;(z;) stays
away from p for every j. This contradiction completes the proof. O

Plurisubharmonic Peak Functions

There is an effective method of localization in a more general setting [SIB]). A main
point of this method is that it avoids Montel’s theorem altogether. Thus for instance,
the assumption that £2 is bounded is no longer needed:

Definition 7.2.6. Let £2 be a domain in C" and let p be a boundary point. If there
exists a continuous function / : £2 — R satisfying:

(1) h is plurisubharmonic on £2, and o
(i1) h(p) = 0 and h(z) < O for every z € £2 \ {0},
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then we call h a plurisubharmonic peak function at p for §2. In such a case, p is
called a plurisubharmonic peak point for 2.

Likewise, a boundary point p of the domain §2 is called a local plurisubharmonic
peak point if there exists an open neighborhood of p in C” such that p is a
plurisubharmonic peak point for £2 N U.

We present first the following lower-bound estimate for the Kobayashi metric
near a local plurisubharmonic peak boundary point. See [SIB].

Proposition 7.2.7. Let §2 be a bounded domain in C" with a boundary point p €
082 which admits a local plurisubharmonic peak function for §2. Then, for every
open neighborhood U of p in C", there exists an open neighborhood V' with p €
V' C U such that the inequality

ko(z.£) > % koo (z.6). Y6 € (@NV)xC",

where kg, denotes the infinitesimal Kobayashi pseudometric of a domain S2.

Proof. Denote by D, the open disc in C of radius r centered at the origin. For the
open unit disc, write D = D;.

By the definition of the Kobayashi metric, it suffices to prove the following
statement:

(7.2.7.1) 1t is possible to choose V so that the following holds: Given (z,£) €
(£2 N V) x C", every holomorphic mapping f : D — §2 from the unit disc D
into §2 satistying f(0) = z,df \0(1) = & for some A > 0 enjoys the property that
f(Dip) CU.

Replacing U by a smaller neighborhood of p if necessary, let ¥/; : U N 2 be a
local plurisubharmonic peak function at p. Choose an open neighborhood U, of p
inside U and a constant ¢; > 0 such that

sup{v1(z) | z€ RN AU} = —c; .

Choose a neighborhood V; of p inside U; such that
c
Vi={ze2nU |W1(Z)>—El}-

Then we can extend ¥/ to a new function ¥, : 2 — R by

Y1(z) ifze2nWV
Vo(2) = { max{y(z), =3¢ /2} ifze 2N U \V))
—3¢;/2 ifz€ 2\ U,.

Notice that ¥, is a global plurisubharmonic peak function for £2 at p.
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Towards the proof of (7.2.7.1), there is no harm in assuming (by a simple dilation)
that the analytic disc f is holomorphic in a neighborhood of the closed unit disc D.
Let a > 0 be such that ¥, o f(0) > —a. Consider

E,={0 €[0.27] [ Y50 f(’) = —2a}.
By the sub-mean-value inequality, we see that

—a < lp‘z o f(O)
[ o syan
T J{0,2n]
1

27 Jo.2m\E,

IA

IA

(—2a) do

IA

- @n - |Edl),
where | S| denotes the Lebesgue measure of the set S. Hence, we see that
|E,| > 7.
Now consider a plurisubharmonic function at p given by

Ve(z) = €elog |z — pll,

where € is a certain positive constant to be chosen shortly.
Let

inf{y(z) + ve(z) | z€ 2NV} = —cs,
and
sup{y1(z) + ve(2) | z€ 2 NV} = —cs.
Choose € > 0 so that
—c3 < —c <0.

Extend v/, + v, to the plurisubharmonic function 1" : 2 — R defined by

V1(2) + ve(2) ifze2nW,

T() = A maxiy () + @)~ 223y itze 20 T\ Th)
_ata
2

ifze 2\U,.
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Observe that Y~ (—00) = {p}.

For each { € D, ,, apply the Poisson integral formula to obtain
1 e .
Tof(Q)<— [ Tof(")ds.
10 0

We now focus upon the peak function ¥, and the companion function 7. Since
the sets

Gr ={z€ 2| ¥2(x) = ~1/k}

for k = 1,2,... form a neighborhood basis for p in 2, we see that for each L > 0
there exists a > 0 with a arbitrarily small such that

{z€ 2| Ya(r) > —2a} C{ze 2| T () <-L}.
Then we present

Claim. If a holomorphic function f : D — 2 satisfies ¥, o f(0) > —a, then
Y o f(§) < —L/10 forevery { € Dys.

The proof is immediate; simply check for each { € D, that
1 2

— T 9y d6
107 J, o f(e')

To f(O) =

1 1
—/(—L)d0+— 0do
107T Eq 107'[ [O,27T]\Ea
L

T

IA

Finally we are ready to finish the proof. Observe that the sets
— k
Uk:{ZEQ|T(Z)<_E}

for k = 10,11,... also form a neighborhood basis for p in £2. By Claim 7.2.3
above, for each k we may choose a; > 0 such that

(1) T (z) > —k whenever ¥,(z) > —2a.
(2) ayp > ap > ...—> 0.

Consequently, if we choose Vi, = {z € 2 | ¥» > —ay} for each k, then it follows
immediately that

f(0) € Vi = f(D12) C Uy

for every k = 10, 11, .. .. That is the proof. O
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Proposition 7.2.8. Let §2 be a bounded domain in C" with a boundary point p €
d$2 which admits a local holomorphic peak function for §2. Let K be a compact
subset of §2 and let g € $2. Then, for every open neighborhood U of p in C", there
exists an open set V with p € V. C U such that f(K) C U whenever [ : 2 — 2
is a holomorphic mapping satisfying f(q) € V.

Proof. Note first that a local holomorphic peak function 4 at p generates the local
plurisubharmonic peak function log || at p.

Since the Kobayashi pseudo-distance dy; : M x M — R is continuous for any
complex manifold M, we may select R > 0 such that the Kobayashi distance ball

BS(@.R) ={z€R|do(z.q) <R}

contains K.

Then use the local holomorphic peak function 7 : U N 2 — D at p. The
distance-decreasing property implies that

gm}é‘gﬂ donu(z. pj) > Qalgn_)p dp(h(z),h(p;)) = oo.

Moreover, the local holomorphic peak function and the distance-decreasing property
guarantee the existence of an open set U’ with p € U’ C U’ C U and an open
neighborhood V with p € V € U’ such that

danu(z.w) > 3R

for every z € V and every w € 90U’ N £2.

Now let € £ \ U. Then, by the definition of the Kobayashi metric, there
exists a piecewise smooth “almost-the-shortest” connector y : [0,1] — £ with
y(0) = z,¥(1) = ¢ induced from the holomorphic chain in the definition of the
Kobayashi metric such that

R
LE(y) - 7 < do(z.8) < LE(y).

where LK () denotes the length of y measured by the Kobayashi metric of £2. Since
([0, 1]) has to cross U’ N 2, we let ¢ € (0, 1) such that y([0,¢)) C U’ N £2 and
y(t) € dU’ N §2. Then it follows that

1 1 3
Lg(V) > Lg()’hO,z]) > ELgmU(V“o.z]) > zdrmU(Z, y(1)) > ER'
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This therefore implies that

3 R
do(z.t) > >R— = =R.
2@ > R—-

In particular, Bg (z, R) C U wheneverz € V.

Since f given in the hypothesis is a holomorphic mapping, the distance-
decreasing property of the Kobayashi distance yields that

f(K) C f(Bg(q.R) C By (f(9).R) C U.

Since f(q) € V, we see that BE(f(q), R) C U. This is what we wanted to
establish. O

7.3 Klembeck’s Theorem with Stability in the C? Topology

7.3.1 The Main Goal

We now describe Klembeck’s theorem with stability in the C? topology.

We shall not prove anything in the ensuing discussion. Details may be found in
the book [GKK]. Our goal here is to introduce the reader to a circle of ideas.

The precise target should be described first. Denote by D, the collection of
all bounded domains in C" with C? smooth, strictly pseudoconvex boundary. We
impose the C? topology on D, by invoking the C? topology on defining functions.

Denote by S (p; §) the holomorphic sectional curvature at p in the holomorphic
two-plane direction £ of the Bergman metric of the domain £2.

Theorem 7.3.1. Let 2 be a bounded strictly pseudoconvex domain with C?
boundary in C". Then, for every € > 0, there exist § > 0 and an open neighborhood
U of 2 in D,, such that, whenever 2 € U,

4

sup {‘S.Q(p§$) - (— Py

)) : .QeLl,Se(C"\{O}}<e

whenever p € 2 satisfies dis (p, 0§2) < 4.

The following gives in effect the localization of Bergman metric holomorphic
sectional curvature:

Theorem 7.3.2. There exists an open neighborhood U of the origin in C" such that

. 2—-So,nu(pv:é)
im sup |——r TPl

1| =o0.
V=0 eon jgl=1 | 2~ Sa,(Pvi§)
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The conclusion of this statement implies: as soon as lim Sg Ay (py; §) exists, it
V—>00
will coincide with lim Sg, (py; £).
V—>00

We now demonstrate how the problem on boundary asymptotic behavior of the
Bergman curvature (generally considered difficult) can be converted to the problem
on the stability of the Bergman kernel function in the interior under perturbation of
the boundaries (which is generally easier). This is done by the scaling method, and
this conversion is the important, second component of the proof.

Theorem 7.3.3. Let the sequence {(p,;&,) € £2, x (C"\ {0})} be chosen as above.
Let B" denote the open unit ball in C". Then there exists a sequence of injective
holomorphic mappings o, : £2, N U — C" satisfying the following properties:

(i) 0,(py) = 0 (the origin of C").

(ii) For every r > 0, there exists N > 0 such that

(1-r)B"Cco,(2,NU)Cc (1 +r)B"

foreveryv > N.

The third component is the following theorem of Ramadanov [RAM1] (see also
Sect. 1.12). We treated this result in detail in Sect. 1.12.

Theorem 7.3.4. Let D be a bounded domain in C" containing the origin 0. Let
D, denote a sequence of bounded domains in C" that satisfies the following
convergence condition:

Given € > 0, there exists N > 0 such that
(1—e)DC D, C(14+¢€)D
foreveryv > N.

Then, for every compact subset I of D, the sequence of Bergman kernel functions
Kp, of D, converges uniformly to the Bergman kernel function Kp of D on F X F.

7.3.2 The Bergman Metric near Strictly Pseudoconvex
Boundary Points

As an application of the ideas introduced by far, we will now deduce the boundary
behavior estimate for the Bergman metric of a bounded, C2?-smooth strictly
pseudoconvex domain, establishing the completeness of the Bergman metric there.

Let £2 be a bounded domain in C" with C? smooth, strictly pseudoconvex
boundary. Let v € C\ {0}. Then, for any p € §2, the Bergman metric length ||v| ¢, ,
at p has the following representation by minimum integrals:
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1
||V||§z,p= 0 0 .~
Io (P)Il (p;v)

Note that this follows from the exposition in Sect. 3.1, where the Bergman’s special
orthonormal system for A%(£2) was introduced.

Thus the usual localization arguments imply the following:

For any p € 052, any open neighborhood U of p in C", and any positive constant
C > 1, there exists an open set V satisfying p € V' CC U such that

2 2 2
E”v”QﬁU,p <Ivlg, = Clvlignu,,

forany p € V and any v € C".

This, together with the scaling method arguments, implies immediately the
following:

Let p be as above. Then let p € 952 be the closest point to p. (Such a p is
uniquely determined if V' is chosen sufficiently small.) Write v € C” as

v=v +"

so that v/ is complex tangent to 052 at p whereas v" is complex normal. Then there
exists a constant C’ > 0 such that

[[v]|? [[v']|?
% zC’( S L
2. lp—5ll " llp— 5>

where the norm || - || in the right-hand side is the Euclidean norm, which is in fact
the Bergman metric of the unit ball in C" at the origin up to a constant multiple.
Notice that this in particular implies the completeness of the Bergman metric of

the bounded strictly pseudoconvex domains, which was used in the exposition of
Chap. 3.

Exercises

1. Use the scaling method to construct a proof of the Riemann mapping theorem
in one complex variable.

2. Use the scaling method to show that the Poisson kernel of a smoothly bounded
domain in the complex plane will satisfy

8 8
20 poryy = 0229
|x =yl Ix =yl
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for positive constants ¢ and C. Here 65 (x) is the distance of x € £ to the
boundary.

. Let £2 € C? have defining function

0(z1,20) = —1 + |z1> + |z2/*" + (terms that are order 2m + 2 or higher)

for m an integer greater than 1. Perform scaling near the boundary point (1, 0).
What does the limit domain look like?

. Perform scaling on the bidisc near the boundary point (1,0). What does the

limit domain look like? Do you have trouble with the convergence of the scaling
process?

. Use the Fefferman’s asymptotic expansion to calculate an asymptotic formula

for the Bergman metric near a strictly pseudoconvex boundary point.

. Generalize Exercise 2 to higher dimensions.
. Why don’t we do scaling in the real variable context? What essential feature

would be missing?

. Calculate the curvature of the Bergman metric on the bidisc.
. Can you use scaling to get information about the Bergman metric near the

boundary point (1, 0) of the domain
E={(z12):|al*+|a*<1}?

What can you say about the curvature of the Bergman metric near the boundary
point (1, 0) of the domain

E={z.2):|a+al*<1}?
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APPENDIX: Scaling in Dimension One
The Scaling of the Unit Disc

Let D be the open unit disc in the complex plane C. Choose a sequence a; in D
satisfying the conditions

0<Clj <Clj+1 <"'<1, V] =1,2,...,
and

lim a; = 1.
Jj—>o0

Consider the sequence of dilations

1

L= l—a;
J

(z—1).
Let us write A; = 1 — a;. Then one sees immediately that

Li(D)={eC|+A01+A;0) <1}
= {{e(C|2Re§<—)Lj|§|2}.

It follows that the sequence of sets L ;(D) converges to the left half plane H =
{¢ € C | Re{ < 0} in the sense that

L;(D)C Lj1 (D), Vj=12,...,

and
o0
JL;(p)=H.
j=1

[Compare the concept of convergence in the Hausdorff metric on sets—see [FED].]
Now we combine this simple observation with the fact that there exists the
sequence of maps

Z+aj
l+a;z

vi(2) =
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that are automorphisms of D satisfying ¢;(0) = a;. Consider the sequence of
composite maps

O’jELjO(ijD—>(C.

A direct computation yields that

1 z+a;
Lj Ogﬂj(Z)Z (—j—l)

l—aj 1+CljZ

z—1
1+ajZ-

Hence, in fact we see that the sequence of holomorphic mappings L ; og; converges
uniformly on compact subsets of D to the mapping

N z—1
6(z) =
@) z+1

that is a biholomorphic mapping from the open unit disc D onto the left half plane
H. (We have in effect discovered here a means to see the Cayley map by way of
scaling.)

The point is that we have exploited the automorphism of the disc to see that
the disc is conformally equivalent to a certain canonical domain—namely, the half
plane. This result is neither surprising nor insightful. But it is a toy version of the
main results that we shall present below.

A Generalization

We now expand the simple observations of the preceding subsection to yield the
statement and the proof of the following one-dimensional version of the Wong—
Rosay theorem:

Proposition: Let 2 be a domain in the complex plane C admitting a boundary
point p such that

(i) There exists an open neighborhood U of p in C such that U N 32 isa C' curve.
(ii) There exists a sequence ¢; of automorphisms of §2 and a point ¢ € 2 such
that

lim ¢;(q) = p.
J—>00

Then §2 is biholomorphic to the open unit disc.
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fi(q)
[ J

—o=

oQ
, £7, 00
D !

Fig. 7.1 The scaling process

See [KRAI13] for this theorem. We use this simple result to illustrate the
technique of scaling.

In order to be consistent with the remainder of this chapter, we change a bit
the notation for the orbit accumulation point and the point whose orbit we are
calculating. This will all make sense in context.

Sketch of the Proof: Let g; = ¢;(q) for each j. Choose the closest point in the
boundary to g; and call it p;. If the closest boundary point p; to g; is not unique,
then make a choice. As j tends to infinity, p; converges to p because ¢; converges
to p. Then we select 6; and apply the map p;(z) = eli(z—p ;) so that

pj(pj) =0 and p;(g;) >0

for each j. Now consider the sequence of mappings

1
V(2 = 0@ (pj o9 (@).

1

Notice that v;(£2) = ﬁ p;(§2) for each j. Thus we expect that v;(§2) is
PUg;

almost the right half plane as j becomes very large. At least every v;(£2) is

contained in C \ £ for some line segment £ of positive length and for every j. (Note
that £ can be chosen independently of j.) Therefore one can select a subsequence
from {1, } that converges uniformly on compact subsets of £2. Let 1} be the limit
mapping. Then we expect 1} : £2 — C to be an injective holomorphic mapping, and
furthermore, 1}(9) is equal to the right half plane. Thus we hope to conclude that
£2 is biholomorphic to the right half plane, which in turn is biholomorphic to the
open unit disc. See Fig. 7.1.
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This plan actually works, but it is evident that there are several points that need
clarification. We shall now present the precise proof, which will show much of the
essence of the scaling method.

Rigorous Proof of the Main Result: Keeping the “Plan of the Proof” in mind, we
present the precise proof in several steps. Let p € 052 be as in the hypothesis of
the proposition. Write D(p,r) = {z € C | |z — p| < r}. Transforming §2 by a
conformal mapping z > €'*(z — p), we may assume the following with no loss of
generality:

(@ p=0

() 2N D(p.r) ={z=x+iy|y>¥(&).|z—pl <rianddR2ND(p.r) =
{z| y =¥ (x),|z— p| < r} for areal-valued C' function v in one real variable
satisfying ¥ (0) = 0 and ¥'(0) = 0.

Step 1. THE SCALING MAP. Notice that the sequence ¢;(¢) now converges to 0 as
J — oo. For each j, we choose a point p; € 02 that is the closest to ¢, (¢). Since
p; also converges to 0, replacing ¢; by a subsequence if necessary, we may assume
that every p; € D(p,r/4). Now, for each j, set

; lp;(q) — pjl

9i(q)— p; @=pp)

aj(z) =
Notice that ¢; (¢) — p; is a positive scalar multiple of the inward unit normal vector
9j(@)—p)
0,(@) = p|
at 0. This implies that «; in fact converges to the identity map. Consequently, there
exist positive constants 7y, r, independent of j such that, for each j, there exists a
C'! function v/ (x) defined for |x| < ry satisfying

to 052 at p;. Thus converges to the inward unit normal vector to 92

a;j (@) N([—ri,r] x[=ra,n]) ={x +iy | |x] <r, |yl <r,y > ¥;(x)}.
Furthermore, for each € > 0, there exists § > 0 such that
¥ (x) < €|x| whenever |x| < §

regardless of j.

Next, let A; = |¢;(q) — p;| for each j. Consider the dilation map

Z
LJ(Z) = )L_
J

Then the sequence of holomorphic mappings we want to construct is given by

Yi=Ljoajoqp;: 2 —C.
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Before starting the next step, we make a few remarks. The automorphism ¢;
preserves the domain £2 but moves g to ¢;(g) so that ¢;(q) converges to the
origin—recall that we made changes so that p became the origin at the beginning
of the proof. Then the affine map o; adjusts §2 so that the direction vector

9j(q) — p;
(@) — pjl
L ; in the construction simply magnifies the domain «; (£2), while the map L ; itself
diverges.

is transformed to a purely imaginary number. The final component

Step 2. CONVERGENCE OF THE ¥/;. We shall actually choose a subsequence from
{t;} that converges uniformly on compact subsets of £2. Observe first that

since ¢; (§£2) = £2. Choosing a subsequence of ¥;, we may assume that A; < 1 for
every j. Then, since L ; is a simple dilation by a positive number, and since o ; (£2)
will miss a line segment

E={-iy|0=y=b}
for some constant b independent of j, we see immediately that
Yi(2) CC\E

forevery j = 1,2,.... Therefore Montel’s theorem implies that every subsequence
of {y;} admits a subsequence, which we again (by an abuse of notation) denote by
¥, that converges uniformly on compact subsets of §2. Denote by 1/} the limit of
the sequence /.

Step 3. ANALYSIS OF 1/7(.{2). We want to establish that
V(@) =u.

where Y = {z € C| Imz > 0}.

Let € be a positive real number and let K an arbitrary compact subset of 2. We
will show that ¥/ (K) C Cc, where C, = {z € C: —¢ < argz < 7 + €}.

Choose R > 0 such that 1/}(1() is contained in the disc D(0, R) of radius R
centered at 0.

The sequence ¢; : §£2 — $2 is a normal family since C \ §2 contains a line
segment with positive length. Every subsequence of ¢; contains a subsequence that
converges uniformly on compact subsets, since ¢; () converges to p. Let g : £2 —
£2 be a subsequential limit map. Then g(q) = p. Recall that p € 352. Hence, the
open mapping theorem yields that g(z) = p for every z € £2. Thus the sequence
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@; itself converges uniformly on compact subsets to the constant map with value
p. Therefore we may choose N > 0 such that ¢; (K) is contained in a sufficiently
small neighborhood of the origin for every j > N, and hence «; o ¢;(K) C C, for
every j > N. Then it follows immediately that v; (K) C C for every j > N and
consequently that

¥ (K) C C..

Since K is an arbitrary compact subset of £2, it follows that 12/(.9) C U. We
also have ¥ (q) = i, since ¥;(q) = Ljoajo@;(q) =i forevery j =1,2,....
Therefore gZAf(.Q) cUu.

Step 4. CONVERGENCE OF wj_l. Let K be an arbitrary compact subset of the upper
half plane 4. Then choose € > 0 so that K C C.. Choose then r > 0 such that

D(,r) N C. C 2N D(,r).

Shrinking r > 0 if necessary, since «/; converges to the identity map uniformly on
compact subsets of C, there exists N > 0 such that

DO, r)NC: Ca;(£2)NDO,r)

for every j > N. Hence, we see that wj’l maps K into £2. Since 2 C C\ E as
observed before, we may again choose a subsequence of ¥ ;, which we again denote
by v, so that 1//1-_1 converges to a holomorphic map, say 7 : i/ — £2. Since 7 is
holomorphic and t(i) = ¢, we see that T maps the upper half plane I/ into £2.

Step 5. SYNTHESIS. We are ready to complete the proof By the Cauchy estimates,
the derivatives dv; of ¥; as well as the derivatives d W 1] both converge. Therefore

dl//(q) dt(z) = 1. This means that 1// ot : U — U is a holomorphic mapping
satisfying 1// ot(i/) =i and (w o 7)/(i) = 1. Then, by the Schwarz’s lemma, one
concludes that 1// ot = id, where id is the identity mapping. Likewise, the same
reasoning applied to 7 o 1/f 2 — §2 implies that t o ¢ id. So w 2 —Uisa
biholomorphic mapping. O

Remark: The sequence of mappings v; constructed above is often called a scaling
sequence. It is constructed from a composition of

(1) The automorphisms carrying one fixed interior point successively to a boundary
point

(2) Certain affine adjustments

(3) The stretching dilation map

The proof given above is a good example of the scaling technique. The main thrust of
the method is that the image of the limit mapping is determined solely by the affine
adjustments and the dilations, while the scaling sequence converges to a conformal
mapping. O
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Remark: As observed earlier, the main result here can be proved in a much simpler
way. Namely, one may conclude immediately from the argument on the shrinking
of ¢;(K) into a simply connected subset of £2 that £2 must be simply connected.
Then the conclusion follows by the Riemann mapping theorem. But we are trying to
skirt around the Riemann mapping theorem. The goal of this argument is to provide
a basis for the scaling method which can be applied to the higher-dimensional
cases. O



Chapter 8
Concluding Remarks

We have endeavored in this book to give the reader a look at the ever-evolving
Bergman theory. Some of the results here are 90 years old, and others were proved
quite recently.

The Bergman’s ideas have proved to be remarkably robust and fruitful. They
continue to yield new techniques and new paths for research. They have played a key
role in the development of complex geometry and of partial differential equations
in one and several complex variables, in complex function theory, and in extremal
problems. The biholomorphic invariance of the Bergman kernel and metric has
proved to be particularly important.

We have with pleasure presented the ideas connected with the Bergman represen-
tative coordinates. This is a much underappreciated aspect of the Bergman theory,
and one that deserves further development. The proof of the Lu Qi-Keng’s theorem
serves to illustrate what a powerful idea it is. It also played a decisive role in the
original proof of the Greene—Krantz semicontinuity theorem.

Fefferman’s work on biholomorphic mappings of strictly pseudoconvex domains
gives yet another illustration of the centrality and power of the Stefan Bergman’s
ideas. The Fefferman’s asymptotic expansion has proved to be one of the central
ideas in the modern function theory of several complex variables.

The work of Greene and Krantz has also served to illustrate the geometric force
of the Bergman kernel and Bergman metric. Krantz and Li, and Kim and Krantz,
have developed these ideas even further.

We look forward to many years of future activity in the Bergman geometric
theory and the Bergman function theory.

S.G. Krantz, Geometric Analysis of the Bergman Kernel and Metric, 273
Graduate Texts in Mathematics 268, DOI 10.1007/978-1-4614-7924-6_8,
© Springer Science+Business Media New York 2013
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',z 1.1 Fundamental solution for the Laplacian

dA 1.1 The area element

G(¢,z2) 1.1 The Green’s function

S(z,0) 1.2 The Szegd kernel

n(z) 1.2 The Leray form

Fl 1.2 The Cauchy—Riemann operator

S(z,¢) 1.2 The Szegd projection

P(z,¢) 1.2 The Poisson-Szeg6 kernel

8z 1.2 The Dirac delta mass

N 1.2 The 9-Neumann operator
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Table of Notation

Notation Section Definition

H*(Q) 1.2 The square-integrable Hardy space

H 1.3 A Hilbert space with reproducing kernel
K(x,y) 1.3 A reproducing kernel

h?(D) 1.6 The square-integrable harmonic functions
7t 1.7 The nonnegative integers

A 1.8 An annulus

do 1.9 Area measure on the boundary of the ball
ws 1.11 The Sobolev space

Z/{f (20) 2.1 Domains neighboring €2

~ 2.1 Is biholomorphic to

Aut(2) 2.1 The automorphism group of

Bl 2.1 The adjoint of 9

Condition R 2.1 A regularity condition for the Bergman projection
A" 2.1 Differential forms

WHI(Q) 2.1 WJ(£2) N (holomorphic functions)

WH® () 2.1 W N (holomorphic functions)

WO] () 2.1 The W/ closure of C2°(£2)

d/dvp 2.1 The outward normal derivative at P

b’, 3.1 Bergman representative coordinates

dp 33 The boundary Cauchy—Riemann operator
B(z,0) 33 The Poisson—Bergman kernel

Af(w,x) 33 The Berezin transform

Ba(z, 1) 33 Nonisotropic ball

Mf(z) 33 Maximal operator

A (2) 33 Admissible approach region

L 3.5 Laplace—-Beltrami operator

o(z,0) 3.6 A nonisotropic metric on B

Pk 4.1 All homogeneous polynomials of degree k
Ay 4.1 Kernel of the Laplacian in Py

By 4.1 Image of the Laplacian in Py

Hr 4.1 The spherical harmonics

ng) 4.2 Zonal harmonic

P(x,t) 4.2 The Poisson kernel

Pk)‘ (1) 42 Gegenbauer polynomial

HPA 43 Harmonic polynomials of bidegree (p, q)
o(f.g) 4.4 Cauchy—Riemann inner product

[L, M] 53 First-order commutator

V() 53 The order of vanishing of ¢

H 5.7 Hausdorff distance on domains

AX(M) 5.9 The Bergman space on a manifold

ds? 5.9 The Bergman metric on a manifold

w 6.1 The Diederich—Forn@ss worm domain

n 6.1 Function used to construct the worm

A 6.2 Singular annulus in the worm

B&(q.7) 7.2 Kobayashi distance ball

Sa(p; &) 7.3 Holomorphic sectional curvature
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